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(R24A0403) SIGNALS AND SYSTEMS

COURSE OBJECTIVES:
The main objectives of the course are:
1) Knowledge of time-domain representation and analysis concepts of basic
elementary signals
2) Knowledge of Fourier Series for Continuous Time Signals
3) Knowledge of frequency-domain representation and analysis concepts F.T., L.T. &
Z.T and Concepts of the sampling process.
4) Mathematical and computational skills needed to understand the principal of
Linear System and Filter Characteristics of a System.
5) Mathematical and computational skills needed to understand the concepts of
auto correlation and cross correlation and power Density Spectrum.

UNIT I:

INTRODUCTION TO SIGNALS: Elementary Signals- Continuous Time (CT) signals,
Discrete Time (DT) signals, Classification of Signals, Basic Operations on signals.
FOURIER SERIES: Representation of Fourier series, Continuous time periodic signals,
Dirichlet’s conditions, Trigonometric Fourier Series, Exponential Fourier Series, Properties
of Fourier series, Complex Fourier spectrum.

UNIT II:

FOURIER TRANSFORMS: Deriving Fourier transform from Fourier series, Fourier
transform of arbitrary signal, Fourier transform of standard signals, Properties of Fourier
transforms.

SAMPLING: Sampling theorem — Graphical and analytical proof for Band Limited Signals,
impulse sampling, Natural and Flat top Sampling, Reconstruction of signal from its samples,
effect of under sampling — Aliasing.

UNIT 111

SIGNAL TRANSMISSION THROUGH LINEAR SYSTEMS: Introduction to Systems,
Classification of Systems, Linear Time Invariant (LTI) systems, impulse response, Transfer
function of a LTI system. Filter characteristics of linear systems. Distortion less transmission
through a system, Signal bandwidth, System bandwidth, Ideal LPF, HPF and BPF
characteristics.

UNIT IV:

CONVOLUTION AND CORRELATION OF SIGNALS: Concept of convolution in time
domain, Cross correlation and auto correlation of functions, properties of correlation
function, Energy density spectrum, Parseval’s theorem, Power density spectrum, Relation
between convolution and correlation.

UNIT V:

LAPLACE TRANSFORMS: Review of Laplace transforms, Inverse Laplace transform,
Concept of region of convergence (ROC) for Laplace transforms, Properties of L.T’s relation
between L.T’s, and F.T. of a signal.



Z-TRANSFORMS: Concept of Z- Transform of a discrete sequence. Distinction between
Laplace, Fourier and Z transforms, Region of convergence in Z-Transform, Inverse Z- Transform, and
Properties of Z-transforms.

TEXT BOOKS:
1) “Signals & Systems”, Special Edition— MRCET, McGraw Hill Publications, 2017
2) Signals, Systems & Communications — B.P. Lathi, BS Publications, 2003.
3) Signals and Systems — A.V. Oppenheim, A.S. Willsky and S.H. Nawab, PHI, 2"Edn.
4) Signals and Systems — A. Anand Kumar, PHI Publications, 3"edition.

REFERENCE BOOKS:
1) Signals & Systems — Simon Haykin and VVan Veen, Wiley, 2" Edition.
2) Network Analysis — M.E. Van Valkenburg, PHI Publications, 3" Edn.,2000.
3) Fundamentals of Signals and Systems Michel J. Robert, MGH International
Edition,2008.
4) Signals, Systems and Transforms — C. L. Philips, J. M. Parr and Eve A. Riskin,
Pearson education.3™ Edition, 2004.

COURSE OUTCOMES:
After completion of the course, the student will be able to:
1) Understand the basic elementary signals
2) Determine the Fourier Series for Continuous Time Signals
3) Analyze the signals using F.T, L.T & Z.T and study the properties of F.T.,L.T. &Z.T.
4) Understand the principal of Linear System and Filter Characteristics of a System.
5) Understand the concepts of auto correlation and cross correlation and power
Density Spectrum.




UNIT -1
INTRODUCTION TO SIGNAL
1.1 Intr tion ignals:

In typical applications of science and engineering, we have to process signals, using
systems. While the applications can be varied large communication systems to control systems but
the basic analysis and design tools are the same. In a signals and systems course, we study these
tools: convolution, Fourier analysis, z-transform, and Laplace transform.

The use of these tools in the analysis of linear time-invariant (LTI) systems with
deterministic signals. For most practical systems, input and output signals are continuous and
these signals can be processed using continuous systems. However, due to advances in digital
systems technology and numerical algorithms, it is advantageous to process continuous signals
using digital systems by converting the input signal into a digital signal. Therefore, the study of
both continuous and digital systems is required. As most practical systems are digital and the
concepts are relatively easier to understand, we describe discrete signals and systems, immediately
followed by the corresponding description of continuous signals and systems.

ntin ime signal
continuous time views variables as having a particular value for potentially only
an infinitesimally short amount of time. Between any two points in time there are
an infinite number of other points in time. The variable "time" ranges over the entire real number

line, or depending on the context, over some subset of it such as the non-negative reals. Thus time
is viewed as a continuous variable.

A continuous signal or a continuous-time signal is a varying quantity (a signal) whose
domain, which is often time, is a continuum (e.g., a connected interval of the reals). That is, the
function's domain is an uncountable set. The function itself need not be continuous. To contrast,
a discrete time signal has a countable domain, like the natural numbers.

A signal of continuous amplitude and time is known as a continuous-time signal or
an analog signal. This (a signal) will have some value at every instant of time. The electrical
signals derived in proportion with the physical quantities such as temperature, pressure, sound etc.
are generally continuous signals. Other examples of continuous signals are sine wave, cosine
wave, triangular wave etc.

The signal is defined over a domain, which may or may not be finite, and there is a
functional mapping from the domain to the value of the signal. The continuity of the time variable,
in connection with the law of density of real numbers, means that the signal value can be found at
any arbitrary point in time.

Discrete time signal:

Discrete time views values of variables as occurring at distinct, separate "points in time",
or equivalently as being unchanged throughout each non-zero region of time (“time period")—that
is, time is viewed as a discrete variable. Thus a non-time variable jumps from one value to another
as time moves from one time period to the next. This view of time corresponds to a digital clock
that gives a fixed reading of 10:37 for a while, and then jumps to a new fixed reading of 10:38,
etc. In this framework, each variable of interest is measured once at each time period. The number
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of measurements between any two time periods is finite. Measurements are typically made at
sequential integer values of the variable "time".

A discrete signal or discrete-time signal is a time series consisting of a sequence of
quantities.

Unlike a continuous-time signal, a discrete-time signal is not a function of a continuous
argument; however, it may have been obtained by sampling from a continuous-time signal. When
a discrete-time signal is obtained by sampling a sequence at uniformly spaced times, it has an
associated sampling rate.

Discrete-time signals may have several origins, but can usually be classified into one of two
groups:

o By acquiring values of ananalog signal at constant or variable rate. This process is
called sampling.!

e By observing an inherently discrete-time process, such as the weekly peak value of a
particular economic indicator.

1.2 Classification of the Signals:

The Signals can be classified into several categories depending upon the criteria and for
its classification. Broadly the signals are classified into the following categories
1. Continuous, Discrete and Digital Signals
1  Periodic and Aperiodic Signals
2  Evenand Odd Signals
3 Power and Energy Signals
4 Deterministic and Random signals

, " | Di _time Signals;

Continuous-Time (CT) Signals: They may be de ned as continuous in time and continuous
in amplitude as shown in Figure 1.1. Ex: Speech, audio signals etc..
Discrete Time (DT) Signals: Discretized in time and Continuous in amplitude. They may also be
defined as sampled version of continuous time signals. Ex: Rail track signals.
Digital Signals: Discretized in time and quantized in amplitude. They may also be defined as
quantized version of discrete signals.

A CT signal x(t) is said to be periodic if it satisfies the following condition

X () =x (t+ To) (1.1)
The smallest positive value of To that satisfies the periodicity condition Eq.(1.1), is referred as the
fundamental period of x(t). The reciprocal of fundamental period of a signal is fundamental
frequency fo.
Likewise, a DT signal x[n] is said to be periodic if it satisfies

x(n) = x (n + No) (1.2)
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Figure 1.1: Description of Continuous, Discrete and Digital Signals
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The smallest positive value of NO that satis es the periodicity condition Eq.(1.2) is referred

to as the fundamental period of x [n].

Note: All periodic signals are ever lasting signals i.e. they start at -1 and end at +1 as shown in

below Figure 1.2.
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Figure 1.2: A typical periodic signal

Ex.1.1 Consider a periodic signal is a sinusoidal function represented as x (t) = A sin (10t + 20)

The time period of the signal To is 10

Ex.1.2 CT tangent wave: X (t) = tan (10t) is a periodic signal with period T =10
Note: Amplitude and phase difference will not affect the time period.
i.e. 2 sin (3t), 4 sin (3t), 4 sin (3t + 32) will have the same time period

Even and Odd Signal

Any signal can be called even signal if it satisfies x(t) = x(-t) or x(n) = x(-n). Similarly any
signal can be called odd signal if it not satisfies x(t) = x(-t) or x(n) = x(-n). Figure 1.2, shows an
example of an even and odd signal whereas Figure 1.3 shows neither even nor odd signal.

X (1)
1

AN

X (t)

-1 0 1

-1

Any signal X(t) can be expressed in terms of even component Xe(t) and odd component Xo(t).
X(t) =Xe(t)+Xo(t), Xe(t)+=(X(t) + X(-t)) / 2, Xo(t)+=(X(t) - X(-1)) / 2



Ener nd Power signal

A signal x(t) (or) x(n) is called an energy signal if total energy has a non - zero finite value
i.,e. 0<Ex<1 andPavg=0
A signal is called a power signal if it has non - zero nite power i.e. 0 <Px<1land E=1.
A signal can't be both an energy and power signal simultaneously. The term instantaneous power
is reserved for the true rate of change of energy in a system. All periodic signals are power signals
and all finite durations signals are energy signals.
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A signal is referred to as a power signal if the power P, satisfies the condition
0< P, < x

inistic and Randorm signal

A deterministic signal is a signal in which each value of the signal is fixed and can
be determined by a mathematical expression, rule, or table. Because of this the future values of the
signal can be calculated from past values with complete confidence. On the other hand, a random
signal has lot of uncertainty about its behaviour. The future values of a random signal cannot be
accurately predicted and can usually only be guessed based on the averages of sets of signals.
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1.3 Basic operations on continuous time signal

Basic operations on continuous time signal
In this section we will study some basic operations on continuous time signal:

A) Operation performed on dependent variables:

These operations include sum, product, difference, even, odd, etc.

1)  Amplitude scaling:

Amplitude scaling means changing an amplitude of given continuous time signal. We will denote
continuous time signal by x(t). If it is multiplied by some constant ‘B’ then resulting signal is,

y(t)=B x(t)

Example: Sketch y(t) = 5u(t)

Solution: we know that u(t) is unit step function. So if we multiply it with 5, its amplitude will become
5 and it shown as follows:

amplitude scaling

2)  Sum and difference of two signals:
Consider two signals x1(t) and x2(t). Then addition of these signals is denoted by
y(t)=x1(t)+x2(t). similarly subtraction is given by y(t)=x1(t)-x2(t).
Example: Sketch y(t) = u(t) — u(t—2)
Solution: First, plot each of the portions of this signal separately
x1(t)=u()....... Simply a step signal

e X2(t) =—u(t-2) ....... Delayed step signal by 2 units and multiplied by -1.
Then, move from one side to the other_,_’qpq.a"gjquthgj_rvvinstantaneous values:
. yit)
1 xz(:.' = u(t) 1

I (t) = -u(t - 2)

1 2 t 'y 2 t

Sum and difference of two signals
3)  Product of two signals:
If x1(t) and x2(t) are two continuous signals then the product of x1(t) and x2(t) is,
Y (t) = x1(t)x2(t).
Example: Sketch y(t) = u(t)-u(t—2)
Solution: First, plot each of the portions of this signal separately
 x1(t) = u(t) _ Simply a step signal
* X2(t) = u(t-2) _ Delayed step signal
Then, move from one side to the other, and multiply instantaneous values:


https://myclassbook.files.wordpress.com/2013/06/sum-and-difference-of-two-signals.jpg
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yit)
t) = uft
g, X4(t) = u(t) 1
:Xz(l) =-u(t-2)

12t 12 t

Multiplication of two signals

4)  Even and odd parts:
Even part of signal x(t) is given by,

£ = 2 [x() + x(-)]

And odd part of x(t) is given by,
2o (£) = [ () — %(—E)]

B) Operations performed on independent variables:

1)  Time shifting:

A signal x(t) is said to be ‘shifted in time’ if we replace t by (t-T). thus x(t-T) represents the time
shifted version of x(t) and the amount of time shift is ‘T’ sec. if T is positive then the shift is to right
(delay) and if T is negative then the shift is to the left (advance).

Example: Sketch y(t) = u(t - 2)

Method 1
Let “a" be the argument of “u”

(a) [1 a20 [1 t-220 [1 22
via)= = =
o a<0 o r-2<0 |0 r<2

L

Method 2 (by inspection)
Simply shift the originto ty= 2

EE
solution: .
2)  Time scaling:
The compression or expression of a signal in time is known as the time scaling. If x(t is the original
signal then x(at) represents its time scaled version. Where a is constant.

If a> 1 then x(at) will be a compressed version of x(t) and if a< 1 then it will be a expanded version of
X(t).

Example: Let x(t) = u(t) — u(t — 2). Sketch y(t) = x(t/2)

solution:
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Replace all t's with 2t

First, plot x(t) y(t) = x(2t) = u(2t) — u(2t - 2)
®(t)

1 Turns on at Turns on at
| 2t=z0 2t-220
—¥ tz0 t=z1
te o No change
yit)

12 i
3)  Time reversal (Time inversion):

Flips the signal about the y axis. y(t) = x(-t) .
Example: Let x(t) = u(t), and perform time reversal.
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1.4. Standard Signals

Unit Impulse Function

1 T=0
Impulse function is denoted by &(t). and it is defined as 8(t) =
0 t#0
5(t)
A
1
. >
0 t

f B E—ld)

00

du(t)
dt

3(t) =

Unit Step Function

z e _ 1 £=0
Unit step function is denoted by u(t). It is defined as u(t) =
0 t<0
AU(t)
z Bl
0 t

= It is used as best test signal.

2 Area under unit step function is unity.



Sighum Function

1 t=>0
Signum function is denoted as sgn(t). It is defined as sgn(t) = 0 t=0
—1 t<0
A sgn(t)
1
0 >
-1
sgn(t) = 2u(t) - 1
Ramp Signal
) _ . t 120
Ramp signal is denoted by r(t), and it is defined as r(t) =
0 t<0
2 10
2
1
o] 1 2 t
fu(t):/l:t:r(t)
dr(t)
t) =
="

Area under unit ramp is unity.



Exponential Signal
Exponential signal is in the form of x(t) = et
The shape of exponential can be defined by .

Case i: ifﬂ:=0—}x(t}=en= 1

* x{t]
1
1
Case ii: if @ < 0 i.e. -ve then x(t) = e . The shape is called decaying
exponential.
4 (1)
\ 1
t
Case iii: if « > 0 i.e. +ve then x(t) = e The shape is called raising
exponential.

s X(1)

LS




15. FOURIER SERIE
EFourier series representation of Periodic signal

Introduction:
A signal is said to be a continuous time signal if it is available at all instants of time. A

real time naturally available signal is in the form of time domain. However, the analysis of a
signal is far more convenient in the frequency domain. These are three important classes of
transformation methods available for continuous-time systems. They are:
1. Fourier series 2. Fourier Transform 3. Laplace Transform
Out of these three methods, the Fourier series is applicable only to periodic signals, i.e. signals
which repeat periodically over -co <t <o. Not all periodic signals can be represented by Fourier
series. Fourier series is to project periodic signals onto a set of basic functions. The basis functions
are orthogonal and any periodic signal can be written as a weighted sum of these basis functions.
Representation of Fourier Seri

The representation of signals over a certain interval of time in terms of the linear
combination of orthogonal functions is called Fourier Series. The Fourier analysis is also
sometimes called the harmonic analysis. Fourier series is applicable only for periodic signals. It
cannot be applied to non-periodic signals. A periodic signal is one which repeats itself at regular
intervals of time, i.e. periodically over -oo to co. Three important classes of Fourier series methods
are available.
They are: 1. Trigonometric form 2. Cosine form 3. Exponential form

1.6. Dirichlet iti

1) The function x(t) is absolutely integrable over one period, that is
[} k(o) dt < oo

2) The function x(t) has only a finite number of maxima and minima.
3) The function x(t) has a finite number of discontinuities.

A sinusoidal signal, x(t)=A sin wot is a periodic signal with period T=2m/wo. Also, the
sum of two sinusoids is periodic provided that their frequencies are integral multiples of a
fundamental frequency wo. We can show that a signal x(t), a sum of sine and cosine functions
whose frequencies are integral multiples of wo, is a periodic signal.

Let the signal x(t) be

x(t)= agtrajcoswpttarcos2wott.. ... Fagcoskwot+ bysinwpt+brsin2wgt+. ... Fbgsinkwgt
ie. x(t)= ag+Yx_,[a, cos wynt + b, sinwgnt]
where ag. a1. as....... ax and boby. ba....... by are constants. andwy 1s the fundamental frequency.
For the signal x(t) to be periodic. it must satisfy the condition x(t) = x(t+T) for all t.
ie. x(t+T)= ap+2x_;[an cos wen(t + T) + bysinwon(t + T)]

= ap+yr_4[a, cos won(t + 2m/wy) + b,sinwyn(t + 21m/wg)]
= ap+2r_4[an cos (wont + 2nm) + b, sinifwent + 2nm)]

= aptY.k_,[an cOs wont + b, sinwgnt]

=x(t)



1.8.Exponential Fourier series:
The exponential Fourier series is the most widely used form of Fourier series. In this,

the function x(t) is expressed as a weighted sum of the complex exponential functions. The
complex exponential form is more general and usually more convenient and more compact. So, it
is used almost exclusively, and it finds extensive application in communication theory.

The set of complex exponential functions
et n=0, +1,42,....}
forms a closed orthogonal set over an interval (tp. to+T) where T= (2/wq) for any value of t, and

therefore it can be used as a Fourier series. Using Euler’s identity. we can write
ei(nwot+9u)+ e—j(nwot+6n)]

2
Substituting this in the definition of the cosine Fourier representation. we obtain

AR = o AR i(nwyt+6n) —j(nwot+6n)
x(t) = Ao +251 [e +e ]
= A, +Z§°=1ﬂ [ejnwotejen + e—jnmote—jen]
=Ag +ZOO_ ( ejnmotejen) + Z ( —]nmote—}en)
An :
=Ay+ ( elen) einwot 4 ( —;en) a—inwot
' 0 Zn =1 2 2 .
Letting n = -K in the second summation of the above equation, we have
‘ A : o (A g\ i
X(t) =Ap+ ?10:1 (Tnejen) ginwot 4 Ek:—l (Telek) e]kwot
on comparing the above two equations for x(t). we get

A=A (6,)=6, 1n>0
k<0

Apcos(nwot +8,) = Ay

let us define
Co=Ap Cp =A2—nejen n>0
x(t) = Ag+3%, f;n ai®nginwgt 4 el An An oj6p gikogt
te.  x(t)=Y%__, C,einwot
This 15 known as exponentml form of Fourier series. The above equation 1s called the synthesis

equation.

So the exponential series from cosine series is:
Co=Ap
Cy %eien



Problems:

Solved Problems:
Problem 1:Find the Fourier series expansion of the half wave rectified sine wave shown in fig below

x(1)

Solution :
The periodic waveform shown in fig with period 2 is half of a sine wave with period 2.

- Asinwt=Asin2—“t=Asint 0<t<sn
X(t)—- 2w

M<t<2n
Now the fundamental period T=2m
2 2
Fundamental frequency wo——; = ﬁ =1
Lettg=0.tprT=T=2m

T 2 .

ao=%{? x(t) dt=— [ x(t)dt=%f: Asintdt=2

S ag=-—
ZTIT 2 2. 1 e §

an=—fo x(t) cos wontdt = —fo x(t) cos ntdt=;f0 Asintcosnt dt
_ ( 1)n+1_1 (_ )n+1+1
i fepesy (e

rorctan = S (] [ =0

Forevenn. sa=— 3 {[50+ [} 5
b, = —f x(t)sin wgntdt =b, = %fo x(t)sinntdt = %f; Asintsinntdt
- [sm (n-1)t  sin (n+1)t]'It
T 2m n—1 n+l 0
This 1s zero for all values of n except for n=1.

