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Department of AERONAUTICAL ENGIERRING
Vision
> Department of Aeronautical Engineering aims to be indispensable source in
Aeronautical Engineering which has a zeal to provide the value driven

platform for the students to acquire knowledge and empower themselves to

shoulder higher responsibility in building a strong nation..

Mission

> The primary mission of the department is to promote engineering education and
research. To strive consistently to provide quality education, keeping in pace with
time and technology. Department passions to integrate the intellectual, spiritual,
ethical, and social development of the students for shaping them into dynamic

engineers.

QUALITY POLICY

> Impart up-to date knowledge to the students in Aeronautical area to make them
quality engineers.Make the students experience the applications on quality
equipment and tools.Provide systems, resources, and training opportunities to
achieve continuous improvement.Maintain global standards in education, training,

and services.
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PROGRAM OUTCOMES
(PO’s)

Engineering Graduates will be able to:

> Engineering knowledge: Apply the knowledge of mathematics, science, engineering
fundamentals, and an engineering specialization to the solution of complex

engineering problems.

> Problem analysis: ldentify, formulate, review research literature, and analyze
complex engineering problems reaching substantiated conclusions using first

principles of mathematics, natural sciences, and engineering sciences.

> Design / development of solutions: Design solutions for complex engineering
problems and design system components or processes that meet the specified
needs with appropriate consideration for the public health and safety, and the

cultural, societal and environmental considerations.

» Conduct investigations of complex problems: Use research-based knowledge and
research methods including design of experiments, analysis and interpretation of

data, and synthesis of the information to provide valid conclusions.

» Modern tool usage: Create, select, and apply appropriate techniques, resources,
and modern engineering and IT tools including prediction and modeling to complex

engineering activities with an understanding of the limitations.

» The engineer and society: Apply reasoning informed by the contextual knowledge
to assess societal, health, safety, legal and cultural issues and the consequent

responsibilities relevant to the professional engineering practice.

» Environment and sustainability: Understand the impact of the professional
engineering solutions in societal and environmental contexts, and demonstrate the

knowledge of, and need for sustainable development.

> Ethics: Apply ethical principles and commit to professional ethics and
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responsibilities and norms of the engineering practice. Individual and team work:
Function effectively as an individual, and as a member or leader in diverse teams,

and in multidisciplinary settings.

Communication: Communicate effectively on complex engineering activities with
the engineering community and with society at large, such as, being able to
comprehend and write effective reports and design documentation, make effective

presentations, and give and receive clear instructions.

Project management and finance: Demonstrate knowledge and understanding of
the engineering and management principles and apply these to one’s own work, as
a member and leader in a team, to manage projects and in multi disciplinary

environments.

Life- long learning: Recognize the need for, and have the preparation and ability to
engage in independent and life-long learning in the broadest context of

technological change.
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PROGRAM EDUCATIONAL OBJECTIVES — Aeronautical Engineering

> PEO1 (PROFESSIONALISM & CITIZENSHIP): To create and sustain a community of learning
in which students acquire knowledge and learn to apply it professionally with due

consideration for ethical, ecological and economic issues.

> PEO2 (TECHNICAL ACCOMPLISHMENTS): To provide knowledge based services to satisfy
the needs of society and the industry by providing hands on experience in various

technologies in core field.

> PEO3 (INVENTION, INNOVATION AND CREATIVITY): To make the students to design,
experiment, analyze, and interpret in the core field with the help of other multi

disciplinary concepts wherever applicable.

> PEO4 (PROFESSIONAL DEVELOPMENT): To educate the students to disseminate research

findings with good soft skills and become a successful entrepreneur.

> PEOS (HUMAN RESOURCE DEVELOPMENT): To graduate the students in building national

capabilities in technology, education and research

PROGRAM SPECIFIC OUTCOMES — Aeronautical Engineering

» To mould students to become a professional with all necessary skills, personality and

sound knowledge in basic and advance technological areas.

> To promote understanding of concepts and develop ability in design manufacture and
maintenance of aircraft, aerospace vehicles and associated equipment and develop

application capability of the concepts sciences to engineering design and processes.

> Understanding the current scenario in the field of aeronautics and acquire ability to apply
knowledge of engineering, science and mathematics to design and conduct experiments in

the field of Aeronautical Engineering.

> 4.To develop leadership skills in our students necessary to shape the social, intellectual,

business and technical worlds.
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MALLA REDDY COLLEGE OF ENGINEERING ANDTECHNOLOGY
Il Year B. TECH — lI- SEM ANE L/T/P/C
4/-/-/
(R20A2137) FINITE ELEMENT ANALYSIS
OBJECTIVES:

e It covers the fundamental theoretical approach beginning with a review of
differential equations, boundary conditions, integral forms, interpolation,
parametric geometry, numerical integration, and matrix algebra.

e Next, engineering applications to field analysis, stress analysis and vibrations are
introduced. Time dependent problems are also treated.

e Students are also introduced, by means of selected tutorials, to the commercial
finite element system Solid Works which is similar to one they could be expected to
use upon graduation. Graduate students will also be introduced to the more
powerful (and difficult to use) Ansys system.

Unit-1
Introduction to Finite Element Method for solving field problems. Stress and Equilibrium.
Strain — Displacement relations. Stress — strain relations. One Dimensional problems: Finite
element modeling coordinates and shape functions. Potential Energy approach: Assembly
of Global stiffness matrix and load vector. Finite element equations, Treatment of
boundary conditions, Quadratic shape functions.
Unit—II
Analysis of Beams: Element stiffness matrix for two node, two degrees of freedom per node
beam element.
Analysis of Trusses: Stiffness matrix for plain truss elements, stress calculations and
problems.
Unit-1lI
Finite element modelling of two dimensional stress analysis with constant strain triangles
and treatment of boundary conditions. Finite element modelling of Axisymmetric solids
subjected to Axisymmetric loading with triangular elements. Two dimensional four noded
isoperimetric elements and numerical integration.
Unit-1IV
Steady state heat transfer analysis: one dimensional analysis of a fin and two dimensional
analysis of thin plate.
Unit-V
Dynamic Analysis: Formulation of finite element model, element matrices, evaluation of
Eigen values and Eigen vectors for a stepped bar and a beam.
TEXT BOOKS:
1. 1 Introduction to Finite Elements in Engineering / Chandraputla, Ashok and Belegundu
/Prentice — Hall.

2. The Finite Element Methods in Engineering / SS Rao / Pergamon.
3. The Finite Element Method for Engineers — Kenneth H. Huebner, Donald L. Dewhirst,
Douglas E. Smith and Ted
G. Byrom / John Wiley & sons (ASIA) Pte Ltd.
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MALLA REDDY COLLEGE OF ENGINEERING & TECHNOLOGY
(Autonomous Institution — UGC, Govt. of India)
Il B.Tech Il Semester Regular Examinations, May 2023
Finite Element Analysis
(AE)

Time: 3 hours Max. Marks: 70

Note: This question paper Consists of 5 Sections. Answer FIVE Questions, Choosing ONE Question from
each SECTION and each Question carries 14 marks.

* %k

SECTION-1

1 For a tapered bar as shown in figure, find the displacements at the nodes by [5M]
forming into two element model. In addition to self weight, the bar is subjected to
a point load of P=1kN at the free end. Also find the reaction forces.

p '/
' A,=70 cm?
I E =2x 10" N/cm?
300 cm ! y =78 kN/cm3
|
[ |
f I
:‘ I
|
' |
,' A= 40 cm?
\4
P=1kN
OR

stepped bar is subjected to an axial load of 300 kN at 20°C as shown in fig. The [14M]
temperature is then raised to 60°C. Determine (a) the nodal displacements (b)

stresses in each material and (c) support reactions.

2

300 kN (5, é AT = (60 - 20)
(W) . — = 40°C

‘(_200 mm -—+——— 300 mm -——*‘

(2) Steel
E, = 200 x 10° N/mm?
2

ANNNN

(1) Aluminium

E; = 70 x 10> N/mm?
A; =900 mm? Ao = 1200 mm
o1 =23x 10" 6 mm/mm°C

/1 =200 mm

ap=12x 10" ® mm/mm°C
lo =300 mm.
SECTION-II
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3 sing two equal length beam elements determine central deflection and slope at [14M]
supports in simply supported beam of span 3 m carrying a central point load of 20
kN. Take EI=8000 kNm? and make use of symmetry.

OR
4 In the two-member truss shown in Fig., let 01 =45°, 0, =15%, x1=y1 =0,E1 =E,  [14M]

=200 GPa, A1 = A2 = 900 mm?, Fsx = 500 N and Fsy = 300 N. determine the
displacement components of node 3.

1000 mm

4
N

SECTION-III

5 Examine the shape functions for four-noded rectangular element by using natural [14M]
coordinate system.

OR
6 rive shape functions for three noded triangular element. [14M]
SECTION-IV

7 Derive a finite element equation for two-dimensional steady state heat [14M]
conduction problems.

OR

8 A wall of 0.6 m thickness having thermal conductivity of 1.2 W/mK. The wall is to [14M]
be insulated with a material of thickness 0.06 m having an average thermal
conductivity of 0.3 W/mK. The inner surface temperature is 1000°C and outside
of the insulated is exposed to atmospheric air at 30°C with heat transfer
coefficient of 35 W/m?K. Calculate the nodal temperatures.

