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"MATHEMATICS-III

Objectives: To learn

1. The expansion of a given function by Fourier series.

2. The Fourier sine and cosine transforms, properties, inverse transforms, and finite Fourier
transforms.
3. Differentiation, integration of complex valued functions and evaluation of integrals using

Cauchy’s integral formula.

4. Taylor’s series, Laurent’s series expansions of complex functions and evaluation of
integrals using residue theorem.

5. Transform a given function from z - plane to w — plane. Identify the transformations like
translation, magnification, rotation, reflection, inversion, and Properties of bilinear

transformations.

UNIT = I: Fourier series

Definition of periodic function, Fourier expansion of periodic functions in a given interval of
length 27, Fourier series of even and odd functions, Half-range Fourier sine and cosine
expansions, Fourier series in an arbitrary interval.

UNIT — Il: Fourier Transforms

Fourier integral theorem - Fourier sine and cosine integrals. Fourier transforms — Fourier sine
and cosine transforms, properties. Inverse transforms and Finite Fourier transforms.

UNIT — I11: Analytic functions

Complex functions and its representation on Argand plane, Concepts of limit, continuity,
differentiability, Analyticity, and Cauchy-Riemann conditions, Harmonic functions — Milne —
Thompson method. Line integral — Evaluation along a path and by indefinite integration —
Cauchy’s integral theorem (singly and multiply connected regions) — Cauchy’s integral formula
— Generalized integral formula.

UNIT — IV: Singularities and Residues
Radius of convergence, expansion of given function in Taylor’s series and Laurent series.
Singular point —Isolated singular point, pole of order m and essential singularity. Residues —

Evaluation of residue by formula and by Laurent series. Residue theorem- Evaluation of
improper integrals of the type

o T oy
/ flax)dr / fleos®, sin® )de
@) /- (b) /e
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UNIT - V: Conformal Mappings

Conformal mapping: Transformation of z-plane to w-plane by a function, conformal
transformation. Standard transformations- Translation; Magnification and rotation; inversion and
reflection, Transformations like e, log z, z, and Bilinear transformation. Properties of Bilinear
transformation, determination of bilinear transformation when mappings of 3 points are given
(cross ratio).

TEXT BOOKS:

i) Higher Engineering Mathematics by B.S. Grewal, Khanna Publishers.
if) Higher Engineering Mathematics by B.V Ramana , Tata McGraw Hill.
iii)Advanced Engineering Mathematics by Kreyszig, John Wiley & Sons.

REFERENCES:

i) Complex Variables and Applications by James W Brown and Ruel Vance Churchill-Mc Graw
Hill

ii)Mathematics-111 by T K V lyenger ,Dr B Krishna Gandhi, S Ranganatham and Dr MVSSN
Prasad, S chand Publications.

iii) Advanced Engineering Mathematics by Michael Greenberg —Pearson publishers.

Course Outcomes:  After going through this course the students will be able to

1. Find the expansion of a given function by Fourier series in the given interval.
2. Find Fourier sine, cosine transforms and inverse transformations.
3. Analyze the complex functions with reference to their analyticity and integration using

Cauchy’s integral theorem.

4. Find the Taylor’s and Laurent series expansion of complex functions. Solution of
improper integrals can be obtained by Cauchy’s-Residue theorem.

5. Understand the conformal transformations of complex functions can be dealt with ease.




MATHEMATICS-11I FOURIER SERIES

UNIT -1
FOURIER SERIES

Fourier series
Suppose that a given function f (x) defined in [z, 7] (or) [0,27] (or) in any other
interval can be expressed as

a =z )

f(x)==2+) (a,cosnx+h,sinnx)
2 n=1

The above series is known as the Fourier series for f(x) and the constants

8,,a,,0, (n =123-———- ) are called Fourier coefficients of f(x)

Periodic Function:-
A function f(x) is said to be periodic with period T >0 if for all x, f(x +T) =

f(x),and T is the least of such values
Example:- (1) sinx =sin(x+27)=sin(x+4r)=————- the function sin x is periodic with

period 27 There is no positive value T, 0<T <27z such that sin(x+T)=sinxv x
(2) The period of tanx is

(3) The period of sinnnx is 27” i.e sinnx = sinn (27” + x)
Euler’s Formulae:-
The Fourier series for the function f (x) in the interval C < x < C + 2 is given by

f (x)=%+§;(an cos nx +b, sin nx)

c+2m
Where a, = %fc * " f(x)dx
a, = %fcﬁznf(x) cos nx.dx and
b, = %fcﬁznf(x) sinnx. dx
These values of a,,a,,b, are known as Euler’s formulae

Corollary:- If f(x) is to be expanded as a Fourier series in the interval 0<x <27, put C = 0
then the formulae (1) reduces to

1 2z 1 2z

a0=;j0 f (x)dx a, =;jo f (x)cosnx.dx
1 (2~ .

b, = ;IO f (x)sin nx.dx

Corollary 2:- If f(x) is to expanded as a Fourier series in [—n,n] put c=—r, the interval
becomes —z < x <z and the formulae (1) reduces to
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MATHEMATICS-III FOURIER SERIES
aozij.” f (x)dx a =£J.” f (x)cosnx.dx
T n Y
1~ .
b=—| f .d
X ﬂJ‘_ﬁ (x)sin nx.dx

Functions Having Points of Discontinuity :-
In Euler’s formulae for ay,a,,b, it was assumed that f (x) is continuous. Instead a

function may have a finite number of discontinuities. Even then such a function is expressible as
a Fourier series

Let f(x) be defined by

flx)=¢px),c <x<xg
=¢p(x),xg<x<c+2m
Where x, is the point of discontinuity in (c,c+27) in such cases also we obtain the Fourier

series for f (x) in the usual way. The values of a,,a,,b, are given by
17 % c+27
=— X)dx + X dx}
2= [ (3o [ 94

1 X c+27m
a, :;[L ¢(x)cosnx.dx+L0 ¢(x)cosnx.dx}

1T % _ c+27 .
b, n[-[c ¢(x)sin nx.dx+.|‘Xo ¢(x)sin nx.dx}
Note :-
0form=+n
Q) f_nn cosmxcosnx.dx =4 m,form=n>0