A
Forn=1,b; =—
2“ . . - . .
Therefore, the trigonometric Fourier series is:
x(t) = aptYo=q[a, cOs wynt + b, sinwgnt]

=ag+bsint+ Yo, a, cosnt

A A .
=—+—sint —
m  2m

(o e]
n=15q2_p, cosnt



Problem 2: Obtain the trigonometric Fourier series for the waveform shown in below fig

x(1)
’ A ',"
e /‘ s
s ! ,I
. ' ’
s 1 ta
_______ fd 1 7
’ 1 ’
Eo g ' B
i3 1
= o _r 0 4 2

3n

-~v

Solution:
The waveform shown in fig above is periodic with a period T=21
Lettg=0.tp+T=T=21

Fundamental frequency 0)0% = 2—“ =1
T
The waveform is described by
A
2 SH=
x(t)={(n)t i
0 M<t<2mn
1 (T 1 (2n 1 cm A A" _A
ao—;fo X(t)dt—;fo X(t)dt—;fo ;tdt——zﬂz ?]0 =
2 T 2 (m A A
ay= = J, X(t) cos wontdt= —— [ —tcosnt dt=——(cos nT - cos 0)
2
L —( A ) for odd n
an = n2n?
0 for evenn

_ET v _iZTt . _inA_. —i_n+1
by, = Tfo x(t)sin wontdt = 2nf0 x(t) sinntdt —2nf0 —tsinntdt=—(-1)

. (%) foroddn
- (%) for evenn

The trigonometric Fourier series 1s :
— Le.a] .
x(t) =apt) =1[a, cos wgnt + b, sinwynt]
2A o cosnt | Ao, n+1 sin nt
- (E) Zn:udd n2 + ;ERZI(_l) n

24 1 1
— (ﬁ) [mst+ 3z oS 3t +5—zc05 bt + ]

AT . 1 . 1. 1 .
+—[5111t— —sin 2t + —sin 3t — -sin 4t+...]
T 2 3 4

elmals

3) Obtain the exponential Fourier Series for the wave form shown in below figure



4 x(f)

—¥

Solution: The periodic waveform shown in fig with a period T= 2z can be expressed as:

() — [ A oO=t=m
] —A mMm=t=<2m
Let
tg=0.tg+T =27
2 2m
and Fundamental frequency wo=—r=5-=1

Exponential Fourier series

1 ,T
Cc.=?j'ﬂ x(t) dt
1 -m 1 -2m
. =§j‘u Adt+§fn —Adt=20
C, = % Jy x(De-inwotdt

1 b1 : 1 2w .
— J, AeT™tdt - I Ae Pt dt

A . A
- j2nm [(_1)11 o 1] o [1 o (‘-_-]Jn] =) 2nm
Cc = {(—j% for odd n
0 for evenn

4) Find the exponential Fourier series for the full wave rectified sine wave given in below figure.

A

~Y



Solution: The waveform shown in fig can be expressed over one period(0 to 1) as:

x(t) = A sin wt where w= i—: =1
because it 1s part of a sine wave with period = 2T
xX()=Asmwt 0<t<mn
The full wave rectified sine wave is periodic with period T=1
Let
tg=0.tp+*T=0+t=m
2m

= 2w
and Fundamental frequency o
118

The exponential Fourier series 1s
inwpt — [0 j2nt
\(t) Zn——oo e] S n=-—0 Cne]

1,.T ;
where C,= ¥_[U x(t)e ot dt

1l pm ; A pm ;
—— : —j2nt _ : —j2nt
r:fﬂ Asinte dt T[fﬂ sinte dt

A feilt—2nk_ 0 e—ili—2nlt_ 0
_jE._':t[ i(l-2n)  —j(1-2n)
2A

C =—"
n m:1—4n2]
1T

=—f x(t) dt

2A

——f Asmtdt——[— cost]} =—

The expc-nelmal Fourier series 1s given by

A 2A EA giZnt
j2nt _ -

ies of . . . :
The Fourier series representation possesses a number of important properties that
are useful for various purposes during the transformation of signals from one form to other .

Some of the properties are listed below.

[x1(t) and xo(t)] are two periodic signals with period T and with Fourier series
coefficients C, and Dn respectively.

Fs Fs
1) Linearity property The linearity property states that, if x;(t)<> C, and X, (t) < Dy

Fs
then Axi()+Bx-(t) «<AC,+BDy

Proof: From the definition of Fourier series, we have
FSIAXU(t)+BXa()] =7 [ [A%1(8) + Bxp(£)]e /@0t dt

to+T to+T

*A( J,,  x(®e7meotdtyr 5’( Ji,  X(D)e7meotdt)

:ACn+BDn



F g
Ax(t)+BX (1) <>AC,+BDn

2) Time shifting property The time shifiisng property states that, if x(t) Fs Cn then
X(t-to)e> e /m@otoCy,

Proof: From the definition of Fourier series, we have

XO=37_ ., C, et

X(t- to)zzfz_m C'n efn mg(t—to)
ZZ?[O=—OO [CT[ e_j'ﬂ LU(]t]ejTl wpolt :FS'l[Cne*jnth]

3) Time reversal property The time reversal property states that, if x(t) -Cn
Fs
then x(-t)yeC,,

Proof: From the definition of Fourier series, we have
X(t)= Y . C, elmwot

X(- t)=Y*___, C, e/m@o(=t) substituting n = -p in the right hand side, we get

X(-)=Y, %0 C_p e/ CPIED =35 € elP @0t substituting
p=n,we get

X(- t):Z?=—oo C_, e/nwot — FS][CB]

Fs
X(' t)(_)C-n

4) Time scaling property The time scaling property states that, if x(t) Cy

then X(at) Ch with wo—amo
Proof:  From the definition of Fourier series, we

Fs .
X(t-to) € —JnwotoC,

have
X(t): Zzo=_oo C, elmwot

X(at)y=Y>__, C, efnwoat=y® ' ein(@ox)t=pFg[C,] where

n=

00— q0.

X(at)FsCn with fundamental frequency of aw0

5) Time differential property: The time differential property states that, if x(t) Fs < Cy

F
then d’; Et) JjanCn




Proof:  From the definition of Fourier series, we have
X()=y*___ c, emwot Differentiating both sides with

n=—co

respect to t, we get

dx (£)
dt

. d ej'n wQt o ) .
B G = B () e
=Y——e Ca(jnwg) €/ 0" = FS ' [jnwo C,]

Fs
% <—>jnw0Cn

Fs
6) Time integration property: The time integration property states that, if x(t) ©C

FS n
Cn

jnwg

then [f x(@dt (if Co = 0)

Proof: From the definition of Fourier series, we have
X(t): Z;ﬂz_m Cn ejn wot

ffw x(T)dT :fjoo [2?=_00 Cn e}n (t)or]dl_
Interchanging the order of integration and summation, we get

f_tco x(T)dT :Z?:)=—DO Cn J-_roo ej?’l (.()(}Td,r

einwot

0 G ]
—\' Cn jnwot — -1r Cn
n=-—oo jn w(]) € FS [j?'lr.ug)]

= f_tm x(1)dt & f—" (if Co=0)

1.10. Complex Fourier Spectrum

The Fourier spectrum of a periodic signal x(t) is a plot of its Fourier coefficients versus
frequency . It is in two parts: (a) Amplitude spectrum and (b) phase spectrum. The plot of the
amplitude of Fourier coefficients verses frequency is known as the amplitude spectra, and the plot
of the phase of Fourier coefficients verses frequency is known as phase spectra. The two plots
together are known as Fourier frequency spectra of x(t).This type of representation is also called
frequency domain representation. The Fourier spectrum exists only at discrete frequencies nwo,
where n=0,1,2,..... Hence it is known as discrete spectrum or line spectrum. The envelope of the
spectrum depends only upon the pulse shape, but not upon the period of repetition.

The below figure (a) represents the spectrum of a trigonometric Fourier series extending
from 0 to oo, producing a one-sided spectrum as no negative frequencies exist here. The figure (b)
represents the spectrum of a complex exponential Fourier series extending from - ootoco,
producing a two-sided spectrum. The amplitude spectrum of the exponential Fourier series is
symmetrical Fourier series is symmetrical about the vertical axis. This is true for all periodic
functions.
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Fig: Complex frequency spectrum for (a) Trigonometric Fourier series and (b) complex
exponential Fourier series. If C, is a general complex number, then

Ch= ‘Cn' el & C,= |Cn| e & Cyh= ‘C-n|

The magnitude spectrum is symmetrical about the vertical axis passing through
the origin, and the phase spectrum is antisymmetrical about the vertical axis passing through the
origin. So the magnitude spectrum exhibits even symmetry and phase spectrum exhibits odd
symmetry. When x(t) is real , then C. =C,;, the complex conjugate of Ch.



UNIT — 1l
Fourier Transform and Sampling

2.1 Fourier Transform
The Fourier transform is used to analyse aperiodic signals and can be use analyse

periodic signals also. So it over comes the limitations of Fourier series. Fourier transform is a
transformation technique which transforms signals from the continuous-time domain to the
corresponding frequency domain and vice versa, and which applies for both periodic as well as
aperiodic signals. Fourier transform can be developed by finding the Fourier series of a periodic
function and then tending T to infinity.

The Fourier transform is an extremely useful mathematical tool and is extensively
used in the analysis of linear time-invariant systems, cryptography, signal analysis, signal
processing, astronomy, etc. Several applications ranging from RADAR to spread spectrum
communication employ Fourier transform.

Derivation of the Fourier Transform of a non-periodic signal from the Fourier series of a
periodic signal
Let x(t) be a non-periodic function and, x7 (t) be periodic with period T, and let their relation
is given by
X(t) :TLt x1(t) The

Fourier series of a periodic signal x ¢(t) is

xp(t)= Z__,C,e @ jnt
Where C :lfT/z x7(t) e Meotdtand o, = 22
nglJor/2 T 0 T

TC, =[], xe(t) eIt

Letno0=wat T —oo, AST — o0, we have = ZT“—> 0 and the discrete Fourier spectrum
becomes continuos. Further, the summation becomes integral and xr(t) — X(t).

Thus, as T — oo,

T/2

TC,= Lt [o1,xr(®e7otdt= [T [ Lt xr(D]eTdt= [7 x(H] eT*dt = X(0)

X(0)= [ x(t) eTotdt
Hence, X(w) is called Fourier transform or the Fourier integral of x(t).

XT (t) - Z{‘I']’::—m CI] ejnw(]t

. X(®) ina TC X(w
= o, A ginont [, = Lo = X0
— Yy X(w) jnwpt = T 2n
—Zn:,m?e Wy [Nwo=0, T —]

w(

X() = Lt xq(t) =Lt B X(w)e 0t g



T—o0
AST -0, ;= ZT'” becomes infinitesimally small and may be represented by do.

Also the summation becomes integration.

x(®) =[" X(w) &°dw
Hence, x(t) is called the inverse Fourier transform of X(o) .

The equations
X(©)= [* x(t) e otdt
And x(t) =/ X(w) etdw
For
X(w) and x(t) are known as Fourier transform pair and can be denoted as:

X(o) = F[x(t) ]
and X(t) = FHX(w)]

The other notation that can be used to represent the Fourier transform pair is
FT
X(t) & X(w)

Magnitude and phase representation of Fourier transform
The magnitude and phase representation of the Fourier transform is the tool used to

analyse the transformed signal. In general, X(w) is a complex valued function of . Therefore,
X( w) can be written as: X( o) = Xr( w) + jXi(w)

where Xr(w) is real part of X(w) and Xi(w) is the imaginary part of X(w).

The magnitude of X(w) is given by | Xy(w)| = /Xg(w)? + X;(w)?

And the pase of X(w) is given by|X(w) = tan™? _:((l((“’))
RlW

The plot of |X(w)| versus w is known as amplitude spectrum, and the plot of
[X(w)versus w is known as phase spectrum. The amplitude spectrum and phase spectrum
together is called frequency spectrum.

Solved Problems:
Problem 1: Find the Fourier transform of x(t) = f(t-2)+f(t+2)

Solution:

Given X(t) = f(t-2)+f(t+2)

Using linearity property [1.e. ax;(t)+ bx; (t)<F—T>aX1(m)+ bX(w)], we have
FIx(t)] = F[f(t-2)+f(t+2)]

Using time shifting property [ i.e. X(t t,) it e /% X(w)], we have



FIx(Y)] = F[f(t)]e 7+ F[f()]ee = ¢
—j2w F(w)+tej2w F(w)

- F(w)[e/*» + e /%]
= 2F(w) cos 2w

Problem 2:Find the Fourier transform of the signal e 2t u(t)
Solution:

Given Xx(t) = e “u(t)

We know that F[e™* u(—t)] =

a—jew

The signal x(t) = e 2t u(t)is the time reversal of the signal e 2t u(—t). Therefore, using time

FT
reversal property [ i.e. X(- t) X(-w)], we have

F[e_atu(t)] = F[e_atu(_t)“ w=w - . |lw=—e T

1
atjw
Problem 3: Find the Fourier transform of the signals cos wot u(t)

e “u(t) S

Solution:
Given  X(t) = cos wot u(t)
jwgt —jwgt
ie. = u()
oo el®ot +e” jwgt

X(w) = F[cos ot u(t)] = [___ >

u(t) e etdt
1 o . _ o _:
:E [IO e jlw—wg)t dt + J-O e jlwtw)t dt]
_1 efj(wfmo)t efj(w+w0)t &
_3[ o) T oo ly

1 —e0
_'[ —j(w— mo)+—1(m+mo)

With impulses of strength 7 at ® = mo and ® = —wo

o X(w) == [

1 1

2 ljlw—wy)  j(wtwg) + T[(S(w - U)Q) + 1'[8((0 + (DO)]

_1 j2w
- [—(,m)i+m2 + md(w — w,) + Td(w + w(,)]

— =t “ [ 18 (o — w,) + T8 (w + w,)]

(Jm)2+m

Problem 4:Find the Fourier transform of the signals sin wot u(t)
Solution:

Given  X(t) = sin wot u(t)

E]()nt_ e—](nnt

i.e. =———u(t)

0 e] nl_e jwg

X() = Fsin oot u®)] = [*, —

u(t) e Jot dt



= 1 @ o —Wo — © o o
_Z_j[fo e jw—wy)t dt f[) e j(w+wg)t dt]

1 [c_j(m_mo)t e—i(@+wo)ty®

2j L—j(w—wy) —j(w+wy) 0
1 —ef —el ]
2] l-j(w—wy) —jlwtwy)

With impulses of strength n at ® = wo and ® = —mo

1 1
o X(w) = 2—] e+ (0 — ©,) — TH(w + wo)]
2wy
(]u:);:-mz + m6(w — w,) — M (w + wo)]
—o [S(m w,) + 6(w + w,)]

(]w)2+<,o

Problem 5: Find the Fourier transform of the signals e 'sin5t u(t)
Solution:

Given X(t) = e7'sin 5t u(t)
X(t) = et (e' Y u
X(w) = Fle ™ sin 5t u(t)] = Fle™* ("5 — Y u(o)]

— 21 [e—t(e]5t e~i5t)u(t)] et dt
i)

1 [e—|1+i(m—5)|t e—[1+i(w+5)]t ©
2i [-[14j(-5)]  —[1Hj+5)1],

SN S S N
2j L[1+4j(w=5)]  [1+j(w+5)]

> [neglecting impulses]

- [14j(w—=5)][1+j(w+5)] - (1+jw)? + 25

Problem 6: Find the Fourier transform of the signals e %'cos 5t u(t)
Solution:

Given X(t) = e %cos 5t u(t)

x(t) = et (20 gy

X(w) = Fle™ cos 5t u(t)] = F[e (e' e ’St) u()
[ (&2 (el — e u)] e ot

1

2

1 [e's] _ . _ oo _ .

E[IU e~ [24(w=5)]t dt+f0 e [2+i(w+5)]t dt ]
1 [e-2H@=-5)]t . —[24j(w+5)]t]®
2
1
2

—[2+(-5)]  —[2+i(w+5)])
1

1
[[1+j(m75)] N [1+j(w+5)]



_1[z2@eHe) ] 24w L
2 [(2+jm)2 + 25] [(2+jm)2 + 25][neg|ect|ng |mpulses]

Problem 7: Find the Fourier transform of the signals e fsin 5 ft| for all t

Solution:
x(t)=e fisin5 [t| forallt

o X(t) = {etsinS(—t) = —efsin5t fort<o0
- "~ le7tsin5(t) = efsin5t  fort>0

Given

ie. X(t) = —etsin5t u(—t) + etsin5t u(t)
X(w) = %f—ww[_ et(ejSt _ e—jSt)u(_t) +e~t(el5t — e IStu(t)] e ot

_ _%{J‘_Om[e[lfj(me)]t _ e[lf]'(erS)]t]dt} +le {fom[ef[lJrj(me)]t _ ef[1+j(u)+5)]t]dt}
{J‘Om[ e—[l—j(w—S)]t _ e—[l—j(w+5)]t]dt} %{J‘OOO[ e—[1+j(m—5)]t _ e—[1+j(m+5)]t]dt}

1
]
1 [e-M1-il@=-5]  o—[1-j(w+5)]t1® | re-[+iw-5]t  —[1+j(w+5)]7%
2j [—[1—i(m—5)] —[1—j(m+5)]]0 2j [—[1+j(m—5)] —[1+j(w+5)]]
R L
2i l[1-i(@=5)]  [1=jw+)]] * 2jl[1+i@-5)] [1+i(w+5)]

[neglecting impulses]

 (1-j@)2+25  (1+jw)2 +25

Problem 8: Find the Fourier transform of the signals e u(-t)

Solution:
Given  x(t) = e*u(-t)
X(w) =Fletu(-t)] = [ e*u(—t)e7ot dt

e—(ﬂ—jw}l:loo 1
0 a—jw

0 a—i — % _—(a—jm)t — —
- eln = e as [

Problem 9: Find the Fourier transform of the signals te® u(t)

Solution:
Given  x(t) = te*u(t)

X(w) = F[te*u(t)] = [ te*u(t) et dt
. —(atjw)t © o0 p—(@atjw)t
= (7 te—@tio)t dt = [¢ £ — Z dt =
‘f_m te I:t —(a+jw) ]0 fo —(atjw) [t
1

(a+jw)?

—(at+jw)

(a+jw)?

e—(a+jw}t]°° [e—(a+j(u)t]
0

(es]

0



2.2.Fourier Transform of Standard Signals

Introduction:

The Fourier transform of a finite duration signal can be found using the formula
X(w) = J.OO x(t)e /ot dt

This is called as analysis equation -

The inverse Fourier transform is given by
x(t) = wa(m)efwt dw

This is called as synthesis equation -

Both these equations form the Fourier transform pair.

Existence of Fourier Transform:

The Fourier Transform does not exist for all aperiodic functions. The condition for a function x(t)
to have Fourier Transform, called Dirichlet conditions are:

1.

2.

3.

x(t) is absolutely integrable over the interval -oo to +oo,that is

f|x(t)|dt<oo

x(t) has a finite number of discontinuities in every finite time interval. Further, each of
these discontinuities must be finite.

x(t) has a finite number of maxima and minima in every finite time interval.

1. Impulse Function §(t)
Givenx(t) = d(t),

Then

_(lfort=0
8(t) = {O fort#0

X(w) = [7_x(@eTtdt = [* (e dt e—jot| t=0 =

FT
Fl6(H)] =1 oré(t) o1

Hence , the Fourier Transform of a unit impulse function is unity.