SECTION-V

9 Consider a uniform cross section bar of length ‘ L’ made up of a material whose [14M]
Young’s modulus and density are given by E and p. Estimate the natural

FINITE ELEMENT ANALYSIS
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frequencies of axial vibration of the bar using both consistent and lumped mass
matrices.

OR

10 For the stepped bar shown in Fig. Develop the global stiffness and mass matrices [14M]
and also determine the natural frequencies and mode shapes. Assume E=200 GPa
and mass density =7850 Kg/m3, L1=1,=0.3 m A1=350mm? A,=600 mm?.

AWV

L L~

A
 J
A
 J

* %k %k
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R18
Code No: R18A2114
MALLA REDDY COLLEGE OF ENGINEERING & TECHNOLOGY
(Autonomous Institution — UGC, Govt. of India)
Il B.Tech Il Semester Supplementary Examinations, April 2023
Finite Element Analysis

(AE)
Time: 3 hours Max. Marks: 70
Note: This question paper Consists of 5 Sections. Answer FIVE Questions, Choosing ONE Question
from each SECTION and each Question carries 14 marks.

&k %k

SECTION-1
1 rive and assemble global stiffness matrix for 1-D bar element [14M]
OR

2 fine shape function? Derive the shape function of I-D bar element using global [14M]
coordinates.
SECTION-1I

3 For the three stepped bar shown in figure, determine the displacements at node 2 [14M]
and 3 and stresses.

Alumiimium

A
~ Brass Steel ///
~ L~
< —> 25kN|—> 1 S5k
7 2
1 2 3
Mo > 0 | 7 |
|<—80»-n~\ RS e 7| rn?n )

E;=70Gpa Ez=105Gpa Ez=200Gpa
A1=200mMmMm= A5;=400mm= Az=200mm>

OR

4 For the two bar truss shown in fig, determine the displacements of node 1 and the [14M]
stress in element 1-3. Take E = 70 GPa, A= 200 mm?, Point load at node 1=12 kN

FINITE ELEMENT ANALYSIS
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12 kN
500 mm

!
z !
[}
1
|
1
300 mmy
1
1
1

S 3
400 mm
SECTION-III
5 (i) Explain briefly iso-parametric, sub- parametric and super-parametric elements [6M]

(ii) For the isoparametric quadrilateral element shown in figure. Determine the local [8M]
coordinates of the point ‘P’ which has Cartesian co-ordinates (7, 4).

(8, 6)

(3, 1) 6. 1)

OR

6 For the axisymmetric elements shown in fig. determine the element stresses. [14M]

Let E = 2.1x10° N/mm? and v = 0.25. The co-ordinates shown in fig are in mm. The
nodal displacements are

u;=0.05mm w:=0.03 mm
u;=0.02 mm w2=0.02 mm
us=0mm wsz=0mm
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(0, 0) (60, 0} .

SECTION-IV

7 Calculate the temperature distribution in a one dimension fin with physical
properties given in figure. The fin is rectangular in shape and is 120 mm long, 40
mm wide and 10 mm thick. Assume that convection heat loss occurs from the end

of fin. Use two elements. Take k = 0.3W/mm2C, h=1x103W/mm?2°C, T.. = 20°C.

~]

-1
120°C ]
]

12 Denan

OR
8 Discuss the two dimensional analysis of thin plate with a suitable example
SECTION-V

9 For the stepped bar shown in figure. Develop the global stiffness and mass matrices
and also determine the natural frequencies and mode shapes. Assume E =200 GPa
and mass density =7850 kg/m?, Li=L,= 0.3 m, A; = 350 mm? & A, = 600 mm?

NN Y

L, .

OR

10 Explain the evaluation of Eigen values and Eigen vectors for a beam with an
example.

* %k %k
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UNIT I

INTRODUCTION: The finite element analysis is a numerical technique. In this method allthe complexities
of the problems, like varying shape, boundary conditions and loads are maintained as they are but the
solutions obtained are approximate. The fast improvements in computer hardware technology and slashing
of cost of computers have boosted this method, since the computer is the basic need for the application of
this method. A number of popular brand of finite element analysis packages are now available commercially
Some of the popular packages are STAAD-PRO, GT-STRUDEL, NASTRAN, NISA and ANSYS. Using
these packages one can analyze several complexstructures.

The finite element analysis originated as a method of stress analysis in the design of aircrafts. It started as an
extension of matrix method of structural analysis. Today this method is used not only for the analysis in
solid mechanics, but even in the analysis of fluid flow, heat transfer, electric and magnetic fields and many
others. Civil engineers use this method extensively for the analysis of beams, space frames, plates, shells,
folded plates, foundations, rock mechanics problems and seepage analysis of fluid through porous media.
Both static and dynamic problems can be handled by finite element analysis. This method is used extensively

for the analysis and design of ships, aircrafts, space crafts, electric motors and heat engines

The basic unknowns or the Field variables which are encountered in the engineering problems are
displacements in solid mechanics, velocities in fluid mechanics, electric and magnetic potentials in electrical
engineering and temperatures in heat flow problems In a continuum, these unknowns are infinite. The finite
element procedure reduces such unknowns to a finite number by dividing the solution region into small
parts called elements and by expressing the unknown field variables in terms of assumed approximating
functions (Interpolating functions/Shape functions) within each element. The approximating functions are
defined in terms of field variables of specified points called nodes or nodal points. Thus in the finite
element analysis the unknowns are the field variables of the nodal points. Once these are found the field
variables at any point can be found by using interpolation functions. After selecting elements and nodal
unknowns next step in finite element analysis is to assemble element properties for each element. For
example, in solid mechanics, we have to find the force-displacement i.e. stiffness characteristics of each
individual element. Mathematically this relationship is of the form

[k]le {o}e={F}e

where [K]e is element stiffness matrix, {3 }e is nodal displacement vector of the element and {F}e is nodal
force vector. The element of stiffness matrix kij represent the force in coordinates direction ‘i’ due to a unit
displacement in coordinate direction ‘j’. Four methods are available for formulating these element properties

viz. direct approach, variational approach, weighted residual approach and energy balance approach. Any

1




one of these methods can be used for assembling element properties. In solid mechanics variational
approach is commonly employed to assemble stiffness matrix and nodal force vector (consistent loads).
Element properties are used to assemble global properties/structure properties to get system equations [k]

{u} = {F}. Then the boundary conditions are imposed. The solution of these simultaneous equations gives
the nodal unknowns. Using these nodal values additional calculations are made to get the required values

e.g. stresses, strains, moments, etc. in solid mechanics problems.

Thus the various steps involved in the finite element analysis are:
() Select suitable field variables and the elements.

() Discritise the continua.

(i) Select interpolation functions.

(v) Find the element properties.

(v) Assemble element properties to get global properties.

(i) Impose the boundaryconditions.

(vi) Solve the system equations to get the nodal unknowns.

(vit) Make the additional calculations to get the required values.

Methods of Engineering Analysis

There are three methods are adopted for analyzing the product

1.Experimental methods

2.Analytical methods

Numerical methods

Experimental methods

In these methods the actual products or their proto type models or atleast their material specimen are tested
by using some equipments

Ex: UTM, Rockwell hardness tester

Analytical methods

These methods are theoretically analyzing methods. Only simple and regular shaped products like beams,

shafts, plates can be analyzed by these methods




Numerical methods

For the products of complicated sizes and shapes with complicated material properties and boundary

conditions getting solution using analytical methods is highly difficult. In such situation the numerical

method can be employed

There are three numerical methods

i)Functional approximating methods

i) Finite element method

lii) Finite difference method

Application of FEM

S.No | Area of Study Analysing problem
1 Civil Engineering structures Analysis of trusses, folded plates, shell roofs, bridges and
prestressed concrete structures
2 Aircraft structures Analysis of aircraft wings, fins, rockets, space craft and
missile structures
3 Mechanical Design Stress analysis of pressure vessels, pistons, composite
materials, Linkages and gears
4 Heat Conduction Temperature distribution in solida and fluids
5 Hydraulic and water resources Analysis of potential flows, free surface flows, viscous
Engineering flows, analysis of hydraulic structures and dams
6 Electrical Machines and | Analysis of synchronous and induction machines eddy current
Electromagnetic and core losses in electric machines
7 Nuclear Engineering Analysis of nuclear pressure vessels and containment
structures
8 Geomechanics Stress analysis in soils, dams, layered piles and machine

foundations

Advantages and disadvantages of FEM

Advantages

Using FEM we are able to

1.model irregular shaped bodies quite easily

2.handle general load conditions without difficulty




3. model bodies composed of several different materials because the element equations areevaluated
individually