2n, form=n>0
0Ofor m=n=0

. A . .
(i) [ sinmxsinnx.dx = {T[,fOT‘ mtn >0

Problems:-
Fourier Series in [—m, 1]
1. Express f (x)=x as Fourier series in the interval —r<x<rx

Sol : Let the function x be represented as a Fourier series

f(x)= x=%+ian cosnx+ibnsin nx — (1)

n=1 n=1

TT TT
1 1
9 = f f(x)dx = - f f(x)dx =0 (* x is odd function)
—TC —TC
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MATHEMATICS-11I FOURIER SERIES

T

1
a = ff(x) cos nx. dx

—Tt
= 0 (xcosnx is odd function and cosnx is even function)
g

s TT
1 1 1
b, = — jf(x) sinnx.dx = — f(x) sinnx.dx = = —[ f X sinnx.dx]
T T i
—Tt —T

—T

T
1
=— [2 f X sin nx. dx] [+ xsin nx is even function]
i1
—TT

ZBE) - (] -2 o)

i n n2
( sinnm = 0,sin 0 = 0)
2 —2 n 2 n+l
=——cosnr=—(-1) =—=(-1) "Vvn=123...
2 cosnz = 2 (1) = 2()

Substituting the values of 3,,a b in (1), We get

c 2
X—T=—T+ Z:(—l)r1+1 Hsin nx
n=1

1 1 1
=-m+2 sinxzsin 2X + gsin 3X —Zsin4x + o
2. Express f (X) = X—7 as Fourier series in the interval -z <x<7r

Sol:
Let the function x— be represented by the Fourier series

f (x)zx_ﬂ=%+ian cosnx+ibn sinnx — (1)  Then
n=1 n=1

a0=l T[f(x)dx=l 1Tf(x—ﬁ)dx =1 1Txdx=11 dx

—Tt
T
1
=7 [0 — T 2 f dx] (*+ x is odd function)
0

~liameom = —2(n—-0) = —2n

A

TC TC
1 1
and a, = - f f(x) cosnx.dx = - f(x — ) cos nx. dx
- -T

T

f COS NX. dx] - l[o - 2;zj”cos nx.dx}
T 0

—TC

1 T
=—[fxcosnx.dx—ﬂ
X
-T

(xcosnx is odd function and cosnx is even function)
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MATHEMATICS-11I FOURIER SERIES

TC
sinnx\™
sap=-—2] cosnx.dx = -2
n Jo
0

- -2
= T(sin nT — sin0) = T(O —0)=0forn=1,23.........
T

T s TT
1 1 1
bn=E jf(x)sinnx.dx=E f(x—n)sinnx.dx=;[fx sinnx.dx — 1 fsinnx.dx]
-T -7

—-T

—-T
T

1
== [2 f X sinnx.dx — 11(0)] [ x sin nx is even function]
—T

e R

= . )= (0+0)] (v sinnm = 0)
=_—Zcosn7z=_—2(—1)n 2

~£(=1)"vn=123
T n n( )

Substituting the values of a,,a,,b, in (1), We get

c 2
axX—Tm=-—1+ Z(—l)"“;sinnx

n=1

1 1 1
=—-mT+2 [sinxisin 2x + gsin 3x —Zsin 4x + ... ]

3. Find the Fourier series to represent the function€ ~ from —z<x<r.

Deduce from this that—"— — 2[ 21 - 21 + 21 ————— } Sol. Let the function ¢
sinh 7 2°+1 3 +1 4°+1
be represented by the Fourier series
e ™ = E+Zan cosnx+ » b, sinnx — (1)
2 n=1 n=1
Ler oo 1fe™) -1, e e
aO:_J' e ¥ = 2| S :_(e a;z_eazr):
A T\-a)  ar ar
Then

8 |- |1 sinhar
2 2  |lar  ar

1 T _ay 1[ e 2 . T
v ap == e ™ cosnx.dx = =|5— (—acosnx + nsinnx)
mo-T T La“+n —1t

[ [ e cosbx.dx = % (acosbx + bsin bx)]

1 e—aT[ e aTt
“a =—{ —acosnm+0) ——— —acosm‘t+0}
n B1s a2+n2( ) az+n2( )

_ a at —at __2acosnT sinham
= @ (e?™ — e @) cosnm =

m(a?+n?)
= —(_2(22:;2;1 T (+ cosnm = (—1)")
Finallyb, = i ffﬂ e~ 2% sin nx. dx
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MATHEMATICS-11I FOURIER SERIES

[ [ e sinbx.dx = (a sin bx — b cos bx)]

2 bZ
1] ™
== (—asinnx- ncosnx)
a'a 2
= [a2+ > (_5 - COS nn)]
__ncosnn(e?™—e"3") (- 1)“2n smh an
n(a2+n?) - n(a2+n2)

Substituting the values of % ,a, and by in (1) we get

_ sinh am o [(-1)"2a sinham n sinh am
e an — - — — [— cosnx + —-1)"2n sin nx
am n=1 m(a2+n2) =D m(a%+n2)
__ 2sinham {(i acosx . acos2x  acos3x ) ( sinx 2 sin 2x 3sin 3x )} (2)
- a 2a  12+aZ 22422 32432 12422 22422 32432 7
Deduction: —

Putting x=0 and a=1 in (2), we get

ZSInhﬂ 1 1 1 1 1 T 1 1 1
PR 2 TP e et T
n 222+13+14+1 sinhz \2°+1 3 +1 4°+1

4.Find the Fourier Series of f(x) = X+ X%, — 71 <Xx< T
and hence deduce the series

1 1 1
1)?4';4'3—24-————:

Sol: Letx + x2 = Z—U + Xty 0, cosnx + Yo=1 by sinnx > (1)
To findao = 1 jﬂ (x+x3)dx =1 ("_2 _|_"_3)_H =2,z
-7 2

Oo\2 3 i

i 1 5
To find an = p | (x+x*)cosnx dx

- :llr—‘

(Gt x2) S0 (1 4 22 (Z002m) 4 g (=Sam)] H
]