X(w )| =1 forall w
[X( W)=0 forall W

The impulse function with its magnitude and phase spectra are shown in below figure:



4| X(w) |
sy . : IX(w)
0 r 0 e E o
(s) (b) (c)
Similarly,
N . . FT .
F[6(t—t,)] = f S(t—t,)e*dt =e 0 je.§(t—t,) eIk
) Single Sided Real exponeFltiaI function e atu(t)
Given x(t) = et — (1 fort=0
x(t) = e *u(t), u(t) {O fort < 0
Then
X(w) = fx(t)e‘j"“dt = fe‘atu(t)e‘i“’tdt
» » (7(a+iu))t - _ A0
= f e_ate_iwtdt = f e_(a'l'jw)tdt = | —_—_—_—_— — ;
—(a+jw) —(a+jw)
0 0 0
_ 0-1 _ 1
 —(@a+jw) a+jw
. —at __1 —at 1
s~ Fle™u(t)] = e ore u(t) & .
NOW, _ 1 _ a—jw
X((l)) atjw @tjw)(a—jw)
a—jo _ a . W _ 1w
= aZ+w? - aZ+w? . aZ+w? - VaZ+w? l_tan 1:
X(w)] . |X(@) = ~tan" = foral
| X(w)] = ——,|X(w) = —tan™ " —forallw
va‘ + w? a

Figure shows the single-sided exponential function with its magnitude and phase spectra.

x(1) = e“"u(}) A | X(w) l A K(w)
1 l/a
J \ +7/2
ol T

-m/2 +

(@) (b) (©)

ey



3.Double sided real exponential function e at
Given x(t) = e2ltl
—a(—t)= atfort < 0
- x(t =e‘a|t|={e edtfort <
© e =e fort >0

= e 2y (—t) 4+ e2tu(t)
= e®u(—t) + e u(t)

a0

X(w) = J x()e ot dt

—co
0 vs) 0 a0
= feate‘imtdt+fe‘ate‘i“tdt= fe(a‘iw)tdt+fe‘(a+j‘°)tdt
—00 0 —c0 0
. 5 ) —(a—jw)tq® —(a+jw)ty™
— [P a—(a—jo)t * o —(atjo)t gy — |€ €
=] e dt + e dt = [ ] +[ ]
fO J-0 —(a-jw) I, —(atjw) 1,
_ e —e 0  gm@_0 1 1 2a
—(a—jw) —(at+jw) - a—jw at+jw T alte?
2a FT  2a
. —alt]y — —alt]
«Fem) = a2 w2 'C T2t 0l

2a
= X(w)] = az_l_—wzforallu)
And [X(w) =0 forallw

A Two sided exponential function and its amplitude and phase spectra are shown in figures below:

4| X(w) | A X(w)
2/a

-~
(=)
g
=
o 4

(b) (c)

4. Constant Amplitude (1)
Let x()=1 — 0 <t< o

The waveform of a constant function is shown in below figure .Let us consider a small section of
constant function, say, of duration z.If we extend the small duration to infinity, we will get back

the original function.Therefore

x(t) = t[_"tm[rect G)]
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Where (A for—<t<-<
e (t) {0 elzesewherze

By definition, the Fourier transform of x(t) is:

X(w) = FIX(0)] = F| Lt rect (%)) = Lt F|rect (5]

t—w

e jwt T/

— /2 —jwt dt =
=l [ @eerde= Le =2

i e—jm(r/Z)-_eim(T/Z)] . 2sinifio (3)1) _ It Tsinifﬁbi(%)]
t—ao —jw t—w w t—w o (5)

= Lt tsa3)=2n [ Zsa(2)
Using the sampllng property of the delta function {i. e.| Lt ﬂsa(ﬁ)] = 5(0))}, we get
tow T 2

X(w)= FILt rect( )] =218 (w)

t—m

5. Signum function (sgn(t))
The signum function is denoted by sgn(t) and is defined by

_(1 fort>0
sgn(t) =
gn(®) {—1 fort<0

This function is not absolutely integrable. So we cannot directly find its Fourier transform.
Therefore, let us consider the function e I sgn(t) and substitute the limit a0 to obtain the above

sgn(t)
Givenx(t) =sgn(t) = Lt e Fsgn(®) = Lt [e™*u(t) —e™*u(-1)
~ X(w) = F[sgn(t)] = J‘j"m a]-‘—‘;:()[ e ty(t) — e~2tu(—t)e iotdt

Lto[f e dte oty (t)dt — Lm eate’i“’tu(—t)dt]
a—
[J‘ e (a+]u>)tdt_f_0 e(d ]u))tdt]_ Lt U‘ e (a+]w)tdt_J‘ e —(a ]w)tdt]

a%ﬂ
e—(a+jum)t e—(zl—](o)t 1 1 1 1 2

= Lt [ . —[ , :Lt[ . __.]z.__,_:._
a-0 (L—(at+jw) 0 —(a—jw) 0 a—0 latjw a—jw jw —jw  jw

Flsgn(0) =7

FT 2
sgn(t)e ™



X(w)] ==and |X(w) =2 for w < 0 and — % for w >0

Figure below shows the signum function and its magnitude and phase spectra

t sgn (1) A X(@) | X(@)
R J K )
) . r: 0 o 0 @
_____}_1 72
3¢ \,‘ _ ]
(a}s) ®) &

6. Unit step function u(t)
The unit step function is defined by

1 fort>=0
Ut — -
® {O fort< 0

since the unit step function is not absolutely integrable, we cannot directly find its Fourier

transform. So express the unit step function in terms of signum function as: u(t) =

SHrsgn(®)  x®=u)=3[1+ sgn(t)]

X(w) = Flu®] = F {3 [1+ sgn(®)]}

We know that F[1] = 2mé(w) and F[sgn(t)] = —

={F[1] + F[sgn(®)]} 2
Jw

Flu]= [278(w) + 2] = m6(w) + =

u(t) o m8(w) +—

o X(w)| =00 at w=0 and is equal to 0 at w=—o0 and w=o0

IO.S sgn(s) b () = u(r) X(w)
0.5[-“_- 1105+ 05 sneey / \

(@ (®) (©
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7 Rectangular pulse ( Gate pulse) ] (;) or rect (;)

Consider a rectangular pulse as shown in below figure. This is called a unit gate function and is
defined as

I/
Il 0
—1/2 0 1/2 t

x(t) = rect(i)zn(i) ={1 for |4 <3

t 0 otherwise
Then X() = F[x(®] = F[IT(2)] = [7, 11 () e e

e ot /2 e—jw (1/2) _ pjw (t/2)

= [/, (et dt= | -

—-1/2 —jw ]T/Z —jw

. [ejw (T/z)ie—jw(r/Z)] _ [sin w(t/2)
w(1/2) 2j w(t/2)

= 1 sinc w(t/2)
F[]‘[ G)] =t sinc w(t/2), that is

rect(%) =11 G) & 1 sinc w(t/2)

Figure shows the spectra of the gate function

_2= 2x
st/ | ErAN N
v_ ax ;\ffMain Toise dx e =

(a)
4 | X ()
-+ T

A

[ ]

T

— 8x _GS6mx g
T

il
25 2z o sod
T T T
__” 4
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8 Triangular Pulse A (;)
Consider the triangular pulse as shown in below figure. It is defined as:

%2 - 0 2 t

m(t+§)= (1+2£) for—><t<0
X(t)_A@_{L(t—l)z (1-2%) foro<e<:

0 elsewhere
T

ie.as  x(t)= A(E)z {1 - % for [f <5

0 otherwise

Then X(w) =F[ x(t)] = F[A (i)] = J‘jc’m A (E) e ot dt
= JLOT/Z (1 + %) e Jot dt + fOI/Z (1 _ %) e—Jot 4t
=[P (1-E)etar + [ (1-E)edorde
= fUT/Z elot d¢ — J‘OT/Z (%) elot dt + J‘OT/Z e—jwt gt — fOT/Z (%) eIt dt
— f;/z[ejwt 4 e ot ]dt _ %J-OT/Z t[ejwt o e jwt ]dt
= f”22coswtdt —2 [ 2t coswt dt

/2 sin « t /2 cos wt /2

Tt [[ [) + [ w? ]0 ]

—Z[smwg]——[ sin— ——[cos%—l]

4 . wT
=— [2 sin? —]
2 weT 4




Figure shows the amplitude spectrum of a triangular pulse.
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2.3. Fourier Transform of Periodic Signal

The periodic functions can be analysed using Fourier series and that non-periodic function
can be analysed using Fourier transform. But we can find the Fourier transform of a periodic
function also. This means that the Fourier transform can be used as a universal mathematical tool
in the analysis of both non-periodic and periodic waveforms over the entire interval. Fourier
transform of periodic functions may be found using the concept of impulse function.

We know that using Fourier series , any periodic signal can be represented as a sum of
complex exponentials. Therefore, we can represent a periodic signal using the Fourier integral. Let
us consider a periodic signal x(t) with period T. Then, we can express X(t) in terms of exponential
Fourier series as:

X(1) = $2__, €, elmont
The Fourier transform of x(t) is:
X(w) = FIX(®)] = F[X5c, Co €]
=2 o Cy F [e/me0f]
Using the frequency shifting theorem, we have

F[1e™0'] = F [1] |yei-nawy = ST (@ — nwp)

X(w)=2n¥>_ . C,8(w—nw,)

Where C, s are the Fourier coefficients associated with x(t) and are given by

1 ,T/2 i
C,= Ff—r/zx(t) g Imwotdt
Thus, the Fourier transform of a periodic function consists of a train of equally spaced impulses.
These impulses are located at the harmonic frequencies of the signal and the strength of each
impulse is given as 2.



Solved Problems:
Problem 1:Find the Fourier transform of the signals e3u(t)

Solution:

Given  x(t) = e3u(t)

The given signal is not absolutely integrable.
That is f’m e3tu(t) = oo

Therefore, Fourier transform of x(t) = e®u(t) does not exist.

Problem 2: Find the Fourier transform of the signals cosmotu(t)
Solution:

Given  X(t) = cosmot u(t)

cjmc,t+e—ju)0t

2

u()

ei(uul+e—ituut

X(w) = Flcosaot u(t)] = [, =

u(t) e Jotdt

1 o . _ o _:
:E[fo e jw—wg)t dt_|_f0 e jlwtw, )t dt]

2

1 I:e_j(m_mo)t e_j(m"'(‘)(])t =

—j(w—wy) —j(wtw,) 0

1 —el —el
2 [—j(m—mo) * —i(m‘l'mo)]
With impulses of strength 1 at ®=w, and o=—wo

1 1
j(w_wo) j(w‘l'wo)

X(w):%[ + mé(w — w,) +1T8(m+w0)]

1 [ j2w
2 Lw)2+ w2

+ mé(w — w,) + md(w + m(,)]

jw 1
= ooz T3 [0 — wo) + m8(w + w,)]

Problem 3: Find the Fourier transform of the signals sinwot u(t)
Solution:

Given  X(t) = sinmot u(t)

eimnt_ e—]'u)nt

ie. =———u(t)

2j



oo E] ot —e —jwgt

X(w) = F[sinwot u(t)] = [ T

u(t)e ot dt

—1 * a—i(w— &} — * o~ o
_z_j[fo e j(w—wy)t dt J’D e jlw+wy)t dt]

1 [C*i(w*wo)t e—i(@+wo)t)™

2j L—j(w-0,)  —i(wtwo) ]y

=l[ —e0 _ —e0 ]
2j L-j(w—wo)  —j(wtwo)
With impulses of strength m at o=wo and o=—wo

1 1
X( )_2_1 i(w—wo) J(w+wo)

+ 8 (w — w,) — T8(w + wo)]
j2wg
(]<u)1+w

:m—lgw(w—wo) +8(w + w,)]

Lo b (0 — w,) — (0 + w,)]

Wgq

Problem 4: Find the Fourier transform of the signals e 'sin5t u(t)
Solution:

Given X(t) = e7'sin5t u(t)
x(t) = et ( — )u(t)

X(w) = F[e’tsm5tu(t)]—F[ ‘t( e )u(t)]

= L7 [emt(el® — eistu(n)] et
] —Co

1 [e-l1H@-5)]t  o—[1+(@+5)]e7™
2 [—[1+j(m—5)] JETRETORESYI A

] [[1+j(<075)] - [1+j(w+5)]]
_ 5 _ 5
[1+j(w=5)][1+j(w+5)] (1+jw)? +25

[neglecting impulses]

Problem 5: Find the Fourier transform of the signals e 'cos5t u(t)
Solution:

Given X(t) = e 2'cos5t u(t)
x(t) = e ()

X( ) = F[e ? cos5t u(t)] —F[ -2t (eJ - ]Sl) u(t)]



J7 [e724 (et — e5u(t)] e dt

Il
N =

=% [fom e [2Hi(0=5)t g¢ + fom e 25t geq
1 [e-[2H@-5)]t o ~[24j(@+5)]t7 %
"2 [*lZH(me)J B [2+j(m+5)]]0
:1[ 1 1 ]
2 [[14j(@—=5)] [1+j(w+5)]
Z% [(2 il(z;ﬂ)zs] =l ﬂf:)ﬁ: 25][neglectmg impulses]

2.4.Properties of Fourier Transform

These properties provides significant amount of insight into the transform and into
the relationship between the time-domain and frequency domain descriptions of a
signal. Many of these properties are useful in reducing the complexity Fourier
transforms or inverse transforms.

Linearity
If X (t) -———— = f X (jw)
y (t) - Y (jw)
Then

a x(t)+ b y(t) <.————f(ax W)+ Yb(jw)

Time Shifting

Ifx(t) l¢— X (jw)
Then

X (t-t) 4—— fx (jw)e ™

To establish this property, consider x(t)=1/27)- X(jw)e"© gy
Replacing t by t-to in this equation, we obtain
X(t-to)=1/2m-00 X (jw)e-jw(t-to)dw
x(t)=1/2mf-00e-jwto X(jw)ejwt dw
Recognizing this as the synthesis equation for x(t-to) ,we conclude that
F{x(t-to)}= e?"° X(jw)

Conjugation and Conjugate symmetry




The conjugation property states that if

X (1) e——» PXjw) Then

X< () > f X*(-jw) et (i)

This property follows from the evaluation of the complex conjugate
XEW) = [XO) [ o dET*

CD .
= [0 x*(t)e dit.
Replacing w by —w, we see that

XHGW) = Jor XEOE™ G (ii)

The conjugate property allows us to show that if x(t) is real ,then X(jw) has conjugate
symmetry: that is

Xjw)=X*w) X(t) real]

e (iii)

If x(t) is real so that x*(t) = x(t), we have ,from eq.(ii)

X*(-jw)= [ x*(t)e™ dt = X(jw).  Follows by replacing w by —w

Differentiation and Integration
If x (t) « »f Xgw)

then differentiating both sides of the Fourier transform synthesis equation we have

o0
dx(t)/dt=1/2njwX(jw)e?™° dw  Therefore,

This important property replaces the operation of the differentiation in time domain
with that of multiplication by jw in the frequency domain similarly integration should involve
division by jwin frequency domain.

t

[oxttat e XU X(O) B(W)



The impulse term on the right-hand side above equation reflects the dc or average value that
can result from integration.

Time and Frequency Scaling
If X (t) «— Xgw)

Then x(at) «—» FLNAIXWIR) e (V)

Where a is real constant. This property follows directly from the
definition of the Fourier transform If a = -1 we have,

X(t) —p fX(jw)

PART-2 SAMPLING THEOREM
2.5.Statement of the sampling theorem

= A band limited signal of finite energy , which has no frequency components higher than W
hertz , is completely described by specifying the values of the signal at instants of time
separated by 1/2W seconds and

= A band limited signal of finite energy, which has no frequency components higher than W
hertz, may be completely recovered from the knowledge of its samples taken at the rate of
2W samples per second.

The first part of above statement tells about sampling of the signal and second part tells about
reconstruction of the signal. Above statement can be combined and stated alternately as follows:

A continuous time signal can be completely represented into samples and recovered back if the
sampling frequency is twice of the highest frequency content of the signal i.e., f>2W Here fs is
the sampling frequency and W is the higher frequency content.

2.6.Proof of sampling theorem

There are two parts:

) Representation of x(t) in terms of its samples
1)) Reconstruction of x(t) from its samples

PART I|: Representation of x(t) in its samples x(nTs)

Step 1: Define xs(t)

Step 2 : Fourier transform of xs(t) i.e. Xs(f)
Step 3: Relation between X(f) and X5(f)
Step 4 : Relation between x(t) and x(nTs)
Step 1: Define x5(t)



The sampled signal xs(t) is given as ,

x5 = 3 x)8(¢t-nT,)

--------- &)
Here, observe that xs(t) is the product of x(t) and impulse train 8(t) as shown in figure.
In the above equation 5(t-nTs) indicates the samples placed at +Ts,+2T,+3Ts... and so on
Step 2: Fourier transform of xs(t)i.e. Xs(f)
Taking FT of equation (1)
Xs(f) = FT [ Ex(f)ﬁ(t-"Ts)}
n= - oo
= FT {Product of xf) and impulse train} = )
We know that FT of product in time domain becomes convolution in frequency domain i.e.,
Xs(f) = FT {x(t)}* FT (8(t-nTy))
By definitions, x(f) iy X(f) and
8(t-nTy) < £, Y 8(f-nf,)
Hence equation becomes,
Xs() = X(N*f X 8(f-nf)
Since convolution is linear,
Xs() = fi 2X(N*8(f-nf)
n=-— oo
= fi XX(f-nf) By shifting property of impulse function
Nn= - oo
= o fo X(F=2£5) +fs X(f = f) + fs XN+ f5 X(f = f) + s X(f =2f) +--
---------- 3)
Conclusions:
(i) The RHS of above equation shows that X(f) is placed
at f,+2f ,£3f,

(i) This means X(f) is periodic in f;.

(iii) If sampling frequency is f, = 2W, then the spectrums X(f) just touch
each other.



HE
Spectrum of
original signal

| I £ —
X(f) is placed at Spectrum of
#, $2,N | ) {sampled signa
A A
JARNV AR FARNP JY
A, W] H, | W] W T, | 1w 2, =]
e AN E NN LT IWi]

Figure 1.10 Spectrum of Original Signal & Sampled Signal

Step 3: Relation between X(f) and Xs(f)
Important assumption

Let us assume that fs==2W , then as per above diagram

Xs() = X
X(N = -ls-xa(f)

-------- (4)
Step 3: Relation between x(t) and x(nTs): From DTFT,
X() = Y axn)e/n
n=«oo
X() = Y xn)e /2w
n=— oo
---------- (5)

In above equation 'f' is the frequency of DT signal. If we replace X(f) by Xj5(f),
then 'f' becomes frequency of CT signal. i.e.,

2nk
s -j2n
Xs() = Same &
n=-— oo
In above equation 'f' is frequency of CT signal. And % = Frequency of DT signal
s
in equation Since x(n) = x(nT;), i.e. samples of x(f), then we have,
Xs(f) = Y x(nT,)e 2% since fl =T,
n=-—oco s

Putting above expression in equation (4)



X(P) = 5 SHnTy)e 2o

n= - oo

Inverse Fourier Transform (IFT) of above equation gives x{f) i.e.,

Ex(n'l')e j2nfnTs

t) = IFT{—
x(t) f<,,=-

Conclusions:

= Here x(t) is represented completely in terms of x(nTs)
= Above equation holds for fs=2W.This means if the samples are taken at the rate

of 2W or higher, x(t) is completely represented by its samples.
= First part of the sampling theorem is proved by above two conclusions.

I1) Reconstruction of x(t)from its samples

Step 1 : Take inverse Fourier transform of X(f) which is in terms of X;(f)
Step 2 : Show that x(t) is obtained back with the help of interpolation function.

Step 1 : Take inverse Fourier transform of equation (6) becomes,

) = ]: T ZX(NT)C j2rnfnT; B/Znﬂ df

Here the integration can be taken from -W<f<W. Since X(f) = flxs(f) for
s

~WSfSW.



w o
I 2 nTs)e'izuf"Ts .el2nft df
w 2

Interchanging the order of summation and integration,

w
Zx(nT )?.. I eizaf(""Ts)df

n=-—oo -W

eizq(t"n;)
21( T)f []2n(t nT)]

x(t)

J2RW(E-nTy) _ o= j2RW(t-nT;)

2"( Rh) f,{ j2n(t-nTy)

1 sin2nW(t-nTy)

- n_z_f L) —RG=nTy
_ ix(n_r)sinn(ZWt—ZWnT,)

n(fst—f;nTy)

Heref,=2W,hemeT,=fls=-2—lw.Simplifyingaboveequaﬁon,

= sinn(2Wt-n)
Y AnT) TQ2Wi-n)

x(t)

sinn®
no

3 A(nT,)sinc@Wt-n)  since

Step 2: Let us interpret the above equation and exapanding we get,

x(t) = o+ 2(=2T;)sinc(2W t+ 2)+ x( = T;) sinc(2W £ +1) + x(0) sinc(2W £) + X(T) sinc(2W £ =1) +++-

|

sinc 6
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Figure 1.11 Sampled Version of Signal & Reconstruction of x(t) from its samples

Conclusions:

The samples x(nTs(nTs)are weighted by sinc functions.
The sinc function is the interpolating function above figure shows, how x(t) is interpolated.

Step 3: Reconstruction of x(t) by low pass filter

When the interpolated signal of equation (6) is passed through the low pass filter of bandwidth -
W<{<W ., then the reconstructed waveform shown in figure is obtained. The individual sinc
functions are interpolated to get smooth x(t).



2.7 Aliasing

When high frequency interferes with low frequency and appears as low frequency, then the
phenomenon is called aliasing.

i N O O O O i 9 SO
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Figure 1.12 Effects of under sampling or aliasing
Effects of aliasing:
= Since high and low frequencies interfere with each other, distortion is generated.
= The data is lost and it cannot be recovered.
Different ways to avoid aliasing:
Aliasing can be avoided by two methods
= Sampling rate f$>2W
= Strictly band limit the signal to ‘W’
Xl(f) 1 Th‘is gvap‘avoids
: aliasing
NN NN A —
NN INONY ] o] Samtintog |20 o |
s ) w s f
e - | - IIE—W . F— ——

Figure 1.13 Methods to avoid aliasing
2.8.NYQUIST RATE & NYQUIST INTERVAL

Nyquist rate : When the sampling rate becomes exactly equal to '2W' samples/sec,
for a given bandwidth of W Hertz, then it is called Nyquist rate.

Nyquist interval : It is the time interval between any two adjacent samples when
sampling rate is Nyquist rate.

Nyquist rate = 2W Hz
Nyquist interval = T seconds




NIT-111
SIGNAL TRANSMISSION THROUGH LINEAR SYSTEMS

3.1_lIntroduction to System:

System is a device or combination of devices, which can operate on signals and
produces corresponding response. Input to a system is called as excitation and
output from it is called as response.

For one or maoare inputs, the system can have one or more outputs.

Example: Communication System

Input  «—— _ » Output
Or «— System [—— or
Excitation *— — > Response

3.2 Classification of Systems: Systems are classified into the following categories:

Linear and Non-linear Systems

Time Variant and Time Invariant Systems

Liner Time variant and Liner Time invariant systems
Static and Dynamic Systems

Causal and Non-causal Systems

Stable and Unstable System

Linear and Non-linear Systems

A system is said to be linear when it satisfies superposition and homogeneity principles. Consider
two systems with inputs as Xi(t), x2(t), and outputs as yi(t), y2(t) respectively. Then, according to
the superposition and homogeneity principles,

T [a1 xa(t) + a2 x2(t)] = a1 T[xa(t)] + a2 T[x2(1)]

T [an xa(t) + a2 Xa(t)] = az ya(t) +az ya(t)
From the above expression, is clear that response of overall system is equal to response of
individual system.
Example: x (t) = x4(t)
Solution: y1 (t) = T[xa(t)] = x,3(t)
y2 (t) = T[x2(t)] = x2%(t)
T [az xa(t) + a2 X2(t)] = [ a1 xa(t) + a2 x2(t)]?
Which is not equal to a1 yi(t) + a2 y2(t). Hence the system is said to be non linear.

Time Variant and Time Invariant Systems
A system is said to be time variant if its input and output characteristics vary with time.

Otherwise, the system is considered as time invariant.