4. handle unlimited numbers and kinds of boundary conditions

5. varythe size of the element to make it possible to use small elements

6. alter the finite element model easily and cheaply

7. include dynamic effects

Disadvantages

1. The finite element method is time consuming process

2. FEM cannot produce exact results as those of analytical methods

Equations of Equilibrium for 3D Body

Typical three dimensional element of size dx x dy x dz. Face abcd may be called as negative face of x and
the face efgh as the positive face of x since the x value for face abcd is less than that for the face efgh.
Similarly the face aehd is negative face of y and bfgc is positive face of y. Negative and positive faces of
z are dhgc and aefb. The direct stresses ¢ and shearing stresses t acting on the negative faces are shown in
the Fig. with suitable subscript. It may be noted that the first subscript of shearing stress is the plane and
the second subscript is the direction. Thus the t xy means shearing stress on the plane where x value is

constant and y is the direction.
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Let the intensity of body forces acting on the element in X, y, z directions be X, Y and Z respectively as
shown in Fig The intensity of body forces are uniform over entire body. Hence the total body force in x,
y, z direction on the element shown are given by

() X dx dydzinx — direction

(i) Y dx dydziny — direction and

(i) Z dx dy dz inz — direction

Equations of Equilibrium
Considering all forces are acting we can write the equilibrium equations for the element

Y F=0

Oy dydz:—0ydvdz + T, dvd: — Tyydxdz + T dedy —Todedy + Xdxdyd:=0

d0 . ‘ ( Jr)
—~dx |dydz — O, dydz +| T+
& ) : L ?

L)"A

e ’:Gr+ =~ dy |dx dz — Ty dx dz

( It
+| r:,+((T:’d: dydx —Todcdy+ X dedydz=0

Simplifying and dividing throughout by dx dy dz

Ty +‘-}t.'-" U
ax Iy o=




Similarly £Fy=0 and XF,=0 Equilibrium conditions give

f)f J (4] {‘) T

-l'l* _"- -\‘4_}._0
r,h' rb' ():
()r]._ Jr\: ("(7.
E Rz =0
X ay d.

XMy=0

A dy dy
Ty dx dz = Ty dx d= -~

Ty dtd:—d,’:-'#f:} d\'d:ﬁ;;‘=ﬂ

s | dz a:z 1 iy, | d: dz
1.e. llT',‘°—I;—-d\"d\'d\‘?+r;-de\'-?—“! f._‘ +Td2!d\'d17+f-}dfd.’—z— =0

Neglecting small quantity then
Tzy= Tyz

~My=0 then we will get

Txz= Tzx

~Mz=0 then we will get
Txy— Tyx
[c]T=[<5x Gy Gz Txy Tyz Txz]

and the equilibrium equations are

('}(1, ()u"_.. o r)-fc

— + — +X=0
oax f}}' ():
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= -4 ‘.-- +Y =0
ax (7)‘ dJz
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Strain Displacement equations

Taking displacement components in x, y,z directions as u, v, and w respectively, the relations among
components of strain and the components of displacement are

i u 1{( cu ¥ ) ( ')"'l
Eemmd el sol dle] § ||

o 2|\ & \ e \ e )
PO L I )
y (?‘ 2'./=, '.( ! '.(?;;’

aw () () (ow)
gym—t+=l|—=1 ] =] +|—]|
e 2le) (&) &)

()V (-}H ()ll (-Al (-)\‘ !7!' (7w I}“'
‘/,\.‘=—+—+—-—+— _— ———

dx r)}' x (?\' ox r)l o l),\'

ow N v N ow ow

Y i T Sy sy oty sl e § i o P i i St & b
N Jdz oy dz dy dz oy ot
Ju % o du du N N " dw ow
= K ox = ok &= K &
strains are expressed up to the accuracy of second order (quadratic) changes in displacements. These

equations may be simplified to the first (linear) order accuracy only by dropping the second order changes
terms. Then linear strain — displacement relation is given by:
u 3 . (}l ()\'

R — e c—

2 Ya=— -
x v & o

(‘ / (.-)M' l}t

£, =— L ——
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I hw 27
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LINEAR CONSTITUTIVE EQUATIONS

The constitutive law expresses the relationship among stresses and strains. In theory of elasticity, usually it
is considered as linear. In one dimensional stress analysis, the linear constitutive law is stress is proportional
to strain and the constant of proportionality is called Young’s modulus. It is very well known as Hooke’s
law.

The similar relation is expressed among the six components of stresses and strains and is called
‘Generalized Hookes Law”. This may be stated as:

0. [Dn Dn Dy D. D5 Dl =,
a, Dy Dy Dy Dy Dys Dyg| |5
0.\ |Dy Dy Dy Dy Dss Dyg| | £
|T9| |Dy Dy Ds Dy Dis Dy . Yo
Ty Di'_ D:u Ds; Di: D:.:. Dw_ﬂ ¥z
[ Dsy Djy Dy Dy Dgs Dgs| |V

ol =[D|{e}.
wh1ertle D[ is] 25 I>< 6 matrix of constants of elasticity to be determined by experimental investigations for each
material. As D is symmetric matrix [Dij = Dji], there are 21 material properties for linear elastic
Anisotropic Materials. Certain materials exhibit symmetry with respect to planes within the body. Such
materials are called Orthotropic materials. Hence for orthotropic materials, the number of material

constants reduces to 9 as shown below:
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Note that there are 12 material properties in above equations However only nine of these are independent

because the following relations exist

E, E, E, _E. E. E,

Hy o My Uy

For Isotropic Materials the above set of equations are further simplified. An isotropic material is the one

- u , E .
that has same material property in all directions. In other word for isotropic materials,
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Since G = and stress — strain relation is
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PLANE STRESS PROBLEM
The thin plates subject to forces in their plane only, fall under this category of the problems. Fig. shows a
typical plane stress problem. In this, there is

y
v a
>/ A / e
f \\
l : \ > x ‘:;-_» z
|.l‘ )'
\>\ /
/ \\__ —_ -<\’- |

no force in the z-direction and no varation of any forces in z-direction. Hence

0.=T,.=T,.=0
The conditions 7 .=7,.=0 give ¥, = ¥,.=0 and the condition g_= 0 gives.
O.=pe+ e, +(1—pje.=0
u

Le. s:=—1_.u|sr—e',.)

If this is substituted in equation 2.13 the constitutive law reduces to

i(rx = 1 u 0 *'t,

:()'.r ‘_ % 'u 1 0 »E.‘. |
1-u 1—-pu

T o 0 =8|y
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PLANE STRAIN PROBLEM

A long body subject to significant lateral forces but very little longitudinal forces falls under this category of
problems. Examples of such problems are pipes, long strip footings, retaining walls, gravity dams, tunnels,
etc. Inthese problems, except for a small distance at the ends, state of stress is represented by

any small longitudinal strip. The displacement in longitudinal direction (z-direction) is zero in typical strip.
Hence the strain components,

(a) (b}

(d)

11
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Fig. 2.7 (contd)

E:=Y =Yy z=0
Ye=¥1==0 means Ty. and T;- are zero.
:.= 0 means

a

E.=—
- v p g
j < L

Le. o.=u(c,+0,)

Hence equation 2.13 when applied to plane strains problems reduces to

i()'x ‘ 1-u u 0
o, j=—————| u 1-u 0
lr.\)'

|
(+ (1 -2p) St |
‘ .‘ 0 0 1-2u | |7r}|

Functional Approximation Methods

The nature of the problems for which the solutions to be found out are
i) Equilibrium problems
i)Eigen value problems
iii)probagation problems

The functional approximation methods for solving the above types of problems are classified in to major
types

i) Variational methods

ii)\Weighted residual methods

12




Rayleigh-Ritz method is good example for variational method
Weighted residual method

¢ Point collocation method

e subdomain collocation method
e Least square method

e Galerkin's method

Rayleigh-Ritz Method

Rayleigh -Ritz method is a typical variational method in which principle of integral approach is adopted for
solving the complex structural problems

i) Minimum potential energy method
if)Integral approach method
Minimum potential energy method

In this method the total potential energy TT' is considered as the function of generalized coordinated which
are exactly equal to the number of degrees of freedom

I1=U-w
U=Internal energy

W=work done by the external force
Polynomial series

Y(X)=a+asX+agX?+ ---------mmmnmmmee
EVIR: P3N are Ritz parameters
Integral approach method
Differential equation is

D @24Q=0
dx2

| [{[D/2(dy/dx)-Qy] dx

13




ONE DIMENSIONAL PROBLEMS

Bar and beam elements are considered as One Dimensional elements. These elements are often used to
model trusses and frame structures

Types of Loading
i) Body force (f)

It is distributed force acting on every elemental volume of the body. Unit is Force / Unit volume. Ex: Self
weight due to gravity.

ii) Traction (T)

It is distributed force acting on the surface of the body. Unit is Force / Unit area. But for one dimensional
problem, unit is Force / Unit length. Ex: Frictional resistance, viscous drag and Surface shear.

iii) Point load (P)

It is force acting at a particular point which causes displacement.