= - (x+x2]mTM— (1 +2x) (2222 + 2 (=22

Tt [(1 + 2x)(cosnx)] _H
— L [(1+ 2m)(cosnm) — (1 2m)(cos )]

1 4 n
= — (41 cosnm) = — ~

To find bn = —f (x-l—x )sinnx dx

DEPARTMENT OF HUMANITIES & SCIENCES [ ©MRCET (EAMCET CODE: MLRD) B




MATHEMATICS-11I FOURIER SERIES

- & (o a0 o)
oy (g g(=) -2 gy

Substituting in (1), the required Fourier series is,

T 2x 3x ] . 2x o 3x
X+ x? = — - 4(Cosx- Cos —+ Cos —+..) + 2(Sinx- sz + Sin— + )

3 4 9 9
5. Find the Fourier series of the periodic function defined as f(x)=
-, t<x<0 2
’ 1 1
[ x 0<x<n ]Hencededucethat < 3_2+5_2 _____:%
Sol. Let f(x)=%+2ancosnx+2bnsinnx—>(1) then

n=1 n=1

| e B o e

l T 1 0 T
“1[ 1 d :—[ - d d }
a ﬂj_” (x)cos nx.dx . J._”( 7)COS NX x+'f0 X C0S NX.dx

1 sinnx )° sinnx cosnx)” 1 1 1
=—|-x +| X +— O0+—cosnz——
T n ). n n 0 T n zn

= # (cosnm — 1) = # [(—1)21]

_ —2 _ -2
4= 12.71 0, 32’ 521

T

ff(x)smnx dx = — lf( ) sin nx. dx+fxsmnx dx

0

1 (cos nx cos nx sin nx)
o n _,T n n? J,
1 T

=— [— (1 — cosnm) — —cosnn] = —(1 — 2c0Snm)
ln n n

b =3,b, =_71,b3=1,b4 =_I1 and so on

Substituting the values of a,,a, and b, in (1), we get

f(x) =———(COS +cos3x+c055x+ ___) (3 Sinx_sir123x+3si;13x+ sir£1}4x+”.)m(2)
Deduction:-
T 2 1 1
Putting x=0 in (2), we obtain £(0) ___Z(1+3_2+5_2+ ....)—....(3)
Now f( ) is discontinuous at x=0

f(0-0)=-zand f(0+0)=0
f(O):%[f (0-0)+ f (0+o)]:1

T

r_m_Z )iy N
Now (3) becomes—= = — (1+ +5 = 4 )—>12+32+ [52+ ==
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MATHEMATICS-11I FOURIER SERIES

6. Find the Fourier series of the periodic function defined as f(x) = | =~ ™ <x<0

m0<x<m
Sol. Let f(x):%+Z;ancosnx+2bnsinnx—>(l) h
n= n= then
1 4 1 o 4
a, = ;J.” f(x)dx = ;U”(—n)dxﬂ'o ndx}

- i[—ﬂ'(X)_oﬂ +7z(x)”0}: %[—7[2 +7z2] g %[O] =0

1 7 1 (o] V4
a = ;J‘_” f (x)cosnx.dx = ;|:J‘_”(—7Z')COS nx.dx+.|‘O 7 COS nx.dx}

1{ (sinnx)o (sinnx)”}
=—| -7 + 7
s n ). n J,

= l(o) (Qsin0=0,sinnz =0)
T

T 0 T
1 1
b, = p- ff(x) sinnx.dx = p- J(—n) sinnx. dx + j 7 sin nx. dx
- -1 0
1 cosnxy\0 COSNX\T
_E[T[( n )_7-,;+(_T[ n )0]

1 s

== [— (1 — cosnm) — —(cosnm — cosO)]

mln n

0 whennis even

1 1
[ — — = — — —_— n = 4
n (2 — 205 n @=2(-1" {E whenn is odd
Substituting the values of a,,a and b, in (1), we getf (x) = %0=1%Sin(nx) where n is odd

fx)=4 (sinx + %sin(3x) + %sin(Sx) +— —)

Fourier Series for f(x) in [0, 2]

1.0btain the Fourier series for the function f(x) = e* fromx = [0,27]

Sol: Let €* = E;—‘j + ¥* . a,cosnx + Y= b, sinnx = (1)

1 1 2o 1
Then ao = - f;ﬂ f(x)dx = f; e* dx = p- (eM§" = - (1 — 1)

andan—ljﬂj() d —lzﬂx d
==l f(x) cosnx dx = T[jﬂ' e* cosnx dx
_ l i 2?1: g2 _ 4
T [ = (cosnx+nsinnx}] m(1+n?)
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MATHEMATICS-11I FOURIER SERIES

_ 1 oom
=— [T e* sinnx dx
T -0

1
= f;ﬂ f(x) sinnx dx

Finally bn =
_loa A G
- [ o (smnx—ncosnx}] . 2(1+n2)
Hence€* = &7+ 4 ¥'= F—_lmsnx + 3= EmET D G nx
- =1 r(14n2) =1 r(14n2)
_ &7 _y [E w cosnx oo Dsin nx
n=1 gin2

2zr Lz =1 g in2
This is the required Fourier series.

2.0btain the Fourier series to represent the function
f(x) = kx(m—x)in0 < x < 2nWhere k is a constant.

Sol: — Given f(x) = kx(m —x) in0 < x < 2w fourier series of the function f(x)

a
f(x) = kx(m— x)70 + Z a, cos nx + Z b,, sinnx
n=1 n=1

2
T— — —

f(x)dx=% kx(n—x)dx=;[ > 3

0 0
2T

1 (%" 1
= — f(x) cosnx dx = p- kx(m — x) cosnx dx
0 0

2T
2n x2 x3] 2m2k
0

ayg =—
L

sinnx (= 2x) (_ cos nx) +(=2) (_ siZ;lx)]Zn

nZ
—k[{0+_3” 2 +0} {0+n+0}]—k(_4n)— o
= 7 cosZnm 2 =7z )=~z (n )

1 21 1 21
b, = —f f(x) sinnx dx = —f kx(m — x)sin nx dx
TJo TJo

= g[(nx —x?)