The condition for time invariant systemis: y (n, t) = y(n-t)
The condition for time variant systemis: y (n, t) % y(n-t)
Where y (n, t) = T[x(n-t)] = input change



y (n-t) = output change

Example: y(n) = x(-n)
y(n, t) = T[x(n-t)] = x(-n-t)
y(n-t) = X(-(n-t)) = x(-n + t)
~ y(n, t) # y(n-t). Hence, the system is time variant.
Liner Time variant (LTV) and Liner Time Invariant (LTI) Systems
If a system is both liner and time variant, then it is called liner time variant (LTV) system.
If a system is both liner and time Invariant then it is called liner time invariant (LTI) system.
Static and Dynamic Systems
Static system is memory-less whereas dynamic system is a memory system.
Example 1: y(t) = 2 x(t)
For present value t=0, the system output is y(0) = 2x(0).
Here, the output is only dependent upon present input. Hence it is memory less or static.
Example 2: y(t) = 2 x(t) + 3 x(t-3)
For present value t=0, the system output is y(0) = 2x(0) + 3x(-3).
Here x(-3) is past value for the present input for which the system requires memory to get this
output. Hence, the system is a dynamic system.

Causal and Non-Causal Systems

A system is said to be causal if its output depends upon present and past inputs, and does not
depend upon future input.

For non-causal system, the output depends upon future inputs also.

Example 1: y(n) = 2 x(t) + 3 x(t-3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2).

Here, the system output only depends upon present and past inputs. Hence, the system is causal.
Example 2: y(n) = 2 x(t) + 3 x(t-3) + 6x(t + 3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2) + 6x(4) Here, the system output
depends upon future input. Hence the system is non-causal system.

Stable and Unstable Systems

The system is said to be stable only when the output is bounded for bounded input. For a bounded
input, if the output is unbounded in the system then it is said to be unstable.

Note: For a bounded signal, amplitude is finite.

Example 1: y (t) = x4(t)

Let the input is u(t) (unit step bounded input) then the output y(t) = u2(t) = u(t) = bounded output.
Hence, the system is stable.

Example 2: y (t) = Jx(t)dt

Let the input is u (t) (unit step bounded input) then the output y(t) = Iu(t)dt

= ramp signal (unbounded because amplitude of ramp is not finite, it goes to infinite when
t — infinite). Hence, the system is unstable.



3.3. Transfer Function of an LTI System:

The transfer function of a continuous-time LTI system may be defined using
Fourier transform or Laplace transform. The transfer function is defined only under zero initial
conditions.

A continuous time system is shown in fig:

i/p signg The o/p signal
O | h@®orHEorHe) >y
The i/p spectrum The o/p spectrum
X(s) or X(w) Y(s) or Y(w)
Fig: A system

The transfer function of a LTI system H(w) is defined as the ratio of the Fourier
transform of the output signal to the Fourier Transform of the input signal when the initial
conditions are zero.

H(w) = Y(w)/X(w)
H(w) is a complex quantity having magnitude and phase.

H(w) = |H(w)le
The transfer function in frequency domain H(w) is also called frequency response of the system.
The frequency response is amplitude response plus phase response.

|H(w)|= Amplitude response of the system.

0(w)=LH(w)= Phase response of the system.
We can say that H(w) is a frequency domain representation of a system.
Since Y (0)=H(w)X(w)

Y (w)| = [H(w)|IX(w)]
LY (w) = LH(w) + LX(w)
H(w) has conjugate symmetry property.

H(-0)=H*(o)

i.e. H(~w)| = |H(w)| and
(w)=-LH(w)

The impulse response h(t) of a system is the inverse Fourier transform of its transfer function
H(). H(o)Fh®] &  ht)=F*[Hw)]



3.4. Filter characteristics of Linear Systems:

A filter is a frequency selective network. It allows transmission of signals of certain
frequencies with no attenuation or with very little attenuation, and it rejects or heavily attenuates
signals of all other frequencies. Filters are usually classified according to their frequency response
characteristics as lowpass filter (LPF), high- pass filter (HPF), band-pass filter (BPF) and band-
elimination or band stop or band reject filter (BEF, BSF, BRF).

The system modifies the spectral density function of the input. The system acts as a
kind of filter for various frequency components. Some frequency components are boosted in
strength, i.e. they are amplified. Some frequency components are weakened in strength, i.e. they
are attenuated and some may remain unaffected. Similarly, each frequency component suffers a
different amount of phase shift in the process of transmission. The system, therefore, modifies the
spectral density function of the input according to its filter characteristics. The modification is
carried out according to the transfer function H(s) or H(®), which represents the response of the
system to various frequency components. H(w) acts as a weighting function or spectral shaping
function to the different frequency components in the input signal. An LTI system, acts as a filter.
A filter is a basically a frequency selective network.

Q) Some LTI systems allow the transmission of only low frequency components and stop
all high frequency components. They are called low — pass filters (LPFs).

(i) Some LTI systems allow the transmission of only high frequency components and stop
all low frequency components. They are called high — pass filters (HPFs).

(iii))  Some LTI systems allow the transmission of only a particular band of frequencies and
stop all other frequency components. They are called band pass filters (BPFs).

(iv)  Some LTI systems reject the transmission of only a particular band of frequencies and
allow all other frequency components. They are called band-rejection filters (BRFs).

The band of frequency that is allowed by the filter is called pass-band. The band of
frequency that is severely attenuated and not allowed to pass through the filter is called stop-band
or rejection-band. An LTI system may be characterized by its pass-band, stopband and half power
band width.

3.5. Distortion less transmission through a system
The change of shape of the signal when it is transmitted through a system is called

distortion. Transmission of a signal through a system is said to be distortion less if the output is an
exact replica of the input signal. This replica may have different magnitude and also it may have
different time delay. Mathematically, We can say that a signal x(t) is transmitted without
distortion if the output

y(t) = kx(t-tg)
Where K is a constant representing the change in amplitude and tq is delay time.

Taking Fourier transform on both sides of the equation for y(t) and using the shifting property, we
have

Y(w)=k et



Therefore inverse Fourier transform, the corresponding impulse response must be
h(t)=kd(t-tq)

The magnitude of the transfer function is given by |H(w)|=k forallw
The phase shift is given by 0 (0) = L(w)= -otq

and it varies linearly with frequency given by 6 (o) = ng-otq ( nintegral )

o>
|II1\\'I| s Plw)

w
» 0] . - »

-t
d
Amplitude response Phase response

So for distortion less transmission of a signal through a system, the magnitude
|[H(w)|should be a constant, i.e. all the frequency components of the input signal must undergo the
same amount of amplification or attenuation, i.e. the system bandwidth is infinite and the phase
spectrum should be proportional to frequency as shown in above figure. But, in practice, no
system can have infinite bandwidth and hence distortion less conditions are never met exactly.

3.6. Signal bandwidth & System bandwidth:

Signal Bandwidth:

The spectral components of a signal extend from -co toco. Any practical signal has
finite energy. As a result, the spectral components approach zero as o tends to oo. Therefore, we
neglect the spectral components which have negligible energy and select only a band of frequency
components which have most of the signal energy is known as the bandwidth of the signal.
Normally, the band is selected such that it contains 95% of total energy depending on the
precision.

amplitude ratio (A,

A

/A;)

out

1.000

0.707
(-3dB)

bandwidth

H frequency



System Bandwidth:
For distortion less transmission, we need a system with infinite bandwidth. Due

to physical limitations, it is impossible to construct a system with infinite bandwidth. Actually a
satisfactory distortion less transmission can be achieved by a system with finite, but fairly large
band widths, if the magnitude [H(w)| is constant over this band. The bandwidth of a system is
defined as the range of frequencies over which the magnitude |H(w) remain within 1/42 times
(within 3 dB) of its value at mid band . The bandwidth of a system H(w)| plot is shown in above
figure is(w2-w1) where ®2 is called the upper cut off frequency or upper 3 dB frequency or upper
half power frequency and w1 is called lower cut off frequency or lower 3dB frequency or lower
half frequency. The band limited signals can be transmitted without distortion, if the system
bandwidth is atleast equal to the signal bandwidth.

3.7. Ideal LPF, HPF and BPF characteristics
An ideal filter has very sharp cutoff characteristics, and it passes signals of certain

specified band of frequencies exactly and totally rejects signals of frequencies outside this band.

|H (e7%)]
LOWPASS BANDPASS
l | l
T ! !
- —We we ™ - —We2 —wel wel we2 w
HIGHPASS BANDSTOP
f f f f
—T -We wWe ™ - —Wwe2 —wel wel we2 ©

A9

Its phase spectrum is linear.

Ideal LPF
An ideal low-pass filter transmits, without any distortion, all of the signals of

frequencies
below a certain frequency wc radians per second. The signals of frequencies above wc
radians/second are completely attenuated. wc is called the cutoff frequency. The corresponding
phase function for distortion less transmission is -wtd. the transfer function of an ideal LPF is
given by
H(w)l =1, jw| <wc
=0, |w >wc



The frequency response characteristics of an ideal LPF are shown in figure (a).
It is a gate function.

Ideal HPF

An ideal high-pass filter transmits, without any distortion, all of the signals of
frequencies above a certain frequency wc radians per second and attenuates completely the signals
of frequencies below wc radians per second, where wc is called the cutoff frequency. The
corresponding phase function for distortion less transmission is -wtd. the transfer function of an
ideal LPF is given by

H(w)l =0, jw <we
=1, |w| >wc

The frequency response characteristics of an ideal HPF are shown in figure (b).
Ideal BPF

An ideal band-pass filter transmits, without any distortion, all of the signals of
frequencies within a certain frequency band w2-w: radians per second and attenuates completely
the signals of frequencies outside this band. (w2-wa1) is the bandwidth of the band-pass filter. The
corresponding phase function for distortion less transmission is -wtd.
An ideal BPF is given by H(w) =1, w1l <w< i

=0, o< w1 and w> |w?7

The frequency response characteristics of an ideal BPF are shown in figure (c).
Ideal BRF

An ideal band-rejection filter rejects totally all of the signals of frequencies within a
certain frequency band w2-w1 radians per second and transmits without any distortion all signals
of frequencies outside this band. (w2-w1) is the rejection band. The corresponding phase function
for distortion less transmission is -wtd.
An ideal BRF is given by H(w) =0, |wi <w< |jw?

=1, < |wi| and w> |w?

The frequency response characteristics of an ideal BRF are shown in figure (d).
All ideal filters are non-causal systems. Hence none of them is physically realizable.



Unit-1vV
CONVOLUTION AND CORRELATION OF SIGNALS

Convolution in time and frequency domain
Convolution of signals may be done either in time domain or frequency domain. So there

are following two theorems of convolution associated with Fourier transforms:
1.Time convolution theorem
2.Frequency convolution theorem
Time convolution theorem
The time convolution theorem states that convolution in time domain is equivalent to
multiplication of their spectra in frequency domain.
Mathematically, if xi(t)—>Xi(w), X2(t)X2(w) then, xi(t) * x2(t)«> Xi(w)X2(w).
Proof: Flx1(t) * xo(®)] = [x1(t) * x2(t)] eIt dit
we have X1(t) * x5(t) = _l'_xx X1(7) X2(t—1)dr
: ~00 ~00 ; —iw
F[x1(t) * xo()] =/__{J__[x1(7) X2(t — 1)dt] e ™" dt}
Interchanging the order of integration, we have
- ~0D 3 00 : e
F[xi(0) * x2() [=)_, x1(0) J_ [ %2(t — ) e*" dt]dt
Letting t-T = p. in the second integration. we have
t=p+7 and dt = dp
: o =ER o 19 N ,—jw (p+7)
F[xi(t) * .\;(t)] J_mjl(t) J_[x2(p)e dpldt
=oifss rvpenlies s —jwp —jwT .
2,30 [, [x2(p) e dple ™" dr
=] (sl ey e —jwT B \ p—JWT )
J_ x1(DXz(w)e dr=[__xi(v)e dtX,(w)
= X1(w)X3(w)
X1(t) * x5(t)= X1(w)X5(w) This 1s time convolution theorem.

Frequency convolution theorem
The frequency convolution theorem states that the multiplication of two functions in

time domain is equivalent to convolution of their spectra in frequency domain.
Mathematically, if xi(t)—>Xi(w), X2(t)X2(w), then, X;(t) Xz(t) <> 127 [ X1(w) * X,(w)]



Proaf: Fx,(t) x5(1)] =_]'_z[xl[’_t:} x, ()] e et dt
:f—:‘; [if_:; Xl(:"-:}ﬁ'j‘“ d:‘-_] KE{'t:} g Jwtdt

Interchanging the order of integration, we get

Flxa(t) x2(0]= [ %, () [J7, xa(t)e T =i dt]dh
x i J= %) [T x.(t)e 7 @-Dtdt]di
=7 %) x2(0 — 2) d2
= X,(0) * Xo()]
X1(t) X(t) 51;[ X, (w) * X5(w)]
21 x,(1) %) = Xy(w) * Xa(w)

This 1s frequency convolution theorem in radian frequency in terms of frequency. we get
F[x1(t) x2(0)]=X.(D) * Xo(5)

3.10. Graphical representation of convolution:

The convolution of two signals can be performed using graphical method. The procedure is:
1. For the given signals x(t) and h(t), replace the independent variable t by a dummy
variable T and plot the graph for x(7) and h(t).

2. Keep the function x(t) fixed. visualize the function h(z) as a rigid wire frame and rotate
(or invert) this frame about the vertical axis (t = 0) to obtain h(-t).

3. Shift the frame along the 7-axis by t sec. the shifted frame now represents h(t-7).

4. Plot the graph for x(t) and h(t-7) on the same axis beginning with very large negative
time shift t.

5. For a particular value of t=a , integration of the product x(z)h(t-7) represents the area
under the product curve (common area). this common area represents the convolution of
X(t) and h(t) for a shift of t=a.

ic. [Z x(th(a - 1)dr =[x(t)* h(t)]

6. Increase the time shift t and take the new interval whenever the function either x(z) or
h(t-t) changes. the value of t at which the change occurs defines the end of the current
interval and the beginning of a new interval. calculate y(t) using step5.

7. The value of convolution obtained at different values of t ( both positive and negative
values) may be plotted on a graph to get the combined convolution.



Example : Find the convolution of the signals by graphical method

x(t) = e~ 3tu(t) : h(t)=u(t + 3)

Solution: Given x(t)=e >fu(t) : h(t)=u(t + 3)

The output y(t)= x(t) * h(t) = f_nw x(T)h(t — 1)dt

The two functions x(7) and h(7) will be

x(1)=e ¥ u(r) =e~% for 1 >0

h(t=u(tr+3)=1 for7r=-3

h(-t)=u(—1 + 3)

h(-T) can be obtained by folding h(7) about 7=0. Figure shows the plots of x(7) and h(7).

A h(T)

' 1 u(t+3)
lL

(a) (b)
Plots of (a) x(7), and (b) h(7).

L3
:'.-
=
N
—

shows the plots of x(7) and h(-7).

ﬁl x(1) A h(-7)
1 1

T 0 3 T
(a) (b)

The above figure shows the plots of x(t) and h(t-t) together on the same time axis.
Here the signal h(t-t) is sketched for t<-3. x(t) and h(t-t) do not overlap. Therefore, the product
x(1) h(t-7) is equal to zero.  y(t)=0 (for t<-3)



h(t - 1)

x(7)

>
t+3 0 x(7) T
— — g

No overlap
Plots of (a) x(t), and (b)h(t-t)when there is no overlap

h(t-1)

Now, increase the time shift t until the signal h(t-t) intersects x(t). Figure below shows the
situation for t>-3. Here x(t) and h(t-t) overlapped.[ This overlapping continuous for all values for
t>-3 up to t=oo because x(1) exists for all values of ©>0]. But x(1)=0 to t=t+3.

h(t - 1) 4L1
%—
3
0 t+ T
g x(7)
h(t = f) .
¢ 1
Overlap
interval

Plot of x(t), and h(t-7) with overlap

y(= [ x(Oh(t— 1)de
_ 3 3r g _r -3t t+3 _ r,—3(t+3) _ _a =[1 — o—3(t+3)
o :
[ e ar = e300 = e 1]/-3 =[1-e72]/3
y(t)=0 for t<-3
= [1 — E_E[HEZ'];’S for t=-3

3.11 Convolution properties of Fourier transform:

With two functions h(t) and g(t), and their corresponding Fourier transforms H(f) and G(f), we
can form two special combinations — The convolution, denoted f = g * h, defined by

fit)y=g+h=["_ g(Dh(t — 1) dr



Convolution: g*h is a function of time, and g*h = h*g. The convolution is one member of a
g g

transform pair g*h < G(f) H(f)
The Fourier transform of the convolution is the product of the two Fourier transforms. This is

the Convolution Theorem.

Problems:

Find the convolution of the signals using Fourier transform.

x1(t) = e~ u(t) : x2(t)= e ~Ptu(t)

1
9 x1(t) = 2e ~2tu(t) : xa(t)= u(t)
3 x1(t) = e Fu(t) : xa(t)= e~ u(t)
4 x1(t) = 2e " 2tu(t) : xa(t)= u(t)
1)
Solution: Given x1(t) = e " u(t)
.

x2(t) = e Ptu(t)
1

X(w)= be

Fx1(t) * x2(1)] = X1(@)Xo(w)

x1(9) * x2(9) = FXa(0)Xo(0)]

- B o — —J_ L — _l L J_ L
=) * xa(t) = F [i:ﬂ-l-jw](bﬂw]] [(b—n)(Nﬂ'm b+jm)]

_[bia] [F_l (u+1}'-:u) B F_l (EJ +t'u:u )]

= (bin] [e~u(t) — e~ u(t) ]




2)

Solution: Given x1(t) = 2e~%tu(t)
2
Xi(@)= 24jw

x2(t) = u(t)

X2(w)=nmé(w) + le

e B 1B EN.. 2 216 (w)
Xl((x))Xg_(O)) N T]w(na(w) + ]_w) - je(lt+jw) 24+jw
Since x1(t) * x2(t) = F1[X1(0)X2(®)] . we have
® _ -1 2 26 (w) _p-1 L 25 1 276 (w)
%) * =) =F [jw(2+jw) 2tjw ] [jw @Hw) | 24jw

mé(w)

Since §(w) =1 for ®=0 and §(w) =0 for ® £0 . we have 2 = mé(w).

1
(2Hjw)

1
(2+jw)

x1(t) * xp(t) =F~* [%w +n6(w) — =F~1 []iw - mS(w)] — F1 (

=u(t) - e~ 2tu(t) = (1- e~ )u(t)

3)
Solution : Given (1) = e tu(t)
1
Xi(@)= 1tjw

x1(t) = e tu(t)

1
1+jw

Xi(o)=

11 1
Xi(@)X(w) = I+jw 1+jw B (1+jw)?

Since x(t) * x(t) = F71[X (0)Xs(@)] . we have

1
(14jw)?

x1() * x(t) = F1 | | =te~tu(y

)



4)

2)Solution: Given x1(t) = 2e2tu(t)
i3
Xl((!))— 24+jw

x2(t) = u(t)
X2(o)=né(w) + }Lw

= 2 2m6 (w)
jw(2+jw) 24+jw

Xi(0)Xs(w) = %}w (mS(w) - ]iw)

Since xi(t) *x2(t)=F ~1 [Xi1(0)X2(®)] . we have

x1(t) * xp(t) = F ! [ 2 el ) ] SRS [ - 1 276 (w)

jo(l+jw) 24jw j_w- (2+Hjw) 24jw

2né(w)
24+jw

Since §(w) =1 for ®=0 and 6 (w) =0 for ® =0 ., we have = 16(w).

x1(t) * xa(t) =F ! [}iw + 18 (w) — (2+1jw)] =f-! [}Lw + nd(w)] _ gt ((2+1jw))

=u(t) - e 2tu(t) = (1- e 2 )u(t)

Correlation

Correlation is a measure of similarity between two signals. The general formula for correlation is

(0]

[ xi(®)xz(t - D)dt

—o0
There are two types of correlation: «

Auto correlation

o Cros correlation



Auto Correlation Function

Itis def?ﬁed_ as correlation of a signal with itself. Auto correlation function is a measure of similarity between
a signal & its time delayed version. It is represented with R$t$.

Consider a signals xt. The auto correlation function of xt with its time delayed version is given by

R11(t) = R(7) = ] 00x(t)x(t - 7)dt [+ve shift]

—00

= | N x(t)x(t + T)dt [-ve shift]

—0o
Where T = searching or scanning or delay parameter.
If the signal is complex then auto correlation function is given by

R11(t) = R(7) = ] Oox(t)x * (t - 7)dt [+ve shift]

—00

(o]

=] x(t+Dx=x(Odt [ve shift]

Properties of Auto-correlation Function of Energy Signal

« Auto correlation exhibits conjugate symmetry i.e. R $t$ = R*-$t$

« Auto correlation function of energy signal at origin i.e. at T=0 is equal to total energy of that signal,
which is given as:

Ro=E=|__ |x(t)|?dt
« Auto correlation function oo 1
T

 Auto correlation function is maximum at t=0i.e R $t$ |[<ROV T

o Auto correlation function and energy spectral densities are Fourier transform pairs. i.e.
F.T[R(7)] =¥Y(w)
Y(w) = f_‘; R(t)e *Ttdrt

e R(7) = x(7) * x(-7)

Auto Correlation Function of Power Signals

The auto correlation function of periodic power signal with period T is given by

_ . 1. %
R(T) = lim _| - x(O)x * (t-D)dt
T—oo T —



Properties

« Alto correlation of power signal exhibits conjugate symmetry i.e. R(T) = R * (-1)

Auto correlation function of power signal at T = 0 atoriginis equal to total power of that signal.
i.e.