Finite Element Modeling
It has two processes. (1) Discretization of structure (2) Numbering of nodes.

ELEMENT —7 @ @ @ @ @

NODE —— 1 2 3 4 5 6

CO - ORDINATES
(A) Global co —ordinates, (B) Local co —ordinates and (C) Natural co — ordinates.

e Equation of Stiffness Matrix for One dimensional bar element

. _ AE 1 -1
-2 T

14




For a stepped bar loaded as shown in figure. Determine a) Nodal displacements

b) support Reactions c)Element Stress

___A=15cm2 s
10 kN o—3p

7' "
k‘ CA::‘ ¢+— C,I?l "i"

\:—/{:0 kN ~

24 ¢m?

60_
cm

1

Solution
Az15ecm?2 A=15¢m? A% 24 cm?
e 0) 2 [T,
75 | 75 60
"" cm | em “’+" cm 1
Element 1 Element 2 Element 3
A= 15 cm? Ao= 15 cm? As= 24 cm?
E1= 20 X 10° N/cm? E,= 20 X 10° N/cm? Es=20 X 10° N/cm?
Li=7/5cm Lo=7/5cm L:=060 cm
a1=11X 10 ® cm/cm°C a.=11X10° cm/cm°C a3=11X 10 ® cm/cm°C
AT =10°C AT =10°C AT =10°C

Foy= A1 E1a 1AT=33000 N

Fo2= A2 E2a 2AT=33000 N

Foe)= As Eso sAT=52800 N

The Nodal Forces are

F1=R1+P- Fo@1)= R1-33000

F2=P2 + Fo) - Fo2) = 10000

F3=P3+ Fo()- Fo@)= - 39800

F4= R+ P3+ Fog) - Fo)= R4 + 52800
The stiffness values are

ki=A1E1/L1=4 X ].06 N/cm

15




ko=AsE2/L>=4 X 10% N/cm

ka=AszE3/L3=8X 10° N/cm
the nodal conditions are u;=0 and us=0

4 -4 o oll?© ( Ry - 33,000 |
106 -4 8 -4 0 ) ug s J 10,000

0 -4 12 -8 ug - 39,800

00 0 -8 8||® R, + 52800 |

solve the above matrix then you will get the values of uzand usas - 3.48 X 102 cmand as - 0.49 X 10 cm
R1=34960 N

Rs=- 24960 N
o= 0 1 ol 2
0(1) = -2330.7 N/cm

01(2)= © (2 O 2
0(2) = -2997.3 N/cm

Or(3)= 0 (3 O 2
0(3)=-1010 N/cm

16




UNIT I
Two Dimensional Trusses
Figure shows a typical plane truss. The truss may be statically determinate or indeterminate. In the analysis
all joints are assumed pin connected and all loads act at joints only. These assumptions result into no bending
of any member. All members are subjected to only direct stresses—tensile or compressive. Now we are
interested to see the finite element analysis procedure for such trusses

i l’* I I I )

g -

— > x
o JrF; e, Jr::g Q’

Step 1: Field Variables and Elements

Joint displacements are selected as basic field variables. Since there is no bending of the members, we have to
ensure only displacement continuity (Co-continuity) and there is no need to worry about slope continuity
(Clcontinuity). Hence we select two noded bar elements for the analysis of trusses. Since the members are
subjected to only axial forces, the displacements are only in the axial directions of the members. Therefore the
nodal variable vector for the typical bar element shown in Fig

n_ o]
10 =190
85
where 6’1, &’2are in the axial directions of the element. But the axial direction is not same for all members.

If we select x-y as global coordinate system, there are two displacement components at every node. Hence the
nodal variable vector for atypical element is,

{S}I:[Sl 0, 0, 54]

'
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o

From the Figure it is clear that
O]=0,cos0 + &, sind
0, =0;cos0 + 0, sind
If / and m are the direction cosines.
[ = cos8, m = sinfd,
o] =16, +md,
5 =105 + md,

ie. {6,}=[6{1:r m 0 0"‘

185 |o o 1 m|l|&;5]
104
16" = [2]45}
I m 0 0
where [ L] = { }
0 0 I m

and [L] is called transformation (or rotation) matrix. If the coordinates (x,. y,) and (x,, y,) of node 1 and 2 of
the elements are known. we can find

[ 2 2
Wieee L=v(x =) + (v - n)

Step 2: Discritising
A member may be taken as an element conveniently. Hence in the typical truss considered. There are
(a) 4 —top chord members
(b) 4 — bottom chord members
(¢) 5—vertical members and
(d) 8 —diagonal members

.. Total elements selected are —21
There are 10 nodal points and they are numbered as shown in Fig.

18




x )
15 17 19 21
9 10 1 12 13
14 16 18 20
O
1 1 3 - 5 ¢ 7 4 9
Fig. Numbering nodes and members

The numbering is such that the band width is minimum. In this case maximum difference in the node
numbers of an element is in diagonal members and is equal to 3. The degree of freedom of each node is 2. one

in x-direction and another in y-direction. Hence the maximum band width
=(3+1)x2=8
Total degrees of freedom is
= Total number of nodes x degree of freedom of each node
=10x2=20

Step 3: Interpolation Functions
Since bar element is used.

{u} = [N] 167}

—x’ x’—x{]z[l—g' 1+5"‘

where [¥]= [N 1 Nz] = [.\'2 ] ]

Step 4: Element Properties

(a) Stiffness Matrix: In the analysis of bars and columns. we have seen the element stiffness matrix is

-2

when viewed in local coordinate system. the truss is also a one dimensional two noded bar element. Hence the

element stiffness matrix of truss element in local coordinate system. [k']e is given by

-2

e
LU, = % {5'}T[k'] .{5/},

-1 5

19




o= (1o} W)
= Y I R NL)s) = S0} [ ]i8)

Tros
where [A’]g = [L] [A’ ] [L]
and it may be called as element stifiness matrix in global coordinate system.

I 0
- [ m 0| E, A, { 1 —1—‘ [? m 0 {}—‘
€ o I I, -1 1|0 0 I m
0 m
I 0 [ I Im -1’ —!m_
_E., 4, |m O {I m =l —m _E A | Im mt —Im —m’
I, I -m 1 m| I, > —im P Im
m —Im -m~ Im m’

Step 6: Boundary Conditions

If hand calculations are made usually elimination approach is used and if computers are used penalty approach
is used for imposing boundary conditions. The method is exactly same as explained in the analysis of columns

and tension members.
Step 7: Solution of Simultaneous Equations

This step is also same as explained in the analysis of tension bars and columns.
Step 8: Additional Calculations

Analysts are interested in finding stresses and forces in the members of the truss.
Finite Elements for 2-D Problems

General Formula for the Stiffness Matrix

Displacements (u, v) in a plane element are interpolated from nodal displacements (ui, vi) using shape functions
Ni as follows,

ﬁ_
g
&
[
2
S

|
where N is the shape function matrix, u the displacement vector and d the nodal displacement vector. Here we

have assumed that u depends on the nodal values of u only, and v on nodal values of v only. Most commonly

employed 2-D elements are linear or quadratic triangles and quadrilaterals.

20




Constant Strain Triangle (CST or T3)

This is the simplest 2-D element, which is also called linear triangular element.

A

(x;.p)

-

Y

For this element, we have three nodes at the vertices of the triangle, which are numbered around the element in
the counter clockwise direction. Each node has two degrees of freedom (can move in the x and y directions). The
displacements u and v are assumed to be linear functions within the element, that is,
u=b +b,x+by. v=b, +tbxtb,y
Where b; (i = 1, 2, ..., 6) are constants. From these, the strains are found to be,
F.\; - hf.‘ ‘?_1' - E’ﬁ E] ]”.\.ﬁ - Ijﬁ + bS
which are constant throughout the element.

21




The shape functions (linear functions in x and y) are

Ny =5 {00 —X33,) +(1, — ¥3)X + (x5 — x,)¥)
N, = 2—1:1 {('\.3.‘:] — X, V3) (s — ) )x (X, — )y }
N = 21;1 ‘{,(-"13’2 — X P YHECY, — B )6+ (% =X, )y}
and
1 % 3%
A = l det/ 1 . V. is the area of the triangle.
~ 2 X2

- | B % V.
The displacements should satisfy thé-following six equations,
iy = b +.6,%; + By,

U; = by +byx; + by,

vy = b, by by,

Solving these equations, we can find the coefficients b1, b2, ..., and b6 in terms of
nodal displacements and coordinates.

The displacements can be expressed as

ful [~ O N, 0 Ny O0]ju|
v/ lo N o N, 0o Nl
U,
‘\"s,J

22




The strain-displacement relations are written as

73
= % v,
| €, | Vo3 0 wi 0 i 0

1 ,

le l=Bd= 5|0 x 0 x, 0w, [
| y | P \'7,
‘\7,\1&‘ X3z Va3 X3 Va X iz )
: A

L Vg,

where xij = xi - xjand yij=yi -yj (i, j= 1, 2, 3). Again, we see constant strains within
the element. From stress-strain relation, we see that stresses obtained using the
CST element are also constant.