2T

= g[(rrx — x2) (— coinx) — (r — 2x) (— Sizznx> + (-2) (CO:L;Lx)]

02} pro- -2

0

|| n 3 n3
put the values of ay, a,, b, in (1) we get

o0

__ Tk 4kzw ! + 2k Zl'
f(x) = by cos nx m ) sinnx

3
n=1

3..Find the fourier series expansion of the
in the interval 0 < x < 2=

. m — X)?

function f(x) = —
Sol:

— )2

Given f(x) = %O <x < 2T

©OMRCET (EAMCET CODE: MLRD) B
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MATHEMATICS-11I FOURIER SERIES

fourier series of the function f(x) is given by

f(x) = (e~ X)z + z a, cos nx + z b, sinnx — — — — — — — — (D

ao=%joﬁf(x)dx=%foﬂ(“;—x)zdx=i (n—x)3l =%2——(2)

1 21 1 2m (T[ _ X)Z
a, = Ef f(x) cosnx dx = Ef cosnx dx
0 0

4
Ll-T[ [(ﬁ —X

sin nx

— — (2t -} (-

4mtln? n?

COS nx sin nx am 1 M12n 2w
(TP -l
n

-3

1 (2" 1
bn=—j f(x) sinnxdx=—j
TJo TJo

2m 2
m™T—X
( ) sin nx dx

[ (222 - oo () 2]

n3

put the values of ay, a,, b, in (1) we get

(m—x)% cosnx 112 COSX CO0S2X C0S3X
i) = 12 Z 12 oo

4 2+12+22+32

4. Expand f(x) = {0; n0<<xx<<2n as a Fourier Series.

Sol:- The Fourier series for the function in (0,22m) is given by
fx) == + Z a, cosnx + Z b, sinnx ... ..... (1)

aozifoznf(x)dx— [f 1dx +f de]——(x)1T
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MATHEMATICS-11I FOURIER SERIES

1 2z l i 2
a = ;IO f (x)cosnx.dx = _UO (1)cosnx.dx+ L (0) cos nx.dx}

T
zl(smnxj o
z\ n ),

- i(o) (-sin0=0,sinnz =0)
T

2

21 s
1 1
b, = ;f f(x)sinnx.dx = p- j(l) sinnx.dx + J 0.sinnx.dx
0 0 T

1 . 1/- s 1 )
= [fon(l) sinnx. dx| = - (y)oz—ﬁ (cosnm —cos0) = — — [(=D)" — 1]
0 whennis even
oo bn = {

2
— whennis odd
nm

put the values of ay, ap, by, in (1) we get

1. 2 @oo 1, 1,2 . 1. 1.
= -+ — - = -T— - =
f(x) St — Xn=135 —sinnx = -+ —(sinx + ;sin3x +-sinSx+..)

2
5. Obtain Fourier series expansion of f (X) =(7T—X) in 0<x <27z and deduce the value of

1,11 7
12 22 3 6
Sol:-

Givenf(x) = (mM—x)?0<x < 2m
fourier series of the function f(x) is given by

=
fx) = (m—x)? = —23 + Z a, cos nx + Z b, sinnx — — — — — — — — (1)
n=1 n=1

1 21T 1 2T
ay = Ef f(x)dx = Ef (Tt — x)?dx
0 0
2

1 (%" 21
Ef [n2+x2—2ﬂx]dx=T——(2)
0

1 2T 1 2T
a, =— f(x) cosnx dx = — (1t — x)%cosnx dx
TJo TJo

o oo o 2 22
4
=20

1 2T 1 2T
b, = —f f(x) sinnx dx = —f (mt — x)?sin nx dx
TJo TJo
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MATHEMATICS-11I FOURIER SERIES

- (525 - o (22 2 (2|

0

1 2 o 2\] b =
—El<—?+ﬁ>_<_x+ﬁ>l—oy n_O ______ (4)

put the values of ay, a,, by, in (1) we get

[oe)
2 cosnx Tm? 4cosx 4cos2x 4cos3x

T
o) = (m-x)? =44y D= TR R T

n=1

Deduction:-
Putting X =0 in the above equation we get

f(0) = (n — 0)* = —

n2 3 12 22 32

72 cosnx w? 4cosO0 4cosO 4cos0
. +4Z E + + +

o M 4 4 4
n=—+4+St+tZ+t+t ——-
3 1 2 3

2 _ T [l 1.1 ___]
T 3 412+22+32+
2
PV -
1 2 3 6

Even and Odd Functions:-
A function f (x) is said to be even if f(—x)=f(x) and odd if f(—x)=—f(x)
Example:-  x* x*+x*+1,e*+e* are even functions
x3, x,sin x,cosecx are odd functions

Notel:-
1. Product of two even (or) two odd functions will be an even function
2. Product of an even function and an odd function will be an odd function

Note 2:- f f (x)dx=0 when f (x) is an odd function

= ZJ‘: f (x)dx when f (x) is even function

Fourier series for even and odd functions

We know that a function f (x) defined in (—z, ) can be represented by the

Fourier series

f(x)=%+2an cosnx+2bnsin nx
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MATHEMATICS-11I FOURIER SERIES

Where a, =l'[” f (x)dx

T
= —j cos nx.dx
and = —f sm nx.dx
Case (i):- when f ( ) is an even function

:_j dx——'[

Since cosnx is an even function, f(x )cos nx is also an even function
1 pmT
Hence a, = ;f_nf(x) cosnx.dx
2
= ;f:f(x) cosnx.dx
Since sinnx is an odd function, f (x)sinnx isan odd function

=—I smnxdx 0

. Ifafunction f (x ) is even in(—z, ), its Fourier series expansion contains only
cosine terms

o f (x)=%+ian oS NX

=1

Where a, ——j cosnxdxn 01,2,-————-—

Case 2:- when f (x ) is an odd function in (—z, )
aO_—j x)dx=0 Since f(x) is odd
Since cosnx is an even function, f(x)cosnx is an odd function and hence
:—j )cosnx.dx =0