R(0) =p

Auto correlation function of power signal oo 2,
T

Auto correlation function of power signal is maximum att = 0 i.e.,
|[R(”)| <= R(O)VT
Auto correlation function and power spectral densities are Fourier transform pairs. i.e.,

F.T[R(7)] = s(w)

s(w) = f_";’o R(t)e /¥tdrt

R(t) = x(7) * x(-7)
Density Spectrum

Let us see density spectrums:
Energy Density Spectrum

Energy density spectrum can be calculated using the formula:

oo

=l |x(f |%f

Power Density Spectrum
Power density spectrum can be calculated by using the formula:
P =3 o |Cnl?
Cross Correlation Function
Cross correlation is the measure of similarity between two different signals.
Consider two signals x;t and xpt. The cross correlation of these two signals R12(t) is given by

R12(7) = ] oox1(t“)xZ(t - 7)dt [+ve shift]

—0Oo

(o]

=] xi(t+Oxa(t)dt  [-ve shift]

— OO

If signals are complex then

Ru(t) = [ OoX1(t)x*2(t - 1) dt [+ve shift]

(o]

= xi(t+Oxy(t)dt  [-ve shift]

— 0o



2 Ro(r) = [ OoXz(t)x*l(t - 1) dt [+ve shift]

(0]

=] x2(t + T)x4(t) dt [-ve shift]

Properties of Cross Correlation Function of Energy and Power Signals

* Auto correlation exhibits conjugate symmetry i.e. R12(T) = R* (-1) . ,,
« Cross correlation is not commutative like convolution i.e.

R12(t) # R21(-7)

e IfR120 =0 means, if [ © X1 (t)x*(t)dt = O , then the two signals are said to be orthogonal.

T

For power signal if limy_co 1 . ) 2 x(t)x*(t) dt thentwo signals are said to be orthogonal.

o Py

« Cross correlation function corresponds to the multiplication of spectrums of one signal to the complex
conjugate of spectrum of another signal. i.e.

R12(1) —»— X1(w)X*{w)
This also called as correlation theorem.
Parsvel's Theorem

Parsvel's theorem for energy signals states that the total energy in a signal can be obtained by the spectrum
of the signal as

E =3)” IX(w)[2dw

—Q0Oo

Note: If a signal has energy E then time scaled version of that signal xat has energy E/a.



UNIT -V
Laplace Transforms

1 Intr tion:

Laplace Transform is a powerful tool for analysis and design of Continuous Time
signals and systems. The Laplace Transform differs from Fourier Transform because it covers a
broader class of CT signals and systems which may or may not be stable. Most of the LTI
Systems act in time domain but they are more clearly described in the frequency domain instead.
It is important to understand Fourier analysis in solving many problems involving signals and LTI
systems. Now, we shall deal with signals and systems which do not have a Fourier transform.

We found that continuous-time Fourier transform is a tool to represent signals as linear
combinations of complex exponentials. The exponentials are of the form e with s = jwand e/« is
an eigen function of the LTI system. Also, we note that the Fourier Transform only exists for
signals which can absolutely integrated and have a finite energy. This observation leads to
generalization of continuous-time Fourier transform by considering a broader class of signals
using the powerful tool of "Laplace transform".

Bilateral Laplace Transform
The Laplace transform of a general signal x(t) is defined as

X(s) = f x(B)estdt
It is a function of complex variable,,s* and is written as s =o+jw, with ¢ and w, the real and
imaginary parts, respectively.
The transform relationship between x(t) and X(s) is indicated as
L
x(t) & X(s)
Existence of Laplace Transform
In general,

0

X(s) = fx(t)e“dt

—co

The ROC consists of those values of ,,s (i.e., those points in the s-plane) for which X(s)
converges i.e., value of s for which

f |x(t)e  |dt < o

Since s =a+jw the condition for existence is

f Ix(t)e 7" |dt < oo

Thus, ROC of the Laplace transform of an x(t) consists of all values of s for which x(t) e is
absolutely integrable.



5.2 Relation between Laplace and Fourier transform

When s = jo, X(jw) = ff" x(t)e /@t dt corresponds to the Fourier transform of

X(t), i.e., X(s)|s = jow = F{x(t)}. The Laplace transform also bears a straight forward
relationship to the Fourier transform when the complex variable ,,s* is not purely imaginary. To
see this relationship, consider X(s) with s = j.

X(o+jw) = J x(t)e (eH@ltqt

—co

co

X(o+jw) = j [x(t)e ?le 7/t dt = F{x(t)e "}

—00

or

The real exponential e etmay be decaying or growing in time, depending on , being positive or
negative.

Unilateral Laplace Transform This Transform have considerable value in analyzing causal
systems and particularly, systems specified by linear constant coefficient differential equations
with nonzero initial conditions( i.e., systems that are not initially at rest)

The Unilateral Laplace transform of a continuous time signal x(t) is defined as

oo

X(s) = f x(t)e stdt
0
Problem 1: Find the Laplace transform of (t)=e 2 u(t)

Solution:
The Fourier transform X{(jw) converges for a>0 and is given by

; - @ —at —jwt - ®@ —at ,—jowt s
X(w)=[ e “u®e/dt=[ e “e/®dt @0
Now, the Laplace transform is -
X(s) = j e " u(t)e stdt
X(o+jw) = f e~ u(t)e ottt
=feat€(rr+jm)tdt=fe(rr+a)tejmtdt=
(c+a)+jw
0 0

with (o + a) > 0 or equivalently, since s = o+jw and o =Re{s},

X(s) = ﬁ Re{s} > -a



That is e~ u(t) iﬁ%,Re{s} > -a.

s-plane

For example a=0, x(t) is the unit step with Laplace transform X (s) = ! Re{s} >0
Problem 2: Find the Laplace transform of x(t) = —e~% u(—t)
Solution: The Laplace transform is

1
s+a

0
X(s) = f[—e‘at u(—t)]e stdt = — fe‘(”“)tdt =
This result converges only when Re{s+a} <0, or Re{s}<-a

L
Thatis —e % u(-t) o ﬁ,Re{s} <-a

Im

s-plane

-a Re

Comparing the two results in the above two problems, we see that Laplace transform is identical
for both the signals. But the range of values of ,,s* for which the transform converges is different
i.e., Region of Convergence (ROC) is different for the above said signals. Note: same X(s) may
correspond to different x(t) depending on ROC

Problem 3: Find the Laplace transform of (t)=6(t). What is the region of convergence?

Solution: The Laplace transform of a general signal x(t) is defined as

co

X(s) = fx(t)e‘“dt

—00

L{5()} = [ S(t)estdt

From the property of impulse function

5. x(t) = 6(£)x(0)



L{5()} = fé‘(t)e_“lt = 0dt = fé‘(t)eodt = f S(Hdt =1

As we know that area under impulse function is unity.

Since L{5(t)} = 1, which is a constant, Laplace transform converges for all values of s i.e., ROC
is entire s-plane

Problem 4: What is the Laplace transform of cos(w,t)u(t)? What is its Region of Convergence?
Solution: The Laplace transform of a general signal x(t) is defined as

co

A8)= fx(t)e‘“dt

jwot —jwgt
From Euler"s relation cos(w,t) = ——0=°

co

< ejmot_l_e—jwot
L{cos(w,t)u(t)} = fcos(a)ot)u(t)e‘“dt= f( )e‘“dt

2
1 . .
=§[ f e/ @ote=Stdt 4 fe‘fwvte‘“dt}
1 f | roo 1( 1 1
—— —(s—jwy)t —(stjwp)t ——
= e dt + fe dt; = { - + - }
2[_00 J } 2(G—jwy) | G +jwn)
B S
52 4 w,?

Problem 5: Find the unilateral Laplace transform of (t)=e a(t"Vy(t+1)

Solution: The Unilateral Laplace transform is

co co —a

e—a(t+1)u(t 1+ 1) e~ Stdt = f e~ e—(5+a)tdt _ e
0 s+a

X(s) = fomx(t) e Stdt = fo

ROC: Re{s}>-a

Problem 6: Determine the Laplace transform of the ramp function.

Solution: The unit ramp function is given as
_ [t
r© =

The Laplace transform of a general signal x(t) is defined as

t=0

_ or r(t)=t u(t)
otherwise

X(s) = fx(t)e‘“dt

—00

L{t (t)} _j?t _stdt 3 te—st co Ju)c: e—st it = 1 e—st 00 B 1
wer=gte B =s |, Jo —s s —50_52

0




With ROC: Re{s}>0
Problem 7: A damped sine wave is given by (t)=e “sin(wt). Find the LT of this signal
Solution: With the help of Euler*s ldentity,
ejmt _ e—jwt 1 ) )
— p—at — _|p(a—jw)t _ ,—(atjw)t
x(t) =e l % l 2 [e e ]
Applying the Laplace transform

w

1[ 1 1

1 . .
S —(a—jo)t _ p—(atjw)t] = - =
X(s) ZjL[e ¢ | 2jls+ (a—jw) s+ (a +ja))] (s + a)? + w?

ROC : Re{s}>-a

Problem 8: Find the Transfer function of a system with impulse response
h(t) = 3.e 2 u(t) — e 3tu(t)
Solution: Transfer function is obtained by applying Laplace Transform to the impulse response
h(t)
3 1 25+ 7

H = — =
)= 727 573 sTr5576

Problem 9: Find the Laplace transform of x(t) = coshifwt)u(t)
Solution: With the help of Eulers Identity,

x(t) = I%} u(t) = %[e“”u(t) + e “tu(t)]

Therefore,

X()—l,z:[wf t)+e * t]—l[ ! + R P
S_Z et u(t) e u()—2 s—w s+wl s2-—w?

Problem 10: Find the Unilateral Laplace transform of x(t) = §(t + 1)
Solution:

The Unilateral Laplace transform of a general signal x(t) is defined as

X(s) =fx(t)e“dt

0

L{(t+1)} = f S(t+1e"tdt =0
0



5.3 Reqion of Convergence (ROC) of LT

The Laplace transform of a continuous signal x(t) is given by
X(8)= f x(t)e stdt

The Laplace transform has two parts which are, the expression and Region of Convergence
respectively.

Whether the Laplace transform X(s) of a signal x(t) exists or not depends on the complex variable

.S as well as the signal itself. All complex values of',,s* for which the integral in the definition
converges form a region of convergence (ROC) in the s-plane

The concept of ROC can be understood easily by finding Laplace transform of two functions
given below:

a) x(t) = e %u(t)
X(s) = f e " “u(t)e stdt

—00

foo e westgt

[=]

:fe—(s+a)t dt
0

with s =o+jw the integral converges only when Re(s + a) > 0, i.e.,0 = Re(s) > —a

therefore X(s) = % The ROC is shown in figure below.

sTa

b) x(t) = —e " u(-t)

X(s) = f{—e““u(—t)} e Stdt

= —fo e estdt
—00
0

— _ fe—(s+a)t dt

—00



with s =o+jw the integral converges only when Re(s + a) < 0, i.6.,0 = Re(s) < —a

therefore x(s) = —. The ROC is shown in figure below.

s+a

The plane in which ROC is shown is known as s-plane.Ass =g+jw, s-plane consists of real and
imaginary axes. The region towards left side of the imaginary axis is called Left Half Plane and
towards right is called Right Half Plane.

Zeros and Poles of the Laplace Transform

Laplace transforms in the above examples are rational, i.e., they can be written as a ratio of
polynomials of variable ,,s"in the general form

M M
N(S) — Ek:obksk — Hk:]_ S—Szk
D(s) Z£=0 aksk Hfry=15_5pk'

X(s) =

N(s) is the numerator polynomial of order M withsz,(k=1,2,...,M) roots

D(s) is the denominator polynomial of order N with sp(k=1,2,...,N) roots
Roots of numerator polynomial are called zeros and the roots of denominator polynomial are
called poles. Poles in s-plane are indicated with ,,x* and zeros with“o". The representation of X(s)
through its poles and zeros in the s-plane is referred to as the pole-zero plot of X(s).

In general, we assume the order of the numerator polynomial is always lower than that of the
denominator polynomial, i.e., M<N. If this is not the case, we can always expand X(s) into
multiple terms so that M<N is true for each of terms.

2.4 Properties of ROC:
Property 1: The ROC of X(s) consists of strips parallel to the jo-axis in the s-plane.

f Ix(6)le—tdt < oo

Property 2: For rational Laplace transforms, the ROC does not contain any poles but it is
bounded by poles or extends to infinity.

Property 3: If x(t) is of finite duration and is absolutely integrable, then the ROC is the entire s-
plane.

Property 4: If x(t) is right sided, and if the line Re{s}=co, is in the ROC, then all values of s for
which Re{s}>co will also be in the ROC.



Property 5: If x(t) is left sided, and if the line Re{s}=o, is in the ROC, then all values of s for
which Re{s}<aco will also be in the ROC.

Property 6: If x(t) is two sided, and if the line Re{s}=o, is in the ROC, then the ROC consist of a
strip in the s-plane that includes the line Re{s}=co.

Property 7: Ifx(t) is right sided and its Laplace transform X(s) is rational, then the ROC in  s-
plane is right of the rightmost pole.

Property 8: If x(t) is left sided and its Laplace transform X(s) is rational, then the ROC in s-
plane is left of the leftmost pole.

Solved Problems:

Problem 1: Find the Laplace transform of x(t) = [2e2+3equ(t).Also indicate locations of poles
and zeros and Plot Region of Convergence.

Solution:The signal given x(t) = [2e2+3equ(t) is a right-sided signal and its Laplace
transform is X(s) = % + % with ROC: Re{s}>-2 N Re{s}>-3 = Re{s}>-2

ROC is right of the right most pole (Property 7) and the plot is shown below

Problem 2: Find the Laplace transform of x(t) = [2e?+3eu(-t).Also indicate locations of poles
and zeros and Plot Region of Convergence.

Solution:The signal given x(t) = [2e?+3e*u(-t) is a left-sided signal and its Laplace transform is
X(s) = _Tzz + %33 with ROC: Re{s}<2 N Re{s}<3 =Re{s}<2

ROC is left of the left most pole (Property 8) and the plot is shown below



Problem 3: Find the Laplace transform of x(t) = e'tu(t)+e?u(-t).Also indicate locations of poles
and zeros and Plot Region of Convergence.

Solution:The signal given x(t) = e'u(t)+e?u(-t) is a two-sided signal and its Laplace transform is
X(s) = % — — with ROC: Re{s}>-1 N Re{s}<2 = -1<Re{s}<2

ROC is strip in the s-plane and lies to the right of the pole at s=-1 and to the left of the pole at s=2.
Theplot is shown below

s-plane

7

5.5Properties of Laplace Transform

1. Linearity of the Laplace Transform Statement:

L
If x;(t) & X,(s) with a region of convergence denoted as R1 and
L
%, (t) < X, (s) with a region of convergence denoted as R

then ax;(t) + bx,(t) S aX1(s) + bX,(s), with ROC containing R1 NR>

Proof:

Consider the linear combination of two signals xi(t) and x2(t) as z(t)=axu(t)+bxz(t). Now, take the
Laplace transform of z(t) as

L{z(t)} = L{ax,(t) + bx, (1)} = f{axl(t) + bx,(t)}e5tdt

=af” x()e~stdt+b [ x,(t)e~dt

= aX,(s) + bX;,(s)



2. Time Shifting: If x(¢) & X(s)with ROC= R

then x(t — 1) & e~*X(s) with ROC= R
Proof:

co

L{x(t—1)} = f x(t —1)e "tdt

Let t-=p

= [7, x(p)e Pt

o]

=e T fx(p)es?’dt

—co

=e TX(s)

L
3. Shifting in s-Domain: If x(t) < X(s) with ROC= R then es‘x(t) S X(s —s,) with ROC=
R+Re{so}
Proof:

@]

L{estx(t)} = J-esﬂfx(t)e_“dt

= fjom x(t)e G%)tdt

=X(s-5s,)

L L
4. Time Scaling: If x(t) < X(s) with ROC=R then x(at) & ﬁX G) with ROC= R;=aR
Proof:
To prove this we have to consider two cases: a (real) is positive and a is negative. Case 1: For
a>0:
L{x(at)} = f x(at)e™Stdt

—00

Using the substitution of A=at; dt=adl

Case 2: Fora<O0:

Lixlat)} = jx(at)e“dt

Using the substitution of A=at; dt=adl



)

= -7 xe @

1 /s
=—=X(=
X )
Combining the two cases, we get x(at) él?llx G) with ROC= R;=aR

L L
5. Convolution Property: If x;(t) <> X;(s) withROC = Riand x,(t) « X,(s) with ROC = R
then x, (t) = x,(t) ot X1(s).X,(s), with ROC containing R1 NR:
Proof:

L{z()} = L{x; (1) * x,(8)} = f{xl (1) = xp(0)}e " dt

= fjooo{f_c:o X1 (T)xz (t — T)d'r} e—Stdt
Interchanging the order of integrations

0 co

L () wau(8)} = f X1 (r)[ J x5 (t — T)e_“dt] dt

—00 —Co

= [* x, (1) {e~"X,(s)} dr(Since  from Time
shifting property)

= X,(s) f x;(v)e "t drt

= X1(S).X2(Sg .
6. Differentiation in the Time Domain: If x(t) & X(s) withROC= thendj;—?) &5 X(s) with

ROC containing R
Proof: Inverse Laplace transform is given by
g+joo

1
x(t)=2—nj f X(s)e®ds

g—joo

Differentiating above on both sides with respect to ,t*

g+tjco
dx(t) 1 f
i om j {sX(s)}e*'ds
ag—joo

Comparing both equations s X(s) is the Laplace transform of &)

L
7. Integration in the Time Domain: If x(t) < X(s) with ROC=R

then ffm x(7)dr i)lx(s) with ROC containing RN{Re{s} > 0}



Proof: This can be derived using convolution property as
t

f x(1)dt = x(t) * u(t)
c { f t x(r)dr} = L{x(0) * u(D)} = X(s). LLu(D)} = X(s)%

8. The Initial and Final VValue Theorem:

If x(t) and £ are Laplace transformable, and under the specific constraints that x(t)=0 for t<0

containing no |mpulses at the origin,one can directly calculate, from the Laplace transform, the
initial value x(0%), i.e., x(t) as t approaches zero from positive values of t. Specifically the initial -
value theorem states that

x(0 )= limsX(s)*

S§—00

Also, if x(t)=0 for t<0 and, in addition, x(t) has a finite limit as t—oo, then the final value theorem
says that

lim x(t) =limsX(s)

t—oo s—0
Proof:

To prove these theorems, we need to consider the Unilateral Laplace transform of
dx (t)
dt

Unilateral Laplace transform of {x(t)}= J‘;’rd’;if) st g¢

= [x(De 1% +5 [y x(De ™ d¢
= x(0)e ™ — x(0*") + sX(s)

= sX(s) — x(01)
Initial value theorem

From the above discussion, we know that
d
J ax(®) e stdt = sX(s) —x(0%)

Applying the lims_.. on both sides
0 = lim sX(s) — x(0")
5—00

x(0%) = lim sX(s)
Final value theorem we know that

d
f Q;i ) e stdt = sX(s) — x(0)
0+

Applying the lims— on both sides



[x(D)]5 = limsX(s) - x(0")
}Lrg xlt) —w(0F) = }L{g sX(s)
tlg}}lo x(t) = !1"1;1(} sX(s)
—x(0%)
Solved Problems:
Problem 1: Find the Laplace transform and ROC of x(t) = e *u(t — 2)

Solution:

L
We know that e “u(t) HHLQ, ROC: Re{s} > —a

e *tu(t) 5L ROC: Re{s} > —4
s+ 4’ '

Signal e~*tu(t)is now delayed by 2 units to get e+~ 2y (t — 2)

Therefore, applying time shifting property

—28

s+4’

L

e~ 4ty (t — 2) = eBeHu(t - 2) o ROC: Re{s} > —4

“Hu(t 2)£ Le™ ROC: Re{s} > —4
e u(t—2) o———, :Reis -
e8s+4

Problem 2: Given F(s) = —*% _ find f(0)

sé+6s5+13’
Solution:
. _ s(s+8) 25—13
Consider sF(s) = s2+65+13 s2+6s+13
From the initial value theorem, we know that
25 — 13
initial value o t) = f(0) = lim sF(s) = lim (1 +—) =
f f(®) = f(0) lim (s) lim it 1

5.6 Inverse Laplace Transform

Inverse Laplace transform maps a function in s-domain back to the time domain. One
application is to convert a system response to an input signal from s-domain back to the time
domain. The Laplace transform converts the differential equations that describe system behaviour
to a polynomial. Also the convolution operation which describes the system action on the input
signals is converted to a multiplication operation. These two properties make it much easier to do
systems analysis in the s-domain. Inverse Laplace transform is performed using Partial Fraction
Expansion that split up a complicated fraction into forms that are in the Laplace Transform table.
The Laplace transform of a continuous signal x(t) is given by



co

X(s) = f x(t)e stdt

—00

Since s=ot+jw
X(o+jw) = f x(t)e o)t qr = f{x(t)e“’t}e‘i‘”tdt = F{x(t)e °t}

17 _
x(©e = FK(o + j0)} = 5= f X(0 + jw)etdw

We can recover x(t) from its Laplace transform evaloljated for a set of values of s=c+jw
in the ROC, with ¢ fixed and w varying from -c to +oo. Recovering s(t) from X(s) is done by
changing the variable of integration in the above equation from w to s and using the fact that o is
constant, so that ds=jdw.

e 0 o+jeo
x(f) = LN f X5)e ™ e dw— 2 f X(s)estdw = Ll f X(s)estds
21 2n 2mj
S e L.
The contour of integration in above equation is a straight line in the s-plane éorresponding to all
points s satisfying Re{s}=c. This line is parallel to the jw-axis. Therefore, we can choose any
value of 6 such that X (o + jw) converges.