The element stiffness matrix for the CST element,
- JBTEB av = r4A(BTEB)
Il

in which t is the thickness of the element. Notice that k for CSTisa 6 by 6
symmetric matrix.

The Natural Coordinates

n=0

n=b

We introduce the natural coordinates (; 1) on the triangle, then the shape functions
can be represented simply by,

N,=& N,=n N,=1-&-7

Notice that,
N, +N,+N, =1

which ensures that the rigid body translation is represented by the chosen shape
functions. Also, as in the 1-D case,

, at node 1:
N .=

1.
0. at the other nodes

_——

and varies linearly within the element.
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The plot for shape function N1 is shown in the following figure. N2 and N3 have similar
features.

We have two coordinate systems for the element: the global coordinates (x, y) and the
natural coordinates (&.1]). The relation between the two is given by

X =Npe;+Nyx, + Nax; =X RERITFR

y=Nyi+ N,y +N;y; - V=S yull+ v,

where xij =xi -xj and yij =yi - yj (i, j = 1, 2, 3) as defined earlier.
Displacement u or v on the element can be viewed as functions of (x, y) or (5 n)-

Using the chain rule for derivatives, we have,
(du| [dx Jdyl[du du
|dE Jdx

] du( " |dx ayl|loul” d du
[ an| |dn dn|ldy L) ¥
where J is called the Jacobian matrix of the transformation, and is expressed as

J =| X3 3'13} F — 71 [ Vs —."13}
X Y 24 —xy Xy

where detJ =x,,y,;, —x,,¥,; =24 andAis the area of the triangular element.

d& JdE||dx

G

[du) Ju )
J dx \ B Ll: Yo !J ();l _ 1 I: Ja X .__;”1 — U ‘F
du( " 24|-x, x, ||du[ 24|- x

Lr 7][

[9y) "

24




Similarly,

=

dx| 1| ¥n —Val|lW “31
—3

V| 24|-x,, X 1\'2—\'J

_i)yJ

yo, 0 4 0 », O

"3

] 3
=—1 0 x5 0 x5 0 Xy

-
N

—
e

o Xz Vi Xy Vo
Applications of the CST Element:

- Use in areas where the strain gradient is small.

- Use in mesh transition areas (fine mesh to coarse mesh).

- Avoid using CST in stress concentration or other crucial areas in the
structure, such as edges of holes and corners.

- Recommended for quick and preliminary FE analysis of

2-D problems.
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Linear Strain Triangle (LST or T6)

This element is also called quadratic triangular element.

There are six nodes on this element: three corner nodes and three mid-side nodes. Each
node has two degrees of freedom (DOF) as before. The displacements (u, v) are assumed
to be quadratic functions of (x, y),

u= bl g ng + b}.‘; 25 b-rY2 + bﬁ'\j? ¥ bﬁy:

2 s 2
vy = b_,, + bs.\. + bg}l + 1710-\ 5 E bl]'\.l = bl:-],

where bi (i=1, 2, ..., 12) are constants.
The strains are found to be,
g =b,+2bx+b.y
£, =b,+b,x+2b,y
Yo = (5D ) ¥ (b + 2B, )x + (20 4 By ) ¥
which are linear functions. Thus, we have the “linear strain triangle” (LST), which
provides better results than the CST.

In the natural coordinate system we defined earlier, the six shape functions for the LST
element are,

N, =&QRE-D
N,=n(2n-1)

N, =L -1)
N,=4&n
N, =4n¢
N,=4{&

in which =1-&—n
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Each of these six shape functions represents a quadratic form on the element as shown in

the following figure.

;:
Displacements can be written as,
6 6
o 7 y — AN vr
= E N, V= N.v.
r=1

r=1

Linear Quadrilateral Element (Q4)

\r;r

U

S
[l
_

There are four nodes at the corners of the quadrilateral shape. In the
natural coordinate system (S.17), the four shape functions are,

- 1 # 7 L. =
N, :1(1_5—)(1—:}). N, =5 d+o)d-n)

T I- : oy
N, :E(l—g}{lJr}'}}

R
N, 1(1"‘5)(1 n.

4
T =1 atany pointinside the element.
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The displacement field is given by
3 4
u=>y Nu, v=>Y Ny,
i=1 i=1

which are bilinear functions over the element.
Quadratic Quadrilateral Element (Q8)

This is the most widely used element for 2-D problems due to its high accuracy in
analysis and flexibility in modeling.

n

There are eight nodes for this element, four corners nodes
and four mid-side nodes.
In the natural coordinate system (S-1M) the eight shape functions are,

N, = 1-OM-DE+n+1) N, =2 (1-mQ-&)
N =2+ H@ DN -E+1) Ny ==+ EA-1%)
N = A+OA+ME+n-D N, = S+mA-E)
N, =& D@0+ E -1+ Ny =51-&1-17)
Again, we have ZS"NI. — 1 atany point inside the element.

The displacement field is given by

8 8

u=> N,u, v=2 Ny,

=1 =1
which are quadratic functions over the element. Strains and stresses over a quadratic
quadrilateral element are quadratic functions, which are better representations.
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Stress Calculation

The stress in an element is determined by the following relation,

oLz
{o,+=Eie, t =EBd
) )

X )
where B is the strain-nodal displacement matrix and d is the nodal displacement
vector which is known for each element once the global FE equation has been solved

Stresses can be evaluated at any point inside the element (such as the center) or at

the nodes. Contour plots are usually used in FEA software packages (during post-
process) for users to visually inspect the stress results.

The von Mises Stress:

The von Mises stress is the effective or equivalent stress for 2-D and 3-D stress
analysis.

o, :%«/(O—l —0'3)2 +(o, _0'3)2 +(o; —O-l):

in which (7 )0 5 18 and O, and are the three principle stresses at the
considered point in a structure.

For 2-D problems, the two principle stresses in the plane are determined by

P O'_\_+O'.1+ "O'_\.—O',.\l

o = +72
2 \ 2 o ‘

;!
P ()-r +61 ( G\ - ()-1 2
o, = | J +72
7 4 2 \ 2 ,'lj

Thus, we can also express the von Mises stress in terms of the stress components in the
xy coordinate system.

For plane stress conditions, we have,

0. =./(c.+0,) 30,0, —12)
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UNIT Il
Elasticity Equations

Elasticity equations are used for solving structural mechanics problems. These equations must be
satisfied if an exact solution to a structural mechanics problem is to be obtained. The types of
elasticity equations are

1. Strain — Displacement relationship equations

Ot e — ov cu Ov ou ow
e =— €, = —. V= —t+t— V= —+—
S~ N ) s, N o~ S s A oy
v ow
Ve =% +—.
- oz (’:’I-r

ex— Strainin X direction, ey— Strainin Y direction.

7y, - Shear Strain in XY plane, y,_ - Shear Strain in XZ plane,

7. - Shear Strain i YZ plane

2. Stress — Strain relationship equation

(I-v) v 0 0 0
O v o (l=v) v 0 0 0
o, v v (I-v) 0 0 0
1_7v
il E | o 0 0o L= 0
Ty | (L+v)l-2v) 2 L2
z-\': 0 0 0 0
12
o 0 0 0 0 =2
i 2
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o — Stress, T — Shear Stress, E — Young’s Modulus, v — Poisson’s Ratio, e — Strain, y- Shear Strain.

3. Equilibrium equations

-~ A A )
6oc. 0t Ot ¢ O-}' ¢ z-.\: ¢ z-_\)'
,\'\+ ‘\'1'1+ «L +B, =0:——7 e = =+ = +B‘.:O
ox oy oz ' oy oz ox '
0o. ©Otr. Or,
— +—=4+—24+B =0
oz cx oy )

o — Stress, © — Shear Stress, B x - Body force at X direction,
B y- Body force at Y direction, B ;- Body force at Z direction.

4. Compatibility equations
There are six independent compatibility equations, one of which is

- -~2 ~2
o e. o e, C j/_g_.
] + Wv =
-~ 2 -~ 2 -~~~ )
C}" cX C'.TC}"

The other five equations are similarly second order relations.
» Axisymmetric Elements

Most of the three dimensional problems are symmetry about an axis of rotation. Those types of
problems are solved by a special two dimensional element called as xisymmetric element.