Since sinnx is an odd function; f (x)sinnx is an even function
b, = %ffnf(x) sin nx. dx
= %f_nnf(x) sinnx. dx
Thus, if a function f (x) defined in (—z, ) is odd, its Fourier expansion contains only
sine terms
o f(x) =XF_, b, sinnx Where b, = —J Sln nx.dx

Even and Odd Functions:-
Problems:-
1. Expand the function f (x)=x* as a Fourier series in[—m, r], hence deduce that
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=~ f(x) is an even function
Hence in its Fourier series expansion, the sine terms are absent

x2=%n§ A, COSNX ... ... —(1)

_ 2 (Mg = () =2 S
Whereao—nfoxdx—n(g)o— T e (2)

T

T

2 2
an =;ff(x)cosnx.dx =;jx2 cosnx.dx

0 0

2[ , (sinnx —cos nx —sinnx\1"
=1 )-Zx( )+ 2(5 )|
T n n 0

n3
=E[O+2 cosnn_l_zo] 4cosnrc=
013 n2

Substituting the values of a, and a, from (2) and (3) in (1) we get

© 2 w (_ n+l
2:%+Zi2 " cosnx = — (12

a1
:”_2_4 CO;ZX CO;SX co::lx+___j_)(4)
M Putting x—o in (4), we get
SR K A

2. Find the Fourier series to represent the function f (x)=|sinx|,-z<x<x

Sol: Since [sinx| is an even function, h,=0 for all n

Let f(x):|sinx|=%+iamcosnx—>(1)
Where a, = %ffnlsin x|ldx = %f: sinx dx = %(— cos x)¥
-2 4
- (c1-p==
T T
and @, == [

2 o,
—J_ . f(x) cosnx.dx = = [ " sin x. cos nx dx
V3

= lf[sin(l + n)x + sin(1 —n)x] dx
s

1 cos(1+ n)x coos(l—n)x”
afpetens suoay,

1 Icos(l +n)r  cos(1—n)m 1 1 1"

T 1+n 1—n _1+n_1—n0(n¢1)
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n+l n+l
I ! :—_1{(_1)“{ 1,1 }_{ 1,1 H
/4 1+n 1-n /4 1+n 1-n 1+n 1-n

— 1 +1 S +1 _
[( 1)” 1- nz 1-— n] 71'(1’12 1) [( 1)” ]
(21)[1+( D" (n#1)

ifnisoddandn # 1
- ay ={

—— if niseven
n(n2-1) f

2 o 1 ,m .
Forn=1a, == sinx.consxdx =-[ sin2xdx

p— n p—
=1(M) =—1(c052n—1)=0
0

T 2

Substituting the values of 4, a, and a, in (1) We get [sinx|= —+ z

P

€osnx

_2 4 D cc:snng_i cos22nx (Replace n by 2n)
T T N=-1 7 7mi74n" -1
Hence sin X|:g_i(c052x+cos4x+____j
T 3 15

3. Show that for — 7 < x < 7, sinax =

Zsinan{ sin x _25in2x+35in3x_ }
r |12-a® 22-a® 3F-a®
(ais not an integer)

Sol: - As sin ax is an Odd function. It’s Fourier series expansion will consist of sine terms only
c.sinax = Y b, sinnx
=l e (1)

b, = EJ' f(x)sinnx dx = E'[sinax.sin nx dx = gJ.[cos(a—n)x— cos(a+ n) x]dx
Where g 4 4

[ 2sin Asin B = cos(A—B) —cos(A+ B)]

b1 sin(a—n)x sin(a+n)x [*
" x| a-n a+n |
_1fsinazcosnz—coszsinnz sinaz cosnz+cosaxsinnz
7l a—n a+n
1[sinaz.cosn inaz.cosn .
b, =+ sinaz.cosnz _sinaz.cos ”}[-.-smnﬁzo]
7| a—-n a+n
1. 1 1 1. o(a+n—a+n (-D"2n .
=—sinarz cosnr| — ——— |==sinar (-1) ——— |=————-Sinar
Vs a-n a+n) =« a“—n z(a®—n%)

Substituting these values in (1), we get
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H o _ n H ee) . n+1
Sin ax — 2sin anz nz( 1)2 S 2sin anz n(2 1) _sinnx
T n:l(a _n) T nzl(n _a)
__2sinarz| sinx B 2sin 2x N 3sin 3x B
T 1?—-a? 22-a%? 3P-a>? "

4. Find the Fourier series to represent the function f(x) = Sinx,—w < x < m.
Sol:- since sin x is an odd functiona, = a, =0
Let f(x) = . b, sinnx, where

T

2 (™ 1
b, = —f sinx sinnx dx = —j [cos(1 —n)x — cos(1 + n)x] dx
TJo TJo

]Z(nqt 1) =o0(n=1)

_1 [sin(l—n)x _ sin(1+n)x

T 1-n 1+n

— i T
Ifn=1 b, = %f:sinZX dx = %fﬂl cos 2x dx =i (X _Sanx) _ %(ﬂ— 0)=1- f(X) _
0

0o 2 2
b;sinx = sinx

5. Show that for — 7 < x < 7z, sink x =

Zsinkﬂ{ sin x _25in2x+3sin3x }

T | 1P-k? 22-k* 3F-_k* 7
(k is not an integer)

Sol: - As sin kx is an Odd function.

It’s Fourier series expansion will consist of sine terms only

~.sinkx=>Y"b, sinnx
=l e (1)
27 . 277 . . 27
b, = —_[ f(x)sinnx dx = —_[sm kx.sinnx dx = —j[cos(k— n) Xx—cos(k-+ n) x]dx
4 0 4 0

Where 7o
[ 2sin Asin B = cos(A— B) —cos(A+ B)]

b _ 1 sin(k=n)x _sin(k+ n)x}”
"zl k-n k+n ]
_1[sinkzcosnz—coszsinnz  sinkz cosn z+cos kzsin nz
Tzl k-n - k+n }
b, _1[sinkz.cosnz sinkz.cos nﬂ-:l['.'Sinnﬂ=O]
T k—n K+n

:isinkﬂcosnﬂ(i—i}lsin k;z(—l)”(kH;_k:nj: (_12) 22 sink 7
/4 k-n k+n) =« k®—n (k*=n?)