5.7 Partial Fraction Expansion

As we know that the rational form of X(s) can be expanded into partial fractions, Inverse
Laplace transform can be taken according to location of poles and ROC of X(s). The roots of
denominator polynomial, i.e., poles can be simple and real, complex or multiple.

We know that X(s) is expanded in partial fractions as

Co €1 %) Cn

X(s) =

S—Sy S—S S—5 s — S,

Here the roots So,51,S2,...Sn can be real, complex or multiple. Then the values of
ko,K1,k2,...kn constants are calculated accordingly.

In order to find the appropriate time domain function, ROC should be indicated for the s-
domain function. Otherwise we may have multiple time-domain functions based on different
possible ROCs.

Example for Real roots:
Problem 1:Find out the partial fraction expansion and hence Inverse Laplace transform of the

2 -
*+2572  ROC: Re{s} > 3

function X(s) = =55

Solution:
The function X(s) = ——-25=2

——— _~__can bhe written as,
s(s+2)(s—3)



B + C
s+2 s-—3
The constants calculated are A=1/3, B=-1/5, C=13/15

1/3 1/5 13/15
X(s) = +s+2+s—3

(t)—lL‘1{1}+1L‘1{ 1 }+13L1{ 1 ]
MU=32 75" G+2) 137 5-3
From the given ROC: Re{s}>3, the resultant signal x(t) should be right sided.

e’fu(t)

X(s) =§+

Therefore, x(t) = —u(t) o e"Z‘u(t) 5% = et

Example for Complex roots:

SZ N
Problem 2: Obtain right sided time domain signal for the function X(s) = ik

G122 +8) Solution:

s242541 A Bs+C
(s+2)(s2+4) s+2  s2422

The constants can be calculated as A=1/8, B=0.874, C=0.5

We can write the given function as X (s) =

Therefore, X(s) = z— + =22 = 2 {—} 4+ 0874 {1} + 0.25 { -}

Finally x(t) = = £~ {=} + 0.874£ 1 ("} + 0.25071 (2]
i.e., x(t) = ge‘z‘tu(t) + 0.874 cos(2t) u(t) + 0.25sin(2t)u(t)
Example for Multiple roots:

Problem 3: Find out the inverse Laplace transform of X(s) = ROC:Re{s}<-1

( +1)3’
Solution:
s—2 A B C D

We can write the given function as X (s) = oo tearten

The constants can be calculated as A=3, B=2, C=2, D=-2

Therefore, X(s) = 3 {(S:Dg} +2 [(5:1)2} +2 {(slu} -2 E}

From the given ROC: Re{s}<-1, the resultant signal x(t) should be left sided.

breet w2 st - 2ot

From the result of Laplace transform

Finally, x(t) = 3£71 {

(4113

n

—at, £
e "u(-t) &

o W' ROC: Re{s} < —a



.e. x(t) = 3— e‘tu( t) — 2te"tu(—t) — 2e"tu(—t) + 2u(-t)

Problem 4: Find the Inverse Laplace transform of x(s) = ‘_3_”7 ROC: Re{s}>3

Solution:
L
We know that e u(t) Hﬁ, ROC: Re{s} > —a

Writing X(s) in the form of partial fraction expansion

X(s) = 4 + B
T 3T 5+ 1
The constants can be calculated as A=4, B=-1

—af 1) _ (1
Therefore, X(s) = -5 + 777 = {5} — {75

From the given ROC: Re{s}>3 the resultant signal x(t) should be right sided.

Le,xag::4L-1&£§}-L—1{+4} 4e3tu(t) — e~tu(t)

Problem 5: Find the Inverse Laplace transform of X(s) = m ROC: Re{s}<-2
Solution:
We know that e *u(-t) H%, ROC: Re{s} < —a Writing X(s) in the form of
partial fraction expan5|on ¢ 2 B
X(s) =
(s) s+2 + s—=1

The constants can be calculated as A=1, B=-1

Therefore, X(s) = =+ s_l = {ﬁ} B {slTl}

From the given ROC. Re{s}< 2, the resultant signal x(t) should be left sided.

e, x(t) =Lt {L} — L1 {L} = —e 2tu(—t) + e‘u(-t)

s+2 s—1

Problem 6: Find the Inverse Laplace transform of X(s) = ROC: -2<Re{s}<-1

2+3 +2

Solution:
We know that

£ 1
e “u(t) & ——, ROC:Re{s}> —a
) & —— )

£ 1
—e Uy (—t —, ROC:R < -
e %u( )Hs-i—a’ e{s} a

Writing X(s) in the form of partial fraction expansion

X(s) = 4,5
I L

The constants can be calculated as A=1, B=-1



Therefore, x(s) = ==+ — = {—} - {—]}

From the given ROC: -2<Re{s}<-1, the two derived conditions are Re{s}<-1 which suits for
{L} and Re{s}>-2 which suits for {L} Therefore, the resultant signal x(t) should be two-

s+1 s+2
sided.
e, x(t) = £! {%} e {12} = —e~tu(—t) — e 2tu(t)

eﬂ —25

1 e A
— — -8 —25
LW} =A5 - 24— +A— =51 -2e7 +e)




Z-_TRANSFORMS

5.6 lntroduction: Digital signals are discrete in both time (the independent variable) and
amplitude (the dependent variable). Signals that are discrete in time but continuous in amplitude
are referred to as discrete-time signals.

Z Transform is a powerful tool for analysis and design of Discrete Time signals and
systems. The Z Transform differs from Fourier Transform because it covers a broader class of DT
signals and systems which may or may not be stable. Fourier Transform only exists for signals
which can absolutely integrated and have a finite energy. Z-transforms is a generalization of
Discrete-time Fourier transform by considering a broader class of signals.

Existence of z Transform
In general,

X(z) = Z x(n)z™

The ROC consists of those values of ,,z* (i.e., those points in the z-plane) for which X(z)
converges i.e., value of z for which
z [x(n)z™| < oo

n=—co

Since z = rej» the condition for existence is

co
Z |x(m)r e om | < oo
n=—oo
Since ejen =1
Therefore, the condition for which z-transform exists and converges is ¥___|x(n)r | < o

Thus, ROC of the z transform of an x(n) consists of all values of z for which x(n)r™ is
absolutely summable.

5.7.Relation between Z and Discrete Time Fourier transform

When z = e/®, X(e/®) = ¥2__, x(n)e /" corresponds to the Discrete Time Fourier
transform (DTFT) of x(n), i.e., X(z)|z = e/* = F{x(n)}. Thez transform also bears a straight
forward relationship to the DTFT when the complex variable z =. To see this relationship,
consider X(z) with z = re/® .

(*s]

X(z=re) = Z x(n)r e jon

n=-—oo

X(z=re®) = Z [x(n)r "]e /" = F{x(n)r "}

n=—o



or

Unilateral Z Transform have considerable value in analyzing causal systems and particularly,
systems specified by linear constant coefficient difference equations with non-zero initial
conditions( i.e., systems that are not initially at rest).

The Unilateral z- transform of a discrete time signal x(n) is defined as

co

X(z) = Z x(n)z™

n=0

5.8.Relation between Laplace, Fourier and z- transforms

Let x(t) be a continuous signal sampled with a sampling time of T units. Call this sampled signal
as Xs(t). We represent this sampled signal by

o

%, () = Z x(kT)8(n — kT)

k:—CO

Applying the Laplace transform to xs(t) results

£(x,(0)) = f ) { Z *(kTY8(n — kT)}e‘“dt

k=—co

Interchanging the order of integration and summation

L(x (D) = Z x(kT) { L . §(n — kT)e“dt} = Z x(kT) { L . s(n— kT)esdet}

k=—o0 k=—
= x(kT)e=skT { ) S(n — kT)dt} = x(kT)e ST
kzm f_m kzm

For uniform sampling x(kT)=x(k)
Then £(x,(1) = Xi o x(K)e™KT =32 x(k)(eT)™*

Comparing this with the z-transform formula

X(2) = Z x(k)z"
k=0

We get a relation that z=eT



Problems
Problem 1. Finding the z-transform of

a) x(n) = a"u(n)

(ee] co co

X(z) = Z a"u(n)z ™ = Z atz " = Z(az—1)n

n=—co n=0 n=0

For convergence of X(z), we require that Yo_,|az'|" < oo. Consequently, the region of
convergence is that range of values of z for which az™* <1, or equivalently, z > a and is
shown in figure below

Im
Unit Circle
s> o
’ N z-plane
? 1 .
7 v
: 1o} *—1-
| j1 )
A ¢
) /
N ~
\\w\ - ',

1 =z

1—az~1 z—a

Then X (z) = X_o(az™)" =

b) x(n) = —a™u(—n-1)
-1

X(2) = i {-a"u(-n— 1D}z ™" = — Z atz " = —i(a‘lz)”
n=1

n=—co n=—o

1 1 Z
—] 1 _— Z -1 n — 1 _— = —]
0(a z) 1l—alz 1—az! z-a
n=

This result converges only when |a~1z| < 1,0r equivalently, |z| < |a|. The ROC is shown below

I9m

Unit Circle

z-plane

If we consider the signals a"u(n) and -a"u(-n-1), we note that although the signals are
differing, their z Transforms are identical which is —=—.Thus, we conclude that to distinguish z-

Z—a

Transforms uniquely their ROC's must be specified.



Problem 2: Find the z-transform of (n)=8(n). What is the region of convergence?
Solution:

The z transform of a general signal x(p, ) is defined as

X(z) = Z x(n)z™

n=-—oo

Z(5(n)} = Z 5(n)z™

n=—oo
1, n=0

Since §(n) = {0 N0

Z{5(n)} = Z Sz = (1)2° = 1

n=—co

Since Z{5(n)} = 1, which is a constant, the result of z transform converges for all values of ,,z",
i.e., ROC is entire z-plane

Problem 3: Determine the z-transform of x(n) = (0.2)"{u(n) — u(n — 4)}

Solution:

1,
”(n)_“(”_4):{0 n>4n<-1

’

Therefore,

3 3
(0.2z71H)*
— n.,—n _— -1yn — 1 _
X(2) Z(o.z) z Z(O.Zz R
n=0 n=0

Problem 4: Find the z-transform of x(n) = 2"u(n) + 3"u(n — 1)

Solution:

1
1—az" 1’

Z
AlsoWe know that —a"u(—n — 1) - ——, ROC: |2| < |a
—az

We know that g™y (n) &

ROC: |z| > |a|

1 1 z 1

Therefore, Z{x(n)} = Z{2"u(n)} — Z{-3"u(n — 1)} = =

1-2771 1-3z771  1-57 146772
ROC: 2<|z|<3
Problem 5: Find the two sided z-transform of the signal
1I\"
=13 n=0

(=2)" n<-1



Solution:

Here x(n) can be written as

n

il
%(n) = (5) u(n) + (-2)"u(-n-1)
Therefore, the z-transform of x(n) is

Xy — 1
Z_l_§2—1 1+2z!

ROC: 1/3 < |z| < 2

. Reaion of Converaence (R f Z-Transform

The Z- transform of a discrete signal x(n) is given by

The Z-transform has two parts which are, the expression and Region of Convergence respectively.

Whether the Z-transform X(z) of a signal x(n) exists or not depends on the complex variable ,,z*
as well as the signal itself. All complex values of ,,z=re/>** for which the summation in the
definition converges form a region of convergence (ROC) in the z-plane. A circle with r=1 is
called unit circle and the complex variable in z-plane is represented as shown below.

Idm

Unit circle .

PEAN
E ~
N
D T
& 5
@

Description :

The concept of ROC can be understood easily by finding z transform of two functions given
below:

a) x(n) = a™u(n)
X(z) = z a"u(n)z™ = Z atz™" = Z(az‘l)"
n=—oo n=0 n=0
For convergence of X(z), we require that ¥>_,|az~1|* < . Consequently, the region of

convergence is that range of values of z for which az* <1, or equivalently, z > a and is
shown in figure below
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Then X(z) = ¥%_(az )" = —— = -~

1—az~1 z—a

b) x(n) = —a"u(-—n—1)
-1

X(z) = i {—a"u(-n— 1D}z ™" =— Z atz ™" = —i(a‘lz)"
n=1
1

n=—oo n=-—oo

_1 i( -1 )n_l 1 _ _ Z
B Oa 2= 1—alz 1—-az! z-a
n=

This result converges only when |a~1z| < 1,0r equivalently, |z| < |a|. The ROC is shown below

Unit Circle

z-plane

Property 1: The ROC of X(z) consists of a ring in the z-plane centered about the origin.

i [x(M)|r " < o

n=—co
Property 2: If the z-transform X(z) of x(n) is rational, then the ROC does not contain any poles
but is bounded by poles or extend to infinity.

Property 3: If x(n) is of finite duration, then the ROC is the entire z-plane, except possibly z=0
M
and / or z=© X(z)= Z x(n)z™

Property 4: If x(nt) is a right sided sequence, and if the circle |z|=r, is in the ROC, then all finite
values of z for which |z|>r, will also be in the ROC.



Property 5: If x(n) is a left sided sequence, and if the circle|z|=r, is in the ROC, then all values of
z for which 0<|z|<r, will also be in the ROC.

Property 6: If x(n) is two sided, and if the circle |z|=r, is in the ROC, then the ROC will consist of
a ring in the z-plane that includes the circle |z|=ro.

Property 7: Ifthe z-transform X(z) of x(n) is rational, and if x(n) is right sided, then the ROC is
the region in the z-plane outside the outermost pole i.e., outside the circle of radius equal to the
largest magnitude of the poles of X(z).

Property 8:If the z-transform X(z) of x(n) is rational, and if x(n) is left sided, then the ROC is the
region in the z-plane inside the innermost pole i.e., inside the circle of radius equal to the smallest
magnitude of the poles of X(z) other than any at z=0 and extending inward to and possibly
including z=0.

Solved Problems:
1

Problem 1: Find the Z-transform and plot the ROC of x(n) =7 G) u(n) —6 (5) u(n)

Solution:
Given signal x(n) = 7 (g) u(n) — 6 (%) u(n) is right sided
We know that b™u(n) & ——; |z] > b

1-bz—

1

Therefore, (%)n u(n) i - -, ROC: |z| > (%){shown in figure a} and

()
G)n u(n) ‘E’ﬁ_1_(_1)7_1 ;ROC: |z| > G){Shown in figure b}
N
3.,-1 3
1 1 1—=2z Zlz — =
X() =7 i _ z _z(z-3)

-Gz 1= (-@))0-G)) (-3)(E-3)
For convergence of X(z), both sums must converge, which requires that the ROC should be
an intersection of |z| > G) and [z]| > G) e, |z| > (%){shown in figure c}

The pole zero plot and ROC are shown in the figure below



(©)
Problem 2:Draw the pole-zero plot and graph the frequency response for the system whose

. . 2_
transfer function is H (z) = Z—2""—"=2. Is the system both causal and stable?
Z°—1.00Z .

Solution:
The transfer function can be factored into

z? —0.96z + 0.9028 _ (z — 0.48 + j0.82)(z — 0.48 — j0.82)
z2 —1.56z + 0.8109 (z — 0.78 + j0.45)(z — 0.78 — j0.45)

H(z) =

The Pole-zero diagram is shown below

Im(2)
b 14
O
o \\
-+ Re(2)
\ /
x
Q
ik~ F

The magnitude and phase frequency responses of the system are obtained by substituting z=e/*and
varying the frequency variable ® over a range of 2 7. The frequency response plots are illustrated
in Figure below



The system is both causal and stable because all the poles are inside the unit circle

Problem 3: For the following algebraic expression for the z-transform of a signal, determine the
number of zeros in the finite z-plane and the number of zeros at infinity

z (1 - %z‘l)

(1-3zH(1-7z71)

Solution:

The given z-transform may be written as

1
£73
X(z) =

(2=35)(z=3)

Clearly, X(z) has a zero at z=1/2. Since the order of the denominator polynomial exceeds the
order of the numerator polynomial by 1, X(z) has a zero at infinity. Therefore, X(z) has one zero
in the finite z-plane and one zero at infinity.

5.11. Properties of Z-Transform

The z transform of a discrete signal x(n) is given by

co

X(z) = Z x(n)z™

n=—oo

And inverse z transform is given by
x(n) = jEX (z)z" 'dz
2mj

1. Linearity:
z
If x;(n) & X;(z) with ROC =Ry and x,(n) (E) X7(2) with ROC = Rz then
VA
ax;(n) + bx,(n) & aX,(z) + bX,(z), with ROC containing R1 NR>

Proof:
Taking the z-transform

co

Z{ax;(n) + bx,(n)} = Z {ax;(n) + bx(n)}z™"

n=—oo

=@ lnaX M)z ™ + b wx,(n)z™"
= aX;(z) + bX;(2)
2. Time Shifting:
If x(n) & X(z)with ROC= R

Z
then x(n — m) & z ™ X (z)with ROC= R, except for the possible addition or deletion of
the origin or infinity Proof:



o]

n=—co
Let n-m=p
— Z;Offoo x('p)z (p+m)
=2 Y x(@z
p=—w
=z""X(z)

3. Scaling in the z-Domain:
If x(n) & X(z) with ROC=R

Z z . . .
then z,"x(n) & X (—) with ROC= |zo|R where, |zo|R is the scaled version of R.
Zo

Proof:

[es]

Z{z,"x(n)} = Z z,"x(n)z™" = Z x(n) (Ziu)_” _ X(zi”)

n=—co n=—co

4.  Time Reversal:
Z
If x(n) & X(z) with ROC=R then

x(=n) & X G) with ROC= ~

Proof: .
Z{x(—n)} = Z x(=n)z"
Let -n=p T
- i x(0) (2P = i )7 = x(7)
p=—0c p=—0o

5. The Initial Value Theorem:
If x(n)=0, for n <0 then initial value of x(n) i.e., x(0) = lim,_,,, X(z) Proof:

We know that Z{x(n)}= X(z) = Y., —o x(n)z~™ as x(n) is causal.

Expanding the summation

X(z) = Z x(m)z™" =x(0) +x(Dz" ' + x(2)z72 + -

n=0
Applying the lim,—.. on bot[] sides
lim X(2) = lim{x(0) + x(Dz ' + x(2)z > + -}

Zlgrg X(z) =x(0)



6. The Final Value Theorem:
If x(n) is causal and X(z) is the z-transform of x(n) and if all the poles of X(z) lie

strictly inside the unit circle except possibly for a first order pole at z=1 then
A%im x(n) = lin}(l -z YX(2)
Proof:

Consider the z-transform of x(n)-x(n-1)

x(n) —x(n—1) & (1-2z"HX(2)
Z{x(n) —x(n—1)} = Z{x(n) —x(n—1D}z "= (1-z"HX(2)
n=0
Also, the above can be written as
N
lim Z{x(n) —x(n-1))z" = (1-21X(2)
n=0
Applying the limit z—1 on both sides
N
lim [ lim Z{x(n) —x(n— 1)}2”} = lim(1 - z )X (2)
n=0

LHS after applying the limit z—1 becomes

N
i o (x(0) = x(—=1) + x(1) — x(0) + x(2) — x(1) + -
J%Z}{x(n)—x(n—l)}}_;&%{ 4x(N—=1) — 2(N — 2) + x(N) — x(N — 1) }

All terms cancel except X(N). Therefore,

lim x(n) =lim(1 — z7H)X(2)
N—co z—1

7.Differentiation in the z-Domain:
Z
If x(n) & X(z) with ROC=R then

dX (2)
dz

z
nx(n) & —z with ROC =R

Proof: z transform is given by

o)

Z{x(n)} = X(2) = Z x(n)z"

n=—oo

Differentiating above on both sides with respect to ,,z*



dX(z) d (< N d N
d(zz)za{z x(mz‘"]: ), KW = ), —nx(wz

n=-—o0 n=—oo n=—oo
dX(z) <
—Z = Z nx(n)z™
dz
n=—oo
dX (z)

Comparing both equations —z is the z transform of (n).

dz
5.12.Inverse Z-Transform

Inverse z-transform maps a function in z-domain back to the time domain. One
application is to convert a discrete system response to an input sequence from z-domain back to
the time domain. The z-transform converts the Linear Constant Coefficient Difference
Equations(LCCDE) that describe system behaviour to a polynomial. Also the convolution
operation which describes the system action on the input signals is converted to a multiplication
operation. These two properties make it much easier to do systems analysis in the z-domain.

Inverse z-transform is performed using Long Division Method(Power Series Expansion
method), Partial Fraction Expansion and Residue method (Contour Integral Method).

The z- transform of a discrete signal x(n) is given by

Since z=re"” X (re/® ) = $2__, x(n)(re/®)™ = ¥2__, x(n)r e /O = Flx(n)r "}

| A
x()r™ =F YX(re)} = o= fX(re"” el dw
-

T nw
1 . . 1 . on
— Jw jon P J J
=% xln) =7 o fX(re‘ )e“ dw ~ J.X(re‘“)(re “’) dw
—7T -1

hod ( : on

Z-transform of the sequence x(n) is given as,

o]

X(z) = Z x(M)z™" =+ x(=2)z2 + x(— 1)z + x(0) + x(V)z ' + x(2)z72 + -

n=—w

From above expansion of z-transform, the sequence x(n) can be obtained as,

x(n) ={...,x(-2),2(—1),x(0), x(1),x(2), ...}

The Power series expansion can be obtained directly or by long division method.



Example: Determine inverse z-transform of the following:

) X(z) = ——,ROC : |z| > |a|

1-az~1’ ii)
1
X(z) = _1,az—1'ROC 2 z| < |aqf

Solution:

D X2 = L, ROC:|z>|a|
1 Zz

1+az1+a? z 2 + a3 z=3 « Negative power of "' Z
I-—az”‘) 1

Thus we have, X(2) = — 2 = 1+az"!+a2 22453
1—az1

Taking inverse z-transform, x(r) = {1, a, a2, a%,.--} = a” u(n)



ii) X(2 ;- ROC : | 2| <] a
1—-az

= ———7— Equation rearranged to get positive powers of 'z'.