» Axisymmetric Formulation

The displacement vector u is given by

ulr,z)

u
w

31
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The stress o is given by r

g
Stress, {0'} =] °

The strain e is given by

: €
Strain, {e} =
e

s
Equation of shape function for Axisymmetric element
Shape function,

_a1+1817’+712 _(Z2+ﬂ27'+}/22 N a3+ﬂ37'+732

N, N, ;=
2A4 T 24 ' 2A4

Oy —0nZ3—A377; Oy =I3Z) —I'1Z3. O3 = 11Zp — 127,

By = 25-23: By = 23-21: By = 21-25

1 =1I3-I. Iy =XrEs; 5=

2A = (1923 — 1320)-11(132Z1 — 11Z3)+Z1(11Z2 — 12Z)

» Equation of Strain — Displacement Matrix [B] for Axisymmetric element

_ o rl+r2+713 | %
ﬁl r= g 63 0 ﬂ3 O -”/-1

(o4 ViZ o, VoZ o /2 Z
1 —1+ﬁ1+/1 0 —'*"ﬂv L2 0 —3+ﬂ3+)3 0 Uy

|B]= = K r r N r r

24 0 ;/l 0 ;/2 0 ,1/3 1L'2
Jt. }/l IBI }/3 133 }/3 ﬂ3 | ”3
W

1-v 1 v 0
E v 1-v v 0
[D]: v 1 1 0
(1+v)1-2v)
1-2v
0 0 0 7
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» Equation of Stiffness Matrix [K] for Axisymmetric element
[K]=2T1r48] D] 5]

rl+r2+r3
F=— :A=(%)bxh

-
o)

» Temperature Effects

The thermal force vector is given by { f }{ =2T1r4|B]L )]{(3}r

V= m

FLu
F:,_u-‘_

> Problem 1. For the given element, determine the stiffness matrix. Take E=200GPa and v= 0.25. 2.

(50,50

1 2
0,0 (50,0)

> 2. Forthe figure, determine the element stresses. Take E=2.1x105N/mm2 and v= 0.25. The co —
ordinates are in mm. The nodal displacements are u1=0.05mm, w1=0.03mm, u2=0.02mm,

w2=0.02mm, u3=0.0mm, w3=0.0mm.

(30,50)

(0,0) (60,0) r
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> 3. A long hollow cylinder of inside diameter 100mm and outside diameter 140mm is subjected to an

internal pressure of 4AN/mm2. By using two elements on the 15mm length, calculate the displacements
at the inner radius.
> Isoparametric element

Generally it is very difficult to represent the curved boundaries by straight edge elements. A large number

of elements may be used to obtain reasonable resemblance between original body and the assemblage. In

order to overcome this drawback, isoparametric elements are used.
"

® — Nodes used for defining geometry

A\ — Nodes used for defining displacements

X

If the number of nodes used for defining the geometry is same as number of nodes used defining the

displacements, then it is known as isoparametric element.

» Superparametric element
If the number of nodes used for defining the geometry is more than number of nodes used for defining the

displacements, then it is known as super parametric element.
=

® — Nodes used for defining geometry

A — Nodes used for defining displacements

»  Subparametric element
If the number of nodes used for defining the geometry is less than number of nodes used for defining

the displacements, then it is known as subparametric element.
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® — Nodes used for defining geometry

&\ — Nodes used for defining displacements

X

» Equation of Shape function for 4 noded rectangular parent element

y 0O NN 0 N, 0 N, 0 N,
s
’\‘4
V4

Ni=1/4(1-€) (1-n): Na=1/4(1+€) (1-0): N3=1/4(1+€) (1+n): Ny=1/4(1-€) (1+n).

» Equation of Stiffness Matrix for 4 noded isoparametric quadrilateral element

7

[K]=¢] j[g] (D)5 )[eson

J, :%[— (L=n ), +(1=n)x, +A+7)x, —(A+7)x,]
Jis —%[— (L=n)y, +(L=n)y, + A+ )y —(L+n)y,].
J, = %[— (1—e)h, —(1+ ek, + (1+&)x, +(1-e),].
T = (=ely = (1 el + 0+ )y, + 12,
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[ 6N ON, ON ON, ]
% ! 0 = 0 = 3 0 = 4 0
oe os o¢ o€
ON. ON. ON. ON.
1 " 0 0 0
[B]:_ 0 0 Jn  Ju . N, A N 1 AN i SN
| ‘ 0o M 45 N 4, &, N,
= J“ J J"‘? =2 J 2 ) - -~ -~
: g - oe oe oe oe
eN. oN, oN ON,
0 L 0 = 0 3 0 2
! an on on on |
l—v 0
E
[D]l=———| v 1 0 N
(1— e ) 1—v |- for plane stress conditions:
0O 0 —
_ 2
1-v 0
[ D)= | v 1-v 0 L . .
(1+v)(1-2v) " " 1 2y |- for plane strain conditions.
2

» Equation of element force vector

Pl |

.‘l_
N — Shape function, Fx— load or force along x direction, Fy— load or force along ydirection.
» Numerical Integration (Gaussian Quadrature)

The Gauss quadrature is one of the numerical integration methods to calculate the definite integrals. In

FEA, this Gauss quadrature method is mostly preferred. In this method the numerical integration is
1 i

[ FGode =3 w [/ (x)

-1 i=1

achieved by the following expression,
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Table gives gauss points for integration from -1 to 1.

Number of Location Corresponding Weights
Points %, W,
n
1 x;=0.000 2.000
2 1
X1.X= % /: =+0.577350269189
V3 1.000
3 2 555555
X1, X3 =+ |> = 20.774596669241 g
3 5
x2=0.000 §= 0.888888
4 X;, X4=+0.8611363116 0.3478548451
X X3=+0.3399810436 0.6521451549
1 P
> Problem 1. Evaluatg,: :[ cos Ed\ by applying 3 point Gaussian quadrature and compare with
exact solution.
1
2. Evaluate, I = [39"‘ x0T+ }dx using one point and two point Gaussian quadrature. Compare
with exact solution, x+2

3. For the isoparametric quadrilateral element shown in figure, determine the local co —ordinates of the point
P which has Cartesian co- ordinates (7, 4).

8,6)

2,5

(K8 )] (6,1)
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4. A four noded rectangular element is in figure. Determine (i) Jacobian matrix, (ii) Strain — Displacement
matrix and (iii) Element

Stresses. Take E=2x105N/mm2,v= 0.25, u=[0,0,0.003,0.004,0.006, 0.004,0,0] T, €= 0, n=0. Assume plane
stress condition.

Y
0.1) 2,1)
4 3
1 2 X
(0,0) (2,0)
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UNIT IV

One could obtain the global stiffness matrix of a continuous beam from assembling member stiffness matrix of
individual beam elements. Towards this end, we break the given beam into a number of beam elements. The
stiffness matrix of each individual beam element can be written very easily. For example, consider a
continuous beam ABCD as shown in Fig. 1a. The given continuous beam is divided into three beam elements
as shown in Fig. 1b. It is noticed that, in this case, nodes are located at the supports. Thus each span is treated
as an individual beam. However sometimes it is required to consider a node between support points. This is
done whenever the cross sectional area changes suddenly or if it is required to calculate vertical or rotational
displacements at an intermediate point. Such a division is shown in Fig. 1c. If the axial deformations are
neglected then each node of the beam will have two degrees of freedom: a wvertical displacement
(corresponding to shear) and a rotation (corresponding to bending moment). In Fig. 1b, numbers enclosed in
a circle represents beam numbers. The beam ABCD is divided into three beam members. Hence, there are four
nodes and eight degrees of freedom. The possible displacement degrees of freedom of the beam are also
shown in the figure. Let us use lower numbers to denote unknown degrees of freedom (unconstrained degrees
of freedom) and higher numbers to denote known (constrained) degrees of freedom. Such a method of
identification is adopted in this course for the ease of imposing boundary conditions directly on the structure
stiffness matrix. However, one could number sequentially as shown in Fig. 1d. This is preferred while solving

the problem ona computer.

P kN P kN w kiN/m
B

¢Hr¢¢+HrED

El | @ El @ El
>l

0

AN

L/2 L/2 L/2 L/2 L

|« >ie >ie >ie >

AR
i @ £ @ L o F

/ / ;Y

1 2 7

>

Fig. 27.1b Member and node numbering
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Fig. 27.1c Member and node numbering

Fig 27.1d Member and node numbering

In the above figures, single headed arrows are used to indicate translational and double headed arrows are used

to indicate rotational degrees of freedom.

Beam Stiffness Matrix:

Fig. 2 shows a prismatic beam of a constant cross section that is fully restrained at ends in local orthogonal co-
ordinate system X' y' z'. The beam ends are denoted by nodes j and k. The x' axis coincides with the centroidal
axis of the member with the positive sense being defined from j to k. Let L be the length of the member, A area

of cross section of the member and | zz is the moment of inertia about z'axis.

.
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Two degrees of freedom (one translation and one rotation) are considered at each end of the member. Hence,
there are four possible degrees of freedom for this member and hence the resulting stiffness matrix is of the
order 4 X 4. In this method counterclockwise moments and counterclockwise rotations are taken as positive.
The positive sense of the translation and rotation are also shown in the figure. Displacements are considered as
positive in the direction of the co- ordinate axis. The elements of the stiffness matrix indicate the forces
exerted on the member by the restraints at the ends of the member when unit displacements are imposed at
each end of the member. Let us calculate the forces developed in the above beam member when unit
displacement is imposed along each degree of freedom holding all other displacements to zero. Now impose a
unit displacement along y' axis at j end of the member while holding all other displacements to zero as shown
in Fig.a. This displacement causes both shear and moment in the beam. The restraint actions are also shown in
the figure. By definition they are elements of the member stiffness matrix. In particular they form the first
column of element stiffness matrix.