Substituting these values in (1), we get
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sinnx = sin nx

T n=1 (kz_ nZ) 7T n=1 (n2 - kz)
_ 2sink 7| sin X _Zsin 2x+35in3x_
T 12 —k? 22-k? 32-k* 7
Half —Range Fourier Series:-
1) The sine series:-

f(x)= ibn sinnx where b, = g_[: f (x)sin nx.dx
n=1 V4

i © —_1\" H 0 __1\n+1
SinkXZZSlnknz n(-1) 25|nk7zz n(-1)

2) The cosine series:-
f(x)= %Jrian cosnx where a; = g'[: f (x)dx and
) T

a = %J: f (x)cosnx.dx
Note:-
1) Suppose f(x)=xin[0,7].Itcan have Fourier cosine series expansion as well as Fourier
sine series expansion in [0, 7|
2) If f(x)= x? in [O, 7z] can have Fourier cosine series expansion as well as Fourier sine
series expansion in[0, z].
Half —Range Fourier Series:-

Problems:
1. Find the half range sine series for . f(x) = x(m—x),in0<x <m
1 1 1 1 i
Deduce that ———+—-—+-—-—=—
1 3 5 7 32

Sol.  The Fourier sine series expansion of (x) in (0,7) is fx)=x(mr—x) =
Yreq by sinnx

Where b,, = %fonf(x) sinnx.dx; b, = %f:x(n — x) sin nx. dx

_2 ':(nx—xz)sin nx.dx

o

2[ o\ [ —COSNX —sinnx cosnx | ©
_ ] (x— _(r=2 )

2] (o) 22 2 I ) 2|
2[ 2 4 n
:;_F(l—cosnﬂ)}:ﬁ(l—(—l) )

0, when n is even
b =

n

=, when n is odd
7N
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Hence

x(z=x)= ), iasinnx (or) x(;z—x):g(sinx+w+8m35x+————j—>(1)
n-135.. T 3 5

Deduction:-

Putting -7 in (1), we get
2

E(X—E) 8(snn+isn3—n+isn5—n+———)
2\ T 2) TR\ T3 537"

ﬁ— [1+—Sln(7'[+) %sm(Zn+2) %sm(Sn+§)+———]
(or)3—2=1+3—3+5—3+$+___

ax ax

—in (0.7]

e" -¢

2.Find the half- range sine series for the function f (X)=

Sol.  Let f(x) = Xy-q b, sinnx——(1)
Then b, = f f(x)sinnx.dx = —f

Oea"e
2

= m[fo e®sin nx.dx — fo e "%sin nx. dx]

T edX—e~aX |
—.sinnx. dx

e—ax

(asinnx —ncos nx)] — [2— (—asinnx —ncos nx)] l
0 a“ + 0

a7T n _ea n

sn(=1D" + + sn(=1D" - ]

a?+n? a’ +n a? + n?

2 ax
= ﬂ(ean —an) “az nz
2

ﬂ(ea” — e—am) [az +n

B Zn( 1)11 e~ ax eax] B 21’1( 1)n+1 )
w(edm —e-am)| n24 a2 | w(n? +a?) @
Substituting (2) in (1), we get
_ oo n(—l)n+1 . _ 2[sinx  2sin2x  3sin3x
f(x) aZ+n? &~ 7T[a2+12 a2+22 + a2+32 ]

Fourier series of f(x) defined in[c,c + 21]

It can be seen that role played by the functions

1,cos x,c0s 2X,c0s 3X,.....Sin X,Sin 2X.........

In expanding a function f (x) defined in [c,c + 27] as a Fourier series, will be played by

(EXJ (2”)() [37zxj
1,cos| — |,cos| — |,cO0S| — |,.....
e e e
. (ﬂXj [27zxj (37rxj
sin sin sin e
e e e
In expanding a function f (x) defined in [c,c+2l]

(et omnx nmx B
(i) fc sin (T) .COS (T) dx =0
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c+21 mix — 0, lfm n
(i) f sin (T).sin (T) dx=<{ I, ifm=n=+0
¢ 0, ifm=n=0
c+21 0, ifm#*n
(iii) j cos (?).cos (?) dx=< I, ifm=n=+0
¢ 21, ifm=n=0
[It can be verified directly that, when m, n are integers |
Fourier series of f(x) defined in[0, 21]:

Let f(x) be defined in [O,2I] and be periodic with period 2| . Its Fourier series expansion is
defined as f(x) = —ao + Yy [an cos = + by, sin Tx] - (1)
Where a,, = 7f0 f(x)cosde - (2)

.and b, = %fouf(x)singdx - (3)
Fourier Series Of f(x) Defined In[-L1]:

Let f(x) be defined in [—I,1] and be periodic with period 21 . Its Fourier

series expansion is defined as

nzX
:—a +Z(a cos—+b smTj

where a, =%jll f(x )cos@dx b, :fjl| f (x)sin——dx

Fourier series for even and odd functions in[—1, 1]:-

Let f (x)be defined in[-I,1]. If f(x) iseven f(x)cos@ is also even

f f(x)cos — dx

nmnx

f f(x)cos —dx

And f(x)smT is odd
]

1 nimx
~ b, = 7 ff(x)sianx = 0Vn
2
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Hence if f (x) is defined in [—I,1] and is even its Fourier series expansion is given by

f(x):%aﬁ > a, cos@

n=1

2 ¢l N7 X
where a, :Tjo f (x)cosl—dx

If f(x) is defined in [—I,1]and its odd its Fourier series expansion is given by

f (x):ibn sin@ where b, :IEJ.C: f (x)sin@dx
n=1

Note:- In the above discussion if we put 2l = 27,1 = 7 we get the discussion regarding
the intervals [0,27] and [, 7] as special cases

Fourier series of f(x) defined in [c,c + 21]

Problems:-

1.Express f(x)=x* asa Fourier series in [—1,1]
Sol: Since f(—x) = (—x)? = x% = f(x)
Therefore £ (x) is an even function
Hence the Fourier series of f (x) in [-1,1] is given by

f(x) =%+Z::an cos@where a, :IELI f (x)cos#dx

l

2 ol 2 (x3 212
Hence ay = - [ x2dx = —(x—) ==
10 L\3/p 3

1
2 nmx
Also a,, = 7 f(x)cosde
0
_(nzx
2 Sm(lj —cos@ —sin @
2
1 X nz X n’z? 2 n’z®
T 2 FJ),
l
2 cos%
_7 x n2m2
12 0

(Since the first and last terms vanish at both upper and lower limits)
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. _2[, cosnz | 4l’cosnz _(-1)"41°
B gk n‘r’ n’z?