~1 222 4273 23 _531 24 « Positive powers of ' Z

1—-a "z
-+
a1z
aLlgy— a2 z2
- +
a2 z2
a2 22 _ 53—3,3
- +
a3 z3
a= 323 _ 574 24
- +
a4t z%
Thus we have, X2 = — i — = —alz_a232_,-3,3 —a~4 z4.
l-az!
Rearranging above equation, = ceeeee— ™4 z4 _ 53 z3 572 %2 g—1
7z — — Z
Taking inverse z-transf B
g nsform, X)) = g 4,—3_3,—3_2,—51"1}

Partial Fraction Expansion
As we know that the rational form of X(z) can be expanded into partial fractions, Inverse
z-transform can be taken according to location of poles and ROC of X(z).

Following steps are to be performed for partial fraction expansions:

Step 1: Arrange the given X(z) as,
X(z)  numerator polynomial
z  (z—-p)z—p2)..(z—pn)

Step 2:
X(z) A Ay Az Ay

= + 4 4o —
Z (z—p1) (Z-p2) (z—p3) (z—pw)
Where Ax for k=1, 2,...N are the constants to be found in partial fractions. Poles may be of
multiple order. The coefficients will be calculated accordingly.

Step 3: Above equation can be written as

X(2) Az + Ayz 4 Aszz . Ayz
Z = e —
(z—p1) (z-—p2) (z2—p3) (z —pw)
Aq A Az Ay

=1—P12_1+1—P22_1+1—P32_1+.'+1—PNZ_1



A
1-pp

Step 4: All the terms in above step are of the form

standard pairs must be used.

1
1—ppz~1

z _ .
P u(n) & with ROC: |z| >|p«,i.e., causal response

Z 1 . .
-pr"u(-n—1) i drm— with ROC: |z| <|px|,i.e., non-causal response

1

Example: Determine the inverse z-transform of x(z) = T
—=1.5z7 WDZET

ForROCi)|z]>1 ii)z|<05  iii)0.5<z| <1

Solution:
H 1
Given X (z) = 1-1.577140.522
Which can be written as X (7) = —2— + —

1-z—1 ~ 1-0.5z-1
After finding the constants as A=2 and B=-1

X — 2 1
2 T T T 1-05z1

i) ForROC |z|>1i.e., causal or right sided
x(n) = 2u(n) — (0.5)"u(n)

[ riﬁég;ih’;ry‘aq ENEEN &
~ This area is |z|>1 '

—— — —————— It also includes ——|
Circle of e

z=0.5 1[ f
Circle of ' _»Tmm 1

2| = 1 -

i

In this are'a = ol

1|zl >1and |z| > 0.5

both are true J
] i (I

i) For ROC |z| < 0.5 i.e., non-causal or left sided
x(n) = =2u(—n—-1) 4+ (0.5)"u(—n—-1)

n™ e R
Cnrfle of — This area is |z|<0.5
- — - ltalsoincludes ——
|z <1
Circle of_; I |
F— Jz| =1 = = _.T_.__.T. .
- Real (z‘p
7 i i T | T—'
| ) |
In this area —
|2} < 0.5 &z < 1

both are tl'l.lle

_,[,_. e S ,__.._l. Y SSRGS IS S SSORE TS

"2_1. Depending upon ROC, following



i) ForROC 0.5<|z| <1 i.e., two sided
x(n) = —2u(—n—1) — (0.5)"u(n)
The ROC is a circular strip between z>0.5 and z<1

Residue Meth ntour Intearal Meth

Cauchy integral theorem is used to calculate inverse z-transform. Following steps are to be
followed:

Step 1: Define the function (z)=X(z)z*!, which is rational and its denominator is expanded into
product of poles.

_ net1 _ N(z)
Xo(2) = X(2)z TG =™

Here ,,m" is order of the pole

Step 2: For poles of order ,,m", the residue of X, (z) can be calculated as,

Res xo(2) = - P2
z=p %" " (m—D!|dzm1 Rz =p,
Step 3:
i) Using residue theorem, calculate x(n) for poles inside the unit
circle, i.e.,
N R
es
x(n) = Zl f e Xo(@
=
i) For poles outside the contour of integration,
x(n) =-3V, ZRZESP_XO (z)withn < 0

2
Example: Determine the inverse z-transform of X(z) = (zi_a)z

ROC : |z| > |a] using contour integration

Solution:

22 Ln+1

. _ n-1_ _% n-1__%
Step 1: X,(2) = X(2)2" = —52"" =~

Step 2: Here the pole is at z=a and it has order m=2. Hence finding the residues at z=a

Res y =t [ pymx,@
z=p; e (m—1)! (dzm1 Pl e Z=Dpi



Pes 1 d2-1 , gt ~
zZ= aXO(Z) S (2-1)! {dzz‘1 (z=a) (z —a)? atz=a
= Ez"“ atz=a

=n+Dz"atz=a
=(n+1)a"
Step 3: The sequence x(n) is given as

xm =) " x,@

i=1

x(n) = (n+ 1)a™u(n) Since ROC: z >|q|

Examples:
Solved Problems:
Problem 1: Find the inverse z-transform of X(z) = log( : ) |z|>|a]

1—az~1

Solution:

X(z) =log (1_—;_1) = —log(1—az™)

log(1-p) is expanded with the help of power series. It is given as

o0
n

P
log(1-p) = - ) = pl <1

n=1
Therefore,
X(@) = —log(1 —az™) = - |-y, 2| = 52, o for el > Ja

aﬂ

Hence x(n) = {T‘

0, otherwis

n=1

. e
L.E.,

x(n) = %”u('n -1

Problem 2: Find the inverse z-transform of X(z) = musing partial fraction method when
ROC is
(i) |z] <- 2

(i fz| > 3 (i) -2<z <3



z

Solution: Given x(z) = e
z Z—

z g z— z+2

1 1
=X@ =§(zi3)_§(zj—2)

Applying partial fractions £ — 1 (LB) _ % (L)

) For ROC |z| < -2
1
x(n) =z [-3" + (=2)"Ju(-n — 1)
)] For ROC |z| >3
1
x(m) = 2 [3" ~ (~2)"Ju(n)
iii) For ROC -2 <|z| <3

1
x(n) = S [=3"u(-—n—1) = (=2)"u(n)]

Problem 3: Determine the sequence whose z-transform is,
-1 -2
X(2) = —22 *Z ROC: [z> 1
1—-cz7l 45277
Solution: To arrange X(z) in proper form suitable for partial fraction expansion
The highest power of denominator polynomial should be atleast one less than that of numerator
polynomial

Let us arrange X(z) as follows:
z7242z71+1

3 T
1—=z14-2z72
272 13

X(z) =

Now perform one step division so that order of numerator polynomial is reduced by one unit.

2
S JC T SO g gy e
7% 57 +1) z’+22 |
z%-3z7142
= +
5z71-1
= B ol
= —2 ST =] . O =i 1 =0
22 2Z +1 1 ZZ +ZZ
= 2+X,(9, where X (9 = ~l+521
-2y 72
2Z +2Z



Now
—145z71
X(z)=2+ =

1
1—=z14-2z72
27t

Writing in partial fractions
X(z2)=2+

1—2*1+1_1271
2

Finding the constants A =8 and B=-9

X(2) = 2 8 9
() = +1—Z’1_1_lzfl
2

As ROC is |z| > 1, representing the signal as causal signal which is right sided

1 n
x(n) =26(n) +8u(n) —9 (5) u(n)

Problem 4: An LTI system is characterized by the system function
3—4z71

1—3.5z71+1.5z72

Specify the ROC of H(z) and determine h(n) for the following conditions

H(z) =

a) The system is causal and unstable
b) The system is non-causal and stable
C) The system is non-causal and unstable

Solution: Given that

3—4z71 B 3z—4
1—-35z"1415z2 (z—05)(z—-3)

H(z) =

Using partial fraction expansion, we obtain
H(z) 3z—4 A B

z (z—0.5)(z-23) =z—0.5+z—3
Finding the constants A =1 and B=2

Hiz) 1 s 2
z z—05 z-—3

H N +2 z
(z)_z—O.S z—3

The system has poles at z=0.5 and z=3
a) For the system to be causal and unstable, the ROC of H(z) is the region in the z-plane

outside the outermost pole and it must not include the unit circle. Therefore, the ROC is
the region |z| > 3
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Hence h(n) = 0.5"u(n) + 2(3)"u(n)

b) For the system to be non-causal and stable, the ROC of H(z) is the ring in the z-plane and
it must include the unit circle. Therefore, the ROC is the region, 0.5 < |z| < 3
Im{z}

P
P N
4 N
’ b
A \
’ A}
\

: )
p )
1 ’ ]

'] 1
k.
¢ ¥ ¥5—Re{z}
b 3 0.5+ 13
I B /; ]
\ o e p
\ 4- ¥ ;
s i
\
’
.
. ‘,
.
.~ l’
A ’,
he ’,

Hence h(n) = 0.5"u(n) — 2(3)"u(-n—-1)

c) For the system to be non-causal and unstable, the ROC of H(z) is the ring in the zplane

inside the inner most pole and it must not include the unit circle. Therefore, the ROC is the
region, |z| < 0.5

Im{z}

Re{z}

Hence h(n) = —0.5"u(—n — 1) — 2(3)"u(-—n— 1)

1 + 16
1+z1 1-4z71
Therefore, for n>0y(n) = [—(—1)" + 16(4)"|u(n)

Y(z) =—
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TUTORIAL QUESTIONS

a) Write short notes on “Orthogonal Vector Space™.
b) A rectangular function f(t) is defined by

i) = 1 (0<r<II)
® -1 (0<¢<2I1)

Approximate the above function by a finite series of Sinusoidal functions.

a) Define and sketch the following elementary signals
i.  Unit impulse signal
ii.  Unit step signal
iii.  Signum function
b) Explain the Analogy of vectors and signals in terms of orthogonality and evaluation of
constant.

a) Sketch the single sided and double sided spectra of the following signal
x(t) = 2 sin (10Tt - IT/6).

b) Show that the functions Sin nogt and Sin megt are orthogonal over any interval
(to. to+ 2I1 / wo) for mnteger values of n and m.

a) Write short notes on “Orthogonal functions™.
b) Define the following Elementary signals.
i. Real Exponential Signal
1. Continuous time version of sinusoidal signal and Bring out the relation between
Smusoidal and complex exponential signals.

a) Define Orthogonal signal space and bring out clearly its application in representing a
signal.

b) Obtain the condition under which two signals £1 (t) & 2 (t) are said to be orthogonal to
each other. Hence. prove that sin nmot and cos maeypt are orthogonal to each other for all
integer values of m. n.

a) A rectangular function defined as
A 0<t<(II/2)
fit)y=9-4 (II/2)<t<(3I1/2)
4 QII/2)<t<2I

Approximate the above function by A cos (t) between the intervals (0, 2IT) such that the
niean square error 1S minimuin.
b) Prove the following.

n

1. 8(n)=un)—un-1) ium) = > &(K)

k=x
a) Sketch the single sided and double sided spectra of the following signal

x(t) = 2 Sin (10ITt - I1/6)

b) Derive polar Fourier series from the exponential Fourier series representation and hence

prove that Dy =2 |Cal.



10.

a) Distinguish between Orthogonal vectors and Orthogonal functions.
b) Consider the complex valued exponential signal
x(t) = A ¢*7o!_ 3 > 0. Evaluate the real and imaginary components of x(t) for the
following cases.
i. areal.a=ai.
ii.  aimaginary. a =jo;
iii. acomplex.a=a; +jo
¢) Consider the rectangular pulse x(t) as shown in the below figure.

x(1)

A

>
-0.5 0.5 t
Repeat the above rectangular pulse in terms of weighted sum of two step functions.

a) Sketch the following signals.

1. II[(t-1)/2]+TII(t-1)

i, f()=3u)+ut)-(t-1Du(t-1)—5u(t-2)
b) Evaluate the following integrals.

1. O(t)sm 2[1t dt

5

l

[ e s(t-10)ar

a) Define and sketch the following signals.

1. Real exponential signals for C#0,a>0
1. Even continuous time signal

1. Unit doublet

iv.  Real part of damped complex exponential fora =10
b) Evaluate the following integrals.

i [ 8(t+3)" edt

i, T [5(r)cost+6 (t—1)sin t]dr

¢) Discuss the signal with a neat sketch.



1.  a)Prove that Sine(0) = 1 and plot Sine function.

b) Determine the Fourier series representation of that Signal x(t) = 3 Cos (ITt/2 + IT/4)
using the method of inspection.

Prove the following properties.

a) The FS symmetry properties for
i Real valued time signals
il Real and even time signals

b) Obtain the Fourier series representation of an impulse train given by

o0

x(t) = Z o(t—nT,)

N=—an
3. a) Explain about even and odd functions.
b) Obtain the trigonometric Fourier series for the periodic waveform as shown in the below

figure.

| B

N

4.  a) Prove that the normalized is given by p = Z |C, |* . where |Ca are complex Fourier

n=—x

coefficients for the periodic wave form.
b) Determine the Fourier series expansion for the signal x(t) shown in the below figure.

10

5. a) State the three important spectral properties of periodic power signals.
b) Assuming T = 2. determine the Fourier series expansion of the signal shown in the

below figure.

6.  a) Show that the magnitude spectrum of every periodic function is Symmetrical about the
vertical axis passing through the origin.
b) With regard to Fourier series representation. justify the following statements.
1. Odd functions have only Sine term.
1. Even functions have no sine terms.
i1.  Functions with half wave Symmetry have only odd harmonics.



7.

Show that the Fourier series for a real valued signal can be written as
x(t) = B(o)+ > B(n)cos(na,f)+A(n)sn (no,t)

n=l

Where B(n) and A(n) are real valued coefficients and express cn in terms of b(n) and A(n).

a) Write short notes on “Exponential Fourier Spectrum™.
b) Find the Fourier series expansion of the periodic triangular wave shown in the below
figure.

a) State the properties of Complex Fourier series.
b) Determine the Fourier series of the function shown in the below figure.

Az

|



a) Find the Fourier Transform of the signal shown in the below figure.

\1.(1:)

5] G

b oo

b) Find the Fourier Transform of the signal given below.
[cos10r  -2<t<2
y(t) = 1

0 otherwise

a) Obtain the Fourier transform of the following functions :
i. Impulse function 3(t)
1. DC Signal
i1, Unit step function
b) State and prove time differentiation property of Fourier Transform.
a) State and prove properties of correlation function.
b) If V(f) = AT sin 2T1 {T / 2T1 {T find the energy contained in V(t).
¢) Obtain the Fourier Transform of the following :
1. x(t) = A sin (2T1 fet) u(t)
i, x(t) = f(t) Cos (2I1 fct) + 0)
d) State and prove the following properties of Fourier Transform.
1. Multiplication in time domain
ii.  Convolution in time domain
a) Find Fourier Transform of the following time function.
x(t) = & [u(t+2) — u(t—3)]
b) State and prove frequency and time shifting properties of Fourier Transform.

a) Explain the concept of Fourier transform for periodic signals.
b) Find out the Fourier Transform of the periodic pulse train shown in the below figure.

) KO
A

e — s ———— - = —— _——

e e e — e ——— el

- ¢
o }\ - S

N3
>

el 1

a) State and prove time convolution and time differentiation properties of Fourier
transform.

b) Find and sketch the Inverse Fourier transform of the Waveform shown in the below
figure.
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a) Find the Fourier transform of the signal x(t) = -
2

b) Explain how Fourier transform can be derived from Fourier series.

Find the Fourier Transform of the following functions.
a) A single symmetrical Triangle Pulse.

b) A single symmetrical Gate Pulse.

¢) A single cosine wave at t = 0.

a) Distinguish between Fourier series and Fourier transform.

b) State the conditions for the existence of Fourier transform of signal.

¢) Find the Fourier transform of the signum function and plot it’s amplitude and phase
spectra.

a) Find and sketch the Inverse Fourier transform of the waveform shown in the below
figure.
A, § (W)



[ 3]

a) Explain how input and output signals are related to impulse response of a LTI system.

b) Let the system function of a LTI system be . What 1s the output of the system

jo+2
for an mnput (0.8)" u(t) ?
a) Explain the difference between the following systems.
1. Time invariant and time variant systems.
i1.  Causal and non-causal systems.
b) Consider a stable LTI system characterized by the differential equation :
2
EyO BO 5o dx0
dt dt dt
Find its impulse response and transfer function.
a) Explain the difference between the following systems.
1. Linear and Non-linear systems.
i1.  Causal and Non-causal systems.
b) Consider a stable LTI system characterized by the differential equation :

+2x(1)

DO 2 y)=x(r)

dt
Find its impulse response.

a) There are several possible ways of estimating an essential bandwidth of non-band
limited signal. For a low pass signal. for example. the essential bandwidth may be
chosen as a frequency where the amplitude spectrum of the signal decays to k percent
of its value. The choice of k depends on the nature of application. Choosingk =5
determine the essential bandwidth of g(t) = exp (-at) u(t).

b) Differentiate between signal bandwidth and system bandwidth.

a) Find the impulse response of the system shown in the below figure. Find the transfer
function. What would be its frequency response ? Sketch the response.

—{—

;In‘mt 5:- Outpuf

R

>~ ———

b) Explain the characteristics of an ideal LPF. Explain why it can’t be realized.

a) What is a LTI system ? Explain its properties. Derive an expression for the transfer
function of a LTI system.

b) Obtain the conditions for the distortion less transmission through a system. What do
you understand by the term signal bandwidth ?

a) Find the impulse response to the RL filter shown in the below figure.

AN~
k

(")

=
—

e
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4.

a) State and prove properties of auto correlation function ?

b) A filter has an impulse response h(t) as shown in figure 5b. The mput to the network is a
pulse of unit amplitude extending from t = 0 to t = 2. By graphical means determine the
output of the filter.

1 h(t)

Figure 5b

a) Find the energies of the signals shown in figures 1. 2.
b) Determine the power of the following signals.
g4 (1)

3 (1)

Figure 1 Figure 2

1. (10 + 2 sin 3t) Cos 10 1.

1. 10 Cos 5t cos 10t.

a) A signal y(t) given by y(t) = Co + > C, cos(nw,t+6,). Find the auto correlation and

n=l

PSD of w(t).

b) Find the mean square value (or power) of the output voltage y(t) of the system shown in
figure 2. If the input voltage PSD. Sz (o) = rect (@/2). Calculate the power (mean square
value) of mnput signal x(t).

_L[ .-,\ﬁ\‘r_ ' /r |

= Todek e A

Y(t)

Figure 2

a) A waveform m(t) has a Fourier transform M(f) whose magnitude is as shown in figure 2.

Find the normalized energy content of the waveform.
1

M(H)

A4

E N E £

Figure 2
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b) The signal V(t) = cos eot + 2sin 3 oot + 0.5 sin 4ot 1s filtered by an RC low pass filter
with a 3 dB frequency.
f. = 2fp. Find the output power S.

¢) State parseval’s theorem for energy X power signals.

a) The signal v(t) = cos oot + 2 sin 3ot + 0.5 sin 4ot 1s filtered by an RC low pass filter
with 3 dB frequency fc = 2{o.
i. Find G; (f)
ii. Find Go ()

b) Let G(f) denote the Fourier transform of real valued energy signal g(t). and Rg (1) its
autocorrelation function. show that

Jdr4 Lfmun#

a) State and prove properties of cross correlation function.

b) EV(f) = AT sin 2x fT / 2 £T find the energy contained in V(t).

-

T {dR (7)

dr

-0

a) Explain briefly detection of periodic signals in the presence of noise by correlation.
b) Explain briefly extraction of a signal from noise by filtering.

a) For the signal g(t) = 2a / (t*+a°). Determine the essential band width B Hz of g(t) such
that the energy contained in the spectral components of g(t) of frequencies below B Hz is
99% of signal energy Eg.

b) Show that the auto correlation function of g(t) = C cos (ot + 80) 1s given by
Ry(7) = (c%/2) cos ey . and the corresponding PSD is
Sg (0) = (¢*1/2) [5(c-0) + 8(c+0)].

a) Using frequency domain convolution, find X(f) for x(t) = A Sine? 2wt.

b) Show that correlation can be written in terms of convolution as

Lt1/T
RO = [x(0)*x(-0)]

¢) The input to an RC Low pass filter is x(t) = sinc® wt. Find output energy Ey.

Find the power of periodic signal g(t) shown in figure 5¢. Find also the powers of

(a) —2(t) b) 2g(t) c) g(t)

()

Figure Sc



11. a) Determine an expression for the correlation function of a square wave having the values
1 or 0 and a period T.

b) The energy of a non periodic wave form v(t) is E= [ vi(t)dt .

—x

1. Show that this can be written as E = I drv(t) J- v(f)e*Tdf .

- -

-]

i1. Show that by interchanging the order by integration we have E= | w(f)v*

-0
= )

@ df= [ [v(f)[ df .

—x
12.  a) Derive Parsavel’s theorem from the frequency convolution property.
b) Find the cross correlation between [u(t) + u(t - ©)] and ™ u(t).

13. a)Find the Z-transform X(n).
1. x[n]=(1/2)"u[n] + (1/3)" u[n]
i, x[n]=(1/3)"u[n] + (1/2)* u[-n-1]

b) Find inverse z transform of x(z) using long division method

x(2)=Q2+32)'/(1+zH (1+025z21-(z-2)/8)

14. The complex exponential representation of a signal f(t) over the interval (0, T)

=3

(3 2 \ Jamr
—+(nm) ‘ e
n=—a . /

(a) What 1s the numerical value of T

(b) One of the components of f{t) is A Cos 3nt. Determine the value of A.