In Fig.b, the unit rotation in the positive sense is imposed at j end of the beam while holding all other
displacements to zero. The restraint actions are shown in the figure. The restraint actions at ends are

calculated referring to tables given in lesson...

<

LA X —p

—h
)
x_
— ,‘
pLMN
" |m
»
o
™ |m
N

jj > = § Ek
v #t | 12m

( a ) Unit translation along y' at end j

6 EI,
T ks, T = 2 El,
Tios, h
K A : 1 P '\. 1 - »
)X— _— ; - x~-> )>v = r
i 2 A s
/ » 4EL 6 El,
- Vo

( b ) Unit rotation about Z at end i
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T k33
T y' " 6 El,
B e s N
Rt 6 El, E '
T ks 1 s ¢ 1
] R 4 & £
] po—= 7 z
/ v A2 EL 4 121E'
Kas Kes L’ .
1
z
( ¢ ) Unit displacement along y'at end k
T
K, 4 El
T km T \QL
4 o 4 5
75 o R ar | >/<< k
2E, | |
i > L Jem vy EEL
. L2 L

( d ) Unit rotation about z'at end k

In Fig. 3c, unit displacement along y' axis at end k is imposed and corresponding restraint actions are
calculated. Similarly in Fig.d, unit rotation about z' axis at end k is imposed and corresponding stiffness

coefficients are calculated. Hence the member stiffness matrix for the beam member is

| 2 3 1

[ 12E, 6EI, \ 12EI, G6EI, |1
.
T Z Uz L -
| 6EI.  4EI_ | 6EI_ 2EI_ |2
3 P (D S A S - —— L__

| "2 Er TSR T I2EID T TRELD |3
_BRE ¢ 12EI,  GEL |3

‘ I E i B I’
6EI,  2EI_ | GEI_ 4EI_ |4
| B I & T B -

The stiffness matrix is symmetrical. The stiffness matrix is partitioned to separate the actions associated with
two ends of the member. For continuous beam problem, if the supports are unyielding, then only rotational
degree of freedom shown in Fig. is possible. In such a case the first and the third rows and columns will be
deleted. The reduced stiffness matrix will be,

AEI. | 2EI.

A8l 1 2R

= L__| _L_
[¥]= JEI | 4EI
L i L
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Instead of imposing unit displacement along y' at j end of the member in Fig.a, apply a displacement u'1 along y'
at j end of the member as shown in Fig. a, holding all other displacements to zero. Let the restraining forces

developed be denoted by qi1, gz1, gz1and gaa.

y'

Qiq

T
s

21

q
/ s
C

—>

B AR
’l
%

b 1
jj bk—»x

N
N

The forces are equal to,
Ou1 = knu'y; Qo1 = kaal'y; Qa1 = ka1U's; Qa1 = Karll'y

Now, give displacements u'y, U'z, U'sand u's simultaneously along displacement degrees of freedom 1, 2, 3 and 4
respectively. Let the restraining forces developed at member ends be g1, g2, g3 and g4 respectively as shown

in Fig. b along respective degrees of freedom. Then by the principle of superposition, the force displacement

relationship can be written as,
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[ 12EI. OFE]. 12E1, 6EI. | - VT
¢ T 7 - T T !
L L L L
. 6L] AET 6LT 2FET o
= I L I L ’

12E7. OFET. 12E7_ 6ET. ,

95 - i 12 3 T2 s
L L L L

6EI. 2FET. 6E]. AFET . .

_q4_ el - - - 2» - - _lf 4
L I° L L L

This may also be written in compact form as,

lap=k] o}
Beam (global) Stiffness Matrix:

The formation of structure (beam) stiffness matrix from its member stiffness matrices is explained with help of

two span continuous beams shown in Fig. a. Note that no loading is shown on the beam. The orthogonal co-

A 1 - 2 ¢ x
[ e | —
//% El é% El 7’%
L - | - 2

ordinate system xyz denotes the global co-ordinate system.

For the case of continuous beam, the x - and x” - axes are collinear and other axes (yandy' , z and z') are
parallel to each other. Hence it is not required to transform member stiffness matrix from local co-ordinate
system to global coordinate system as done in the case of trusses. For obtaining the global stiffness matrix, first

assume that all joints are restrained. The node and member numbering for the possible degrees of freedomare

s - L

A
j1 1 F2 (2 F?a;,x
/zj A A
z fy‘ AY
o T P S T

44




shown in Fig b. The continuous beam is divided into two beam members. For this member there are six
possible degrees of freedom. Also in the figure, each beam member with its displacement degrees of freedom
(in local co ordinate system) is also shown. Since the continuous beam has the same moment of inertia and span,

the member stiffness matrix of element 1 and 2 are the same. They are,

Global d.o.f 1 2 3
Local do.f 1 2 3 4
kY, Ky Ky K] 101
[ﬂ"]: k'yy k'y Ky ky| 2 2
k'sy k's, Ky k' | 303
k'y Ky Ky Kyl 404
Global d.o.f 3 ul 5 6
Local do.f 1 2 3 4
Kn ke ks k| 103
[kg]: KPn k’n k'n kPu| 2 4
k51 k'» ks k| 305
_,1;341 o s 1'244_ 4 6

The local and the global degrees of freedom are also indicated on the top and side of the element stiffness
matrix. This will help us to place the elements of the element stiffness matrix at the appropriate locations of the
global stiffness matrix. The continuous beam has six degrees of freedom and hence the stiffness matrix is of the

order6. Let [K] denotes the continuous beam stiffness matrix of order 6X6. From Fig., [K] may be written as,
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Member AB (1)

s ks i ks kg i 0 0
1 1 ! 1 1 |
____;11 _______ ‘__21 :L___i_’gl_ﬁii’g?___i_l_%j_ji_l__i___}2 _______ _[_)2___
[K] _ 311 iz : Ta 1?1 iar 1?2 : ‘1?3 1?4
Ka Fy K ks Ry ks ko =
0 0 —i ks k3, i_ 3 k3,
0 0 ! o 2 ! s 7 i

Member BC (2)

The 4X4 upper left hand section receives contribution from member 1 (AB) and 4X4 lower right hand section of
global stiffness matrix receives contribution from member 2. The element of the global stiffness matrix

corresponding to global degrees of freedom 3 and 4 receives element from both members 1 and 2.

FORMATION OF LOAD VECTOR:

Consider a continuous beam ABC as shown inFig.

lp kN w kN/m lzP kN

BYV Vv yvvvvvy
AA» El @ El

[ b L

» »la

C

a

l‘

We have two types of load: member loads and joint loads. Joint loads could be handled very easily as done in
case of trusses. Note that stiffness matrix of each member was developed for end loading only. Thus it is
required to replace the member loads by equivalent joint loads. The equivalent joint loads must be evaluated
such that the displacements produced by them in the beam should be the same as the displacements produced

by the actual loading on the beam. This is evaluated by invoking the method of superposition.
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( a ) Actual beam with loading

-

P kN T3 lzp
] l * Eeddbéd bl F

= wlL’?
Pab wi.? Pba® 12 .
2 ET T
2
7Pb7 wL g
Pa wL 2
L —= &
L 2
( b ) Reaction in the restrained beam
Pa — + 2P
+ wiL 2
L 2
l Pb/L l
2 Pba’ wlL?
2 / WL — - (/\ 12
Pab /ﬁ\ F\ 12 L2 L
- »

( ¢ ) Equivalent joint loads

The loading on the beam shown in Fig. (a), is equal to the sum of Fig. (b) and Fig. (c). In Fig. (c), the joints are
restrained against displacements and fixed end forces are calculated. In Fig. (c) these fixed end actions are
shown in reverse direction on the actual beam without any load. Since the beam in Fig. (b) is restrained (fixed)
against any displacement, the displacements produced by the joint loads in Fig. (c) must be equal to the
displacement produced by the actual beam in Fig. (a). Thus the loads shown in Fig. (c) are the equivalent joint
loads .Let, p1, p2, p3, p4 , p5 and p6 be the equivalent joint loads acting on the continuous beam along

displacement degrees of freedom 1,2,3,4,5 and 6 respectively as shown in Fig. (b). Thus the global load vector is,
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Py Pab*
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, 12 I’
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SOLUTION OF EQUILIBRIUM EQUATIONS:

After establishing the global stiffness matrix and load vector of the beam, the load displacement relationship for
the beam can be written as

1P} =[K}uj

Where is the global load vector, { P } { u } is displacement vector and is the global stiffness matrix. In the
above equation some joint displacements are known from support conditions. The above equation may be
written as

-{Pkﬂ: []‘_11] [kll] -{”u}-
2 k] Tenl)lfn)

Where {p«} and { ux} denote respectively vector of known forces and known displacements. And {p«} and { ux}
denote respectively vector of unknown forces and unknown displacements respectively. Now expanding
equation

{pd = [kuf{us} + [ki ugt
{ps} = [k21]{uu} + [kZZ]{Uk}
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Since {Uk }is known, the unknown jo int displacements can be evaluated. And support reactions are

evaluated from equation, after evaluating unknown displacement vector.