Substituting these values in (1), we get

n+1

12 & (—1)“4|2 Nz d

2—_

" 3+§ n’z? e,
12 4*fcos(x/1) cos(27rx/) cos(37lel) _____
3 7 1 2’ ’

2. Obtain Fourier series for f(x) = x3in [-1, 1].

Sol: The given function is x® which is odd
=, ar=0, bn=bn = % fol f(x) sinm dx== f1 x? sinnmx dx

3 COS NITX 2 «  RITX COSNITX . nITX
=2 [— + 3x sin—— + 6x — n— *‘]{]
(- 1]” 6{—1]“]
=g ==L +
nm n®m? 1
-—= +(_L14 8 _—— +(-— 4+ —)si
~ f(X) 2[( = ) sinx ( t o ;) sin2mx + (31 3313) sin 3mx ( -t Ta) sin 4mx]

3. Find a Fourier series W|th period 3 to represent f (x)=x+x* in (0,3)
Sol.  Let f(x):%+i[an cos#+bnsin@J—>(1)

Here 21=3,  1=3/2 Hence (1) becomes

f(x)=x+x _%‘l'i(a cos—+b5|n2nTﬂXj—>(2)
n=1

12 2 (3 AR
Where aOZIJo f(X)dngjo(X”Z)dng{?*?l =9

Ly X 2 2N7X
and a, _T'[O f (x)co [ I )dx_gj (x+x )cos(Tjdx
Integrating by parts, we obtain

a—2[3 9]_2(54)_9
n o 3l4n2n2  4n2g2 3 \4n2n2 n2n?2

Finall _1lea . nzXx 23 2nzx -12
ybn_T.[O f (x)sin—=—=dx =§I0(x+xz)5|n = k="

nr

Substituting the values of a’s and b’s in (2) we get

9 9 2nzx) 12&1 . (2nzx
X+x2 ==+ —E =3 =sin
2 2 2 ( j T han ( 3 J

T
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Half- Range Expansion of f(x)in [0, 1]:-

Some times we will be interested in finding the expansion of f (x) defined in [0,1] in
terms of sines only (or) in terms of cosines only. Suppose we want the expansion of f (x) in
terms of sine series only. Define f (x)=f(x) in [0,1] and f (x)=—f,(x)¥n with

f.[21+x]= f,(x), f,(x) isan odd function in [—I,1]. Hence its Fourier series expansion is
given by

f,(x)= Z:bn sin@dx

2 c1
where b, :TIo f, (x)dx

The above expansion is valid for x in [I,1] in particular for x in [0,1],

. 2 ¢l . N7X
f,(x)=f(x) and fl(x):nZ:;bn sin@dx where B, :TJO f (X)SdeX

This expansion is called the half- range sine series expansion of f (x) in [0,1]. If we
want the half — range expansion of f (x) in [0,1], only in terms of cosines, define f,(x)= f (x)
in[0,1] and f,(—x)= f,(x) forall x with

f(x+21)=f,(x).
Then f,(x) iseven in [—I, I] and hence its Fourier series expansion is given by

fl(x)=%+2an cos@

2 N7z X
where a, :Tjo fl(x)cosl—dx

The expansion is valid in [—I,1] and hence in particular on [0,1],
f.(x)=f (x) hence in [0,1]

1 - N7 X
f(x)==a,+) a, cos——
2 -, I
2 1 N7z X
Where &, =—I f (x)cos ——dx
| Jo I
< . NxX
1. The half range sine series expansion of f (X) = an SlnT in (0, D)is given by
n=1
Where b, = Igfol f (x)sin @dx

2. The half range cosine series expansion of f (x) in [O,I] is given by
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f (x)=%a0 +il:an cos 72X

2 ¢! Nz
where b, = T.[o f (x)cos

Problems:-

1. Find the half- range sine series of f(x)=1in [0,1]

Sol: The Fourier sine series of f(x) in[0,1] is given by ¢, )=1=3 b, sin

n=1 I

l . in
Here b, = %fo f(x)smn —f 1.sin™d
—-C0S——
_2 ' S L =—(—cosn;z+1):£[(—1)"+1 1]
Il nz/l nz , Nz nz
0
0 when nis even
b= {i when n is odd
nz
Hence the required Fourier series is f (x)= >_ isin@
n=135-— N7 |
] 1_4(_nn+1_3nx+1/ S5mx )
l.e _T[ Sin I 3SlIl I SSIH
2. Find the half — range cosine series expansion of  ,_ Sm( j in the range
[
O<x<l
Sol: The half-range Fourier Cosine Series is given by

fx) = sm + Z an cosﬂ ...... —()

cosmx/l

Whereao——f f(x)dx—— sm—d —7[ - ]Oz_?z(cosn—l)zs

and anz%folf(x)cosgd f sm(l)cos( )dx
_ lfl [sin(n:—l)nx _ sm(nl l)nx] dx

cos(n+1) mx l
_%I_—f_l_ cos(n—l)nx/ll (Tl " 1)
0

(n+1)m/1 (n+1)m/1
_1)n+1 _1)yn-1
:l[_(l) I Gl I ——1] (n=+1)
l n+1 n-1 n+1 n-1

zln+l n-1 n+1 n-1

Whennis.oddanzg[;1+i+ 11 }_0
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When n is even a,, =%[———+___]

- n(n+1)(n—-1)