(¢) Determine the minimum no. of terms which must be maintained in representation
of f(t) in order to include 99.9% of the energy m the mterval (0. T).
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a) Consider the signal x(t) = (%

J which to be sampled with a sampling frequency

\
\

of s = 150TI1 to obtain a signal g(t) with Fourier transform G(j). Determine the
maximum value of @p for which it is guaranteed that G(jo) = 75 x (jo) for || < oo
where X(jo) is the Fourier transform of x(t).

b) The signal x(t) = u(t + T¢) — u(t — Tp) can undergo impulse train sampling without
aliasing. provided that the sampling period T < 2Ty. Justify.

¢) The signal x(t) with Fourier transform X(jo) = u(® + ©0) —u(® - ©0) can undergo
impulse train sampling without aliasing. provided that the sampling period T < 7t/@o.
Justify.

a) With the help of graphical example explain sampling theorem for Band limited signals.
b) Explain briefly band pass sampling.

a) Explain briefly impulse sampling.

b) Define sampling theorem for time limited signal and find the nyquist rate for the
following signals.
1. rect300t
1. -10 sin 407t cos 300mt

a) Determine the Nyquist rate corresponding to each of the following signals.
1. x(t)=1+ cos 200 pt + sin 4000 =t
sin 40007 ¢

Tt

. x(t)=

b) The signal Y(t) is generated by convolving a band limited signal x1(t) with another band
limited signal x2(t) that is

y(1) = x1(t) * x2(t)

where

x1(jo) =0 for || > 1000I1

x2 (jo)=0for || >2000IT

Impulse train sampling is performed on y(t) to obtain

yp(t) = z y(nT)o(t—nT)

Specify the range of values for sampling period T which ensures that y(t) is recoverable
from yp(t).

Determine the Nyquist sampling rate and Nyquist sampling interval for the signals.
(a) sin ¢(100IT1t) (b) sin t (100ITt) (c) sin ¢ (100ITt) + sin ¢(50TTIt)
(d) sin ¢(100ITt) + 3 sin ¢ (60ITt)

a) Explain Flat top sampling.

b) A Band pass signal with a spectrum shown in figure 6b is ideally sampled. Sketch the
spectrum of the sampled signal when f; = 20. 30 and 40 Hz. Indicate if and how the
signal can be recovered.

Figure 6b



7.  a) A signal x(t) =2 cos 400 wtt + 6 cos 640 7 t is ideally sampled at fs = 500Hz. If the
sampled signal is passed through an ideal low pass filter with a cut off frequency of 400
Hz. what frequency components will appear in the output.

b) A rectangular pulse waveform shown in figure 6b is sampled once every Ts seconds and
reconstructed using an ideal LPF with a cutoff frequency of fs/2. Sketch the

1 1
reconstructed waveform for Ts = E secand Ts = E sec.

e T]

L

H__J W

| Ts

Figure 6b
8.  a) A periodic waveform is formed by eliminating the alternate cycle of a Sinusoidal
waveform as shown in figure 6a.
a
—

¥ i) I

o~ agis e

Q(t) ;fg L —

b

Figure 6a

1. Find the Fourier series (exponentially) by direct evaluation of the coefficients.

ii. If the waveform is shifted to the left by m seconds. the new waveform f(t + ) is
odd function of the time whose Fourier series contains only sine terms. Find the
Fourier series of f(t + ). From this series. write down the Fourier series for f(t).
9. a) Let x(t) be a signal with Nyquist rate ©q. Also let y(t) = x(t) p(t-1). where p(t) =
27z

o @,

Specify the constraints on the magnitude and phase of the frequency response of a filter
that gives x(t) as its output when y(t) 1s the mput.
b) Explain the Sampling theorem for Band Limited Signals with analytical proof.

10. a) Find the output voltage v(t) of the network shown in figure 6a when the voltage applied
to the terminals a b is given by f(t) = e¥* u(t) + ¥ u(-t)

10 1H
f f
==3F S10 v(t)

.

b %
Figure 6a
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a) Obtain the inverse laplace transform of F(s) = ———— by convolution integral.

s (s+2)
b) Using convolution theorem find inverse laplace transform of @;azf .
¢) Define laplace transform of signal f(t) and its region of converéenee.
a) When a function £(t) is said to be laplace transformable.
b) What do you mean by region of convergence.

¢) List the advantages of Laplace transform.

dl
P [6(0)].

d) If 3(t) is a unit impulse function find the laplace transform of

a) State and prove the properties of Laplace transforms.

b) Derive the relation between Laplace transform and Fourier transform of signal.

a) State the properties of the ROC of L.T.

b) Determine the function of time x(t) for each of the following laplace transforms and their
associated regions of convergence.

) (s“—l)] Re {S} > %
gy =R Re {S} >-1
(s+1)

a) Determine the Laplace transform and the associate region convergence for each of the
following functions of time.
1) x(t)=1 0=<t<1

= t 0=¢<1
1) x(t)=
) x0) 2—-t 1£¢<2
b) State and prove initial value theorem of L.T.
a) The system function of a causal LTI system is H(s) = % . Determine the
sT+2s+

response y(t) when the input is x(t) = e,
b) State and prove initial value and final value theorems.

Consider the following signals. find laplace transform and region of convergence for each

signal.
(a) et u(t) + >t u(t)

(b) e™* u(t) + &> sin St u(t)

(c) State properties of laplace transform.



10,

11.

| ]

Determine the function of time x(t) for each of the following Laplace transforms and their
associated regions of convergence.

(a) wl Re {S} >0
s°+9
S
b) ——— Re {S} <0
()S'+9 e {S}
(c) s, Re{S} <-1

¢) ————
S (s+D7+9

a) The two periodic functions fi(t) and £2(t) with zero de components have arbitrary
waveforms with periods T and +/27 respectively. Show that the component in fi(t) of
waveform >(t) 1s zero in the interval (-o <t < a).

b) Complex Sinusoidal signal x(t) has the following components.
Re{x(t)} =xr (t) = ACos (ot + 0)
Im {x(t)} =x1(t) = ASin (&t +8)
The amplitude of x(t) is given by the square root of x3(#)+x; (f). Show that this
amplitude equals A and is therefore independent of the phase angle 6.

175° +7s* +5+6

a) Find the initial values and final values of the function F(s) = — . ; 5 .
5 +35 +55 +4s5” +2s

b) Explain the Step and Impulse responses of Series R-C circuit using Laplace transforms,
a) Consider the signal x(t) = (sin 50 «t / nt)? which to be sampled with a sampling

frequency of @; = 150 n to obtain a signal g(t) with Fourier transform G(je). Determine

the maximum value of ¢ for which 1t 1s guaranteed that G(je) =75 « j(e) for |o

- 0.
where X(jo) 1s the Fourier transtorm of x(t).

b) The signal x(t) =u(t + Ty) —u(t — Tp) can undergo impulse train sampling without
aliasing. provided that the sampling period T < 2Ty. Justify.

a) A finite sequence x[n] 1s defined as x[n] = {5. 3. -2. 0, 4, -3} Find X[Z] and 1ts ROC.

[a" 0<n<N-lLa>0

b) Consider the sequence x[n] = 1 Find X[Z].
0

otherwise

¢) Find the Z-transform of x(n) = cos (nm) uln).

a) Find the inverse Z-transform of
273 572
X(Z)=22 SZ°+Z+3 7l <1
(Z-1)(Z-2)

b) Find the inverse Z-transform of X(Z) = % Z| =2

¢) Find the Z-transform of a® sin (neo) u(n).

a) State and Prove the properties of the z-transform.

b} Find the Z-transform of the following Sequence.
x[n] =a"u[n]



a) Find the Z-transform and ROC of the signal x[n] = [4. (5%) — 3 (4%)] u(n)

b) Find the Z-transform as well as ROC for the following sequences.

1) (—;—} u(—n) and 1) (%J [te(—n) —u(n—8)]

a) Using the Power Series expansion technique. find the inverse Z-transform of the
following X(Z) :

i s el
2Z°-3Z+1 2
. Z
n XZ)= ——— Z|>1
L XA opaga EP
b) Find the inverse Z-transform of
X(Z) = = Z|> 2

ZEZ-D@2Z-2°

a) Find the Z-transform of the following Sequences.
i x[n]=a™ u[-n-1]
1. x[n] =u[-n]
1. x[n]=-2a"u[-n-1]

b) Derive relationship between z and Laplace Transform.

Using the method indicated. determine the sequence that goes with each of the following Z
transforms :
a) Partial fractions :
X(2)= 1-2z71 . and x[n] is absolutely summable.
{ 5 a4 _2)
[prz= ="

b) Long division :

X(z) = 1-L-- . and x[n] is right sided.
; g
1+ 3 zZ
¢) Partial fractions :
X(z)= 3 . and x[n] is absolutely summable.
1 L [



8.

a) Determine and sketch the auto correlation function of the following exponential pulses
i flt)=eu(t)
. flt)y=e"

b) Determine the cross correlation function Ri2 (1) of the two signals gi(t) and g2(t) denoted
by
gi(t)=ACos(2ufit+6;). 0=<t<T

= 0 . elsewhere
2(t)=ACos(2ufrt+82). 0=<t=<T
= 0 . elsewhere

a) Which of the following signals or functions are periodic and if what is its fundamental
period.
i g(t) L e-jéOnt
1. g(t)=10 Sin (127t) + 4 Cos (18t)

b) Let two functions be defined by :
xi(t)= 1, Sin (20mt) = 0
-1. Sin (207t) <0
x(t)=t. Sin 2nt) =0
-t Sin (2nt) <0

Graph the product of these two functions vs time over the time interval -2 <t < 2.



MULTIPLE CHOICE QUESTIONS

1) Which mathematical notation specifies the condition of periodicity for a continuous
time signal?

a. X(t) = x(t +To)

b. x(n) = x(n+ N)

c. x(t) =e™

d. None of the above

ANSWER: (a) x(t) = x(t +To)

2) Which property of delta function indicates the equality between the area under the
product of function with shifted impulse and the value of function located at unit
impulse instant?

a. Replication

b. Sampling

c. Scaling

d. Product

ANSWER: (b) Sampling

3) Which among the below specified conditions/cases of discrete time in terms of real
constant ‘a’, represents the double-sided decaying exponential signal?

a.a>1

b.0<a<l1

c.a<-1

d.-1<a<0

ANSWER: (d) -1<a<0

4) Damped sinusoids are

a. sinusoid signals multiplied by growing exponentials

b. sinusoid signals divided by growing exponentials

c. sinusoid signals multiplied by decaying exponentials

d. sinusoid signals divided by decaying exponentials

ANSWER: (c) sinusoid signals multiplied by decaying exponentials

5) An amplitude of sinc function that passes through zero at multiple values of an
independent variable ‘x’

a. Decreases with an increase in the magnitude of an independent variable (x)

b. Increases with an increase in the magnitude of an independent variable (x)

c. Always remains constant irrespective of variation in magnitude of ‘x’

d. Cannot be defined

ANSWER: (a) Decreases with an increase in the magnitude of an independent variable

)

6) A system is said to be shift invariant only if

a. a shift in the input signal also results in the corresponding shift in the output

b. a shift in the input signal does not exhibit the corresponding shift in the output

c. a shifting level does not vary in an input as well as output

d. a shifting at input does not affect the output

ANSWER: (a) a shift in the input signal also results in the corresponding shift in the
output



7) Which condition determines the causality of the LTI system in terms of its impulse
response?

a. Only if the value of an impulse response is zero for all negative values of time

b. Only if the value of an impulse response is unity for all negative values of time

c. Only if the value of an impulse response is infinity for all negative values of time

d. Only if the value of an impulse response is negative for all negative values of time
ANSWER: (a) Only if the value of an impulse response is zero for all negative values of
time

8) Under which conditions does an initially relaxed system become unstable?
a. only if bounded input generates unbounded output

b. only if bounded input generates bounded output

c. only if unbounded input generates unbounded output

d. only if unbounded input generates bounded output

ANSWER: (a) only if bounded input generates unbounded output

9) Which among the following are the stable discrete time systems?
1. y(n) = x(4n)

2. y(n) = x(-n)

3.y(n) =ax(n) + 8

4. y(n) = cos x(n)

a1&3
b.2 &4

c.1,3&4

d.1,2,3&4

ANSWER: (d)1,2,3&4

10) An equalizer used to compensate the distortion in the communication system by
faithful recovery of an original signal is nothing but an illustration of

a. Static system

b. Dynamic system

c. Invertible system

d. None of the above

ANSWER: (c) Invertible system

11) Which block of the discrete time systems requires memory in order to store the
previous input?

a. Adder

b. Signal Multiplier

c. Unit Delay

d. Unit Advance

ANSWER: (c)Unit Delay

12) Which type/s of discrete-time system do/does not exhibit the necessity of any
feedback?

a. Recursive Systems

b. Non-recursive Systems

c.Botha&b

d. None of the above



ANSWER: (b) Non-recursive Systems

13) Which among the following belongs to the category of non-recursive systems?
a. Causal FIR Systems

b. Non-causal FIR Systems

c. Causal IIR Systems

d. Non-causal IIR Systems

ANSWER: (a) Causal FIR Systems

14) Recursive Systems are basically characterized by the dependency of its output on

a. Present input

b. Past input

c. Previous outputs

d. All of the above

ANSWER: (d) All of the above

15) What does the term y(-1) indicate especially in an equation that represents the
behaviour of the causal system?

a. initial condition of the system

b. negative initial condition of the system

c. negative feedback condition of the system

d. response of the system to its initial input

ANSWER: (a) initial condition of the system

16) Which type of system response to its input represents the zero value of its initial
condition?

a. Zero state response

b. Zero input response

c. Total response

d. Natural response

ANSWER: (a) Zero state response

17) Which is/are the essential condition/s to get satisfied for a recursive system to be
linear?

a. Zero state response should be linear

b. Principle of Superposition should be applicable to zero input response

c. Total Response of the system should be addition of zero state & zero input responses

d. All of the above

ANSWER: (d) All of the above

18) Which among the following operations is/are not involved /associated with the
computation process of linear convolution?

a. Folding Operation

b. Shifting Operation

c. Multiplication Operation

d. Integration Operation

ANSWER: (d) Integration Operation



19) A LTI system is said to be initially relaxed systemonly if _____
a. Zero input produces zero output

b. Zero input produces non-zero output

c. Zero input produces an output equal to unity

d. None of the above

ANSWER:(a) Zero input produces zero output

20) What are the number of samples present in an impulse response called as?
a. string

b. array

c. length

d. element

ANSWER: (c) length

21) Which are the only waves that correspond/ support the measurement of phase
angle in the line spectra?

a. Sine waves

b. Cosine waves

c. Triangular waves

d. Square waves

ANSWER: (b) Cosine waves

22) Double-sided phase & amplitude spectra

a. Possess an odd & even symmetry respectively

b. Possess an even & odd symmetry respectively

c. Both possess an odd symmetry

d. Both possess an even symmetry

ANSWER: (a) Possess an odd & even symmetry respectively

23) What does the first term “ao® in the below stated expression of a line spectrum
indicate?

X(t) =ap + a1 cos Wo t + a2 cOS2 Wot +....... +bysinwot+hasinwot+.....

a. DC component

b. Fundamental component

c. Second harmonic component

d. All of the above

ANSWER: (a) DC component

24) Which kind of frequency spectrum/spectra is/are obtained from the line spectrum
of a continuous signal on the basis of Polar Fourier Series Method?

a. Continuous in nature

b. Discrete in nature

c. Sampled in nature

d. All of the above

ANSWER: (b) Discrete in nature

25) Which type/s of Fourier Series allow/s to represent the negative frequencies by
plotting the double-sided spectrum for the analysis of periodic signals?

a. Trigonometric Fourier Series

b. Polar Fourier Series



c. Exponential Fourier Series
d. All of the above
ANSWER: (c) Exponential Fourier Series

26) What does the signalling rate in the digital communication system imply?
a. Number of digital pulses transmitted per second

b. Number of digital pulses transmitted per minute

c. Number of digital pulses received per second

d. Number of digital pulses received per minute

ANSWER: (a)Number of digital pulses transmitted per second

27) As the signalling rate increases,

a. Width of each pulse increases

b. Width of each pulse decreases

c. Width of each pulse remains unaffected

d. None of the above

ANSWER: (b)Width of each pulse decreases

28) Which phenomenon occurs due to an increase in the channel bandwidth during the
transmission of narrow pulses in order to avoid any intervention of signal distortion?

a. Compression in time domain

b. Expansion in time domain

c. Compression in frequency domain

d. Expansion in frequency domain

ANSWER: (d)Expansion in frequency domain

29) Why are the negative & positive phase shifts introduced for positive & negative
frequencies respectively in amplitude and phase spectra?

a. To change the symmetry of the phase spectrum

b. To maintain the symmetry of the phase spectrum

c.Botha&hb

d. None of the above

ANSWER: (b) To maintain the symmetry of the phase spectrum

30) Duality Theorem / Property of Fourier Transform states that

a. Shape of signal in time domain & shape of spectrum can be interchangeable

b. Shape of signal in frequency domain & shape of spectrum can be interchangeable
c. Shape of signal in time domain & shape of spectrum can never be interchangeable
d. Shape of signal in time domain & shape of spectrum can never be interchangeable
ANSWER: (a) Shape of signal in time domain & shape of spectrum can be
interchangeable

31) Which property of fourier transform gives rise to an additional phase shift of -2&
ftq for the generated time delay in the communication system without affecting an
amplitude spectrum?

a. Time Scaling

b. Linearity

c. Time Shifting

d. Duality

ANSWER: (c) Time Shifting



32) Which among the below assertions is precise in accordance to the effect of time
scaling?

A : Inverse relationship exists between the time and frequency domain representation of
signal

B : A signal must be necessarily limited in time as well as frequency domains

a. Ais true & B is false

b. Ais false & B is true

c. Both A & B are true

d. Both A & B are false

ANSWER: (a)Ais true & B is false

33) Which is/are the mandatory condition/s to get satisfied by the transfer function for
the purpose of distortionless transmission?

a. Amplitude Response should be constant for all frequencies

b. Phase should be linear with frequency passing through zero

c.Botha&b

d. None of the above

ANSWER: (c)Botha &b

34) A Laplace Transform exists when
A. The function is piece-wise continuous
B. The function is of exponential order
C. The function is piecewise discrete

D. The function is of differential order

a. A&B
b.C&D
C.A&D
d.B&C
ANSWER: (a) A & B

35) Where is the ROC defined or specified for the signals containing causal as well as
anti-causal terms?

a. Greater than the largest pole

b. Less than the smallest pole

c. Between two poles

d. Cannot be defined

ANSWER: (c) Between two poles

36) What should be the value of laplace transform for the time-domain signal equation
e cos mt.u(t)?

a.l/s+awithROCo>-a

b.o/(s+a)?+wo’wWithROCc>-a

c.s+al/(s+a)’+o’>withROCs>-a

d. Ao/ s? + > withROC 6 > 0

ANSWER: (c)s+a/ (s +a)’ + o> withROC 6 >—-a

37) According to the time-shifting property of Laplace Transform, shifting the signal
in time domain corresponds to the
a. Multiplication by e in the time domain



b. Multiplication by e in the frequency domain

c. Multiplication by e in the time domain

d. Multiplication by e* in the frequency domain

ANSWER: (b) Multiplication by e* in the frequency domain

38) Which result is generated/ obtained by the addition of a step to a ramp function?
a. Step Function shifted by an amount equal to ramp

b. Ramp Function shifted by an amount equal to step

c. Ramp function of zero slope

d. Step function of zero slope

ANSWER: (b) Ramp Function shifted by an amount equal to step



39) Unilateral Laplace Transform is applicable for the determination of linear
constant coefficient differential equations with

a. Zero initial condition

b. Non-zero initial condition

c. Zero final condition

d. Non-zero final condition

ANSWER: (b) Non-zero initial condition

40) What should be location of poles corresponding to ROC for bilateral Inverse
Laplace Transform especially for determining the nature of time domain signal?
a. On L.H.S of ROC

b. On R.H.S of ROC

c. On both sides of ROC

d. None of the above

ANSWER: (c) On both sides of ROC

41) Generally, the convolution process associated with the Laplace Transform in time
domain results into

a. Simple multiplication in complex frequency domain

b. Simple division in complex frequency domain

c. Simple multiplication in complex time domain

d. Simple division in complex time domain

ANSWER: (a) Simple multiplication in complex frequency domain

42) An impulse response of the system at initially rest condition is basically a response
to its input & hence also regarded as,

a. Black’s function

b. Red’s function

c. Green’s function

d. None of the above

ANSWER: (c) Green’s function

43) When is the system said to be causal as well as stable in accordance to pole/zero of
ROC specified by system transfer function?

a. Only if all the poles of system transfer function lie in left-half of S-plane

b. Only if all the poles of system transfer function lie in right-half of S-plane

c. Only if all the poles of system transfer function lie at the centre of S-plane

d. None of the above

ANSWER: (a) Only if all the poles of system transfer function lie in left-half of S-plane

44) Correlogram is a graph of

a. Amplitude of one signal plotted against the amplitude of another signal

b. Frequency of one signal plotted against the frequency of another signal

c. Amplitude of one signal plotted against the frequency of another signal

d. Frequency of one signal plotted against the time period of another signal

ANSWER: (a) Amplitude of one signal plotted against the amplitude of another signal
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