Let R1,Rzand Rs be the reactions along the constrained degrees of freedom. Since equivalent joint loads

are directly applied at the supports, they also need to be considered while calculating the actual

reactions. Thus,
[Rll .}5'1.
_ S [T ]
R, r=—p; +[‘K21]1_”n}
lej Ps

The reactions may be calculated as follows. The reactions of the beam shown in Fig. a are equal to
the sum of reactions shown in Fig. b, Fig. ¢ and Fig. d.

2
Pab’ wbL _ Pba’
lp KN w kN/m lp kN C Pl 12 ' w kN/m

TTTITTT [Ehibibiidg)
7 2 7Y qT NZ T

R, TR. TR., | Pb Pa Tv T‘ .

wi wil

(a) L(b) 2
o X, ¢
I ls =
(¢)

(d)
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From the method of superposition,

P . .
L
Pa . .
R, =—+ K u, + K,
3 I 3
wlL . ,
R.=—+2P+K_u, + K u,
or
T Pb o
R, I Ky Ky |,
P |4
— a 4 o
1R = A | Ray A l
i
wl . . .6
)‘} L’
R TJFMD | Ky Ky )
R, Pb/L K, Kl
_ ."l T~ - 4
Ryp=—y PalL 1+ Ky Kyt
wl - - 6
_Rs +2P Ky Ky
2
Member end actions g1, gz, gsand gsare calculated as follows. For example consider the first element 1
- Pb
4, L R 0
Pab”
q, 2 u,
= 1%(? + I:L ]e.’ememl
45 — 0
L
q.4 Pa“b u,
LZ
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UNIT V

Dynamic analysis

Modal analysis - Natural frequency and mode shapes
= Harmonic analysis - Forced response of system to a sinusoidal forcing
= Transient analysis - Forced response for non-harmonic loads (impact,

step or ramp forcing etc.)

DYNAMIC CONSIDERATIONS
Static analysis holds when the loads are slowly applied. When the loads are suddenly

applied, or when the loads are of a variable nature, the mass and acceleration effects come
into the picture. If a solid body, such as an engineering structure, is deformed elastically
and suddenly released, it tends to vibrate about its equilibrium position. This periodic

motion due to the restoring strain energy is called free vibration.

The number of cycles per unit time is called frequency.

The maximum displacement from the equilibrium position is the amplitude.

FORMULATION
We define the Lagrangean by

L=T-10

where T is the kinetic energy and I7 is the potential energy.

Hamilton’s principle For an arbitrary time interval from t, to t,,

the state of motion of a body extremizes the functional
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[:I_‘%Ldr

1

If L can be expressed in terms of the generalized variables
(G- 41+ G-+ 4, ) Where g, =dq,/dt.  then the equations of
motion are given by

d( ek ) Bk __

di\ &g, ) &g

0 i=lton

Example
Consider the spring-mass system in Fig.. The kinetic and potential energies are given by

|
2

1 > 1. 2
H:;I\l.xl —;I\E(Aj—.xlj

I,
I'=—mx; +
2

M, X5

Using L = T — 71, we obtain the equations of motion

d(e6L) 6L 5

—| — |m—=m X, +kx, =k, (%, - Xx,) =0
dt\ ox; ) 0x, o

d{ oL ) 6L = : :

—| — |- —= my%, +k; (%y,— %) =0

dit\ ox, | ©x, I

Which can be written in the form
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m, 0 I.'\‘, [_ (k,+k,)  —k, ...[-'\" 1 5
0 m, L.'\’z | —k, k. l:"z J— ‘
which is of the form

Mx+kx=0

where M is the mass matrix, K is the stiffness matrix, and X and x are vectors
representing accelerations and displacements.

Solid Body with Distributed Mass

Consider a solid body with distributed mass. The kinetic energy is given by

L Fages s
T—:Ju ipd)

e ‘,]
w1 \
/ /—I\ ‘li‘/v
| \
{ dVv \
/ s S | _ \
v \

/ 7

p = density

s

where p is the density (mass per unit volume) of the material and
- s . vaelh
=1, v, W]

is the velocity vector of the point at x, with components In the finite element method, we dive
the body into elements, and in each element,

we express u interms of the nodal displacements q, using shape functions N.
u=Nq

In dynamic analysis, the elements of q are dependent on time, while N represents (spatial) shape
functions defined on a master element. The velocity vector is then given by

i1=Ng

the Kinetic energy Te in element e is
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< N— 1
T:;(',' @ PN'N dV g

where the bracketed expression is the element mass matrix
m = [pNTN dV

This mass matrix is consistent with the shape functions chosen and is called the
consistent mass matrix. On summing over all the elements, we get

T=>T, :2%@"“”;*.@ - %QTMQ

H:%QTKQ—QTF
Using the Lagrangean L = T — 77, we obtain the equation of motion:
MO+ KQ=F
For free vibrations the force F is zero. Thus,
MO + KO =0
For the steady-state conditions, starting from the equilibrium state, we get

O =U sin ot

where U is the vector of modal amplitudes of vibration and w (rad/s) is the circular
frequency (2xf, f = cycles/s or Hz).

KU =" MU
This is the generalized eigen value problem

KU = AMU

ELEMENT MASS MATRICES

Treating the material density p to be constant over the element, we have,

m* :pj N'N dv
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I1I—11B. Tech Finite Element Methods

One-dimensional bar element For the bar element

W= N,=——
2 2
T — } [ +1
¢ =l 4] m’ =,L)INTNA dx :—'0/% - jNTN dé
N :[N1 Nz] € =
dV = A dx
9; e j u 2
Ny, N
/ * G Nl = _lj.i
N, =1%¢
1 2 2
=1 +1 ¢ £
dx= =< &

On carrying out the integration of each term in NN, we find that

. PAL[2

1]
6 |1 2|

m

Truss element For the truss element

N 0 N, 0
N= :
O N 0 N, |
1-& 1+£
N, = . N, = 5

in which & is defined from-1 to +1. Then
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2 0 1 0

CpAL O 2 0 1
me = :

6 |1 0o 2 0

0 0o 2

CST element For the plane stress and plane strain conditions for the CST element

u' =[u v]

q =[g, ¢ - q,]
N, 0 N, N, 0]
N= :
0o N 0 N, 0 N,

The element mass matrix is then given by

m° =pi, [NTN dA
3 P 1 1
Noting that [N7dA=—4,[NN,da=-—A,. etc., we have

. e

Symmetric

2 0 1 0 1 0
2 0 1 0 1
e e 2 0 1 0
2 2 0 1
2 0
2

Lumped mass matrices Practicing engineers also use lumped mass techniques, where the total
element mass in each direction is distributed equally to the nodes of the element, and the masses are
associated with translational degrees of freedom only. For the truss element, the lumped mass approach
gives a mass matrix of

B 0 0 0

e ,OAF/’.' ol 1 0 0
m- =—=°

2 | 1 0

Symmetric 1

For the beam element, the lumped element mass matrix is
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€

~

. pAL, 0 0 0
- 0

Symmetric 0

m

)

EVALUATION OF EIGENVALUES AND EIGENVECTORS
KU = AMU

We observe here that K and M are symmetric matrices. Further, K is positive definite for properly
constrained problems.

Properties of Eigenvectors
For a positive definite symmetric stiffness matrix of size n, there are nreal eigenvalues and
corresponding eigenvectors. The eigenvalues may be arranged in ascending order:

0SA SA <. <A

If U1, U2...Un are the corresponding eigenvectors, we have
KU;= AMU;

The eigenvectors possess the property of being orthogonal with respect to both the stiffness and
mass matrices

U/ KU;=0 ifizj

Ui MU ;=0 if i#j
The lengths of eigenvectors are generally normalized so that

UTMU, =1

The foregoing normalization of the eigenvectors leads to the relation

L/lY Kl]i — /‘i'»
EIGENVALUE - EIGENVECTOR EVALUATION
The eigenvalue-eigenvector evaluation procedures fall into the following basic categories:
1. Characteristic polynomial technique
2. Vector iteration methods
3. Transformation methods
Characteristic polynomial
(K-AM)U =0
If the eigenvector is to be nontrivial, the required condition is
det(K - AM)= 0

This represents the characteristic polynomial in 4.
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2. Evaluate, x42

1 using one point and two point Gaussian quadrature.
Compare with exact solution.

1
I—_“3e"+x2+ 1 }dxg

3. For the isoparametric quadrilateral element shown in figure, determine the local co —ordinates of the

point P which has Cartesianco- ordinates (7, 4).
»

4. A four noded rectangular element is in figure. Determine (i) Jacobian matrix, (ii) Strain—

Displacement matrix and (iii) Element Stresses. Take E=2x105N/mm2,v= 0.25,

¥
(0.1) 2,0)
4 3
1 2 X
(0,0) 2,0

u=[0,0,0.003,0.004,0.006, 0.004,0,0] T, &= 0, n=0. Assume plane stress condition.
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