Ifn=1a = —fZSln( )cos( )dx——f (?)dx

11 2\t -1
=——(cos 2 — cos0) = "1/, (1-1)=0
=7 Zn[ cos( l )]0 = (cos 2w — cos0) /27 ( )

Lo m\ _ 2 4 cos(2mx/1) cos(4mx/l) o
from equation(1) we have.. sm( l ) = n[ ottt ]

3. Obtain the half range cosine series for f(x) = x — x?, 0= x < 1.

Sol:The half range cosine series for f(x) in 0< x < 1 is given by
f(x) = E;_ﬂ + Z}?:j_ {,, cos Nmx

— — 1 — x® =1 _ 1

Whereao_%f; f(x:’dx_zfo (x—xz)dx—z[?— ?] =3

anzzf; (x- x? ) cosnmx dx

= 2[(X 2 )COSnT[X + (1 _ 2 ) cosnz‘rtx

T

1=2[(-1) =557 — )= 2[= =1

0 new

=~ The cosine series of f(x) is given by,

n+1
flx) = : + z =, {—2—{ Uﬂ I»cosn'r[x :é - ﬁ%{_cos;f‘ﬂx+cos+m+____}

4. Obtain the half range sine series for e* in 0<x<1.
Sol: The sine series is ¥=_, b, sin R

Where bn= Ej f(x) sm; dx

2{

=2 (! e* si —— _[sinnmx — nux cosnrx ||t
J, € sinnmx dx = [{1+n2 23[ ]]
2
=———[-nmecosnw +nm]=_2 [1—e(—-1)"
(1+nZm2 [ ] (14 n2x2) 2] {: J ]
(1+e) . 2(1-€) 3{1 ).
X =2:II[ +92 sinmx + * sin 27 = sin3nx+ — — — ]
+iT 1+4dm 1+%m
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UNIT-I1I
FOURIER TRANSFORMS

Dirichlet’s condition :
A function f(x) is said to satisfy dirichlets conditions in the interval (a,b) if
Q) f(x) defined and is single valued function except possibly at a finite number of points in

the interval (a,b) and
(i) f(x) and f1(x) are piecewise continuous in(a,b)
Fourier Integral Theorem:

If f (x) is defined in (—I,1)and satisfies Dirichlet’s condition, then
1 o0 o0

f(x) =;j0 LO f (t)cosA(t—x)dt.dA
Fourier Sine Integral:

The Fourier sine integral for f(x) is given by

2 o . w .

f(x) :;jo sin Ax[ " f (t) sin Atdt.d 2

Fourier Cosine Integral:

The Fourier cosine integral for f(x) is given by

f (x) =%J0wcosix.f: f (t).cos At.dtd 2

1. Using Fourier integral show that

o e 2(07-a%) Asin Ax

e e = . J'O (ﬂz+az)<ﬂz+b2)dﬂ,a>0,b>0

Sol. Since the integral on R.H.S contains sine term use Fourier sine integral formula.
We know that the F.S.1 for f(x) is given by.

f(x) :%j:sin AT (t)sinAtdtd A ..o (1)

Here f (X) =g~ —e‘bx; - f (t) —pd _gM
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R gjooosin AX U:(e‘a‘ —e™ )sin At dt} da
/A

:EI smlx“ e sin Atdt - j ebtsin/itdt}d/t
T 0 0
—at -bt ”

Zj sin Ax ze ~(-asinAt-Zcos At)- : ——(-bsinit-Acosit) | dA
T a4+ b+’ )

2 = . ) A 2 1 1
== —— AXA. di
”J.o sm/b{/lz.yaz ,12-|-b2}d/1 71'[ Sinx. Ll +a° /12+b2}

2 A(b*-a’)
_;J'O 3|n/1x.(/12+a2)(/12+b2)d/1
L g b Z(bz _az) A.8In AX

e o i
Hence proved

T .
2. Using Fourier Integral, show thatjwl—czsmlsinﬂxdﬁ: SM0<x<z

0,if x>rx
Sol.  Since the integral on R.H.S. contains the sine term we use Fourier Sine Integral formula.

The Fourier Sine Integral for f(x) is given by.

_ 2 © - O, 1
x)_”_[o sm/ixj0 f (t).sinAtdt.dA (1)
Let | Oy — (2)
f(x)=42"
0 X>7

Using (2) in (1), we get

f(x)= %.[:sin zx.UO” f(t)sin Atdt+[" f (t)sin At dt}d/l

—_[ sin Ax. j Z sinatdt [da :gjwsin/lx. Z( 1) cosat | da
2 7 J0 204 0

1-cosix
=— A Am -1 dﬂ._— =
I sin ){21 (cos Az — )} x '[ smﬂ,x[ > }dﬂ,

T
Cf(0)= J. (1- cos/lfr) sin Axd 2 '[1%5/172') inlxdﬂ:{? O<Xx<rm
0 X>7
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1for0<x<m

3. Express f(x) = { 0for x>m as a Fourier cosine integral and hence

Axsin 4
evaluate [, =~ da

Sol:- Fourier cosine integral of f(x) is given by

2 o0 o0
f(x)=;f0 cosleof(t)cosltdt da

lfor0<x<m

f(x)={0for xX>m

2 (o b4 2 (o inat 1™ 2 (o Ax sin A
fG) =) cosx [[f cos At dt |dA == [" cos Ax [S - ]0 e cos x/ls m g
. f(:ocos)lein/‘ln 1 == f(x) ={§ for 0<x<m
A 2 0 fOT' X>T1

At x=m which is a point of discontinuity of f(x) ,the value of the above integral

2

T4

fwcoslxsinln i n(1+0) T
0 A 2

FOURIER TRANSFORM OR COMPLEX FOURIER TRANSFORM

The Infinite Fourier Transform of f(x) :

The Fourier transform of a function f(x) is given by.

F{f(x)}=F(p)= .[:; f (x).e™ dx

The inverse Fourier transform of F(p) is given by.
- 1 (e —ipx

F(x)=F"{F(p)f=o-] F(p)e™dp

27—

Fourier sine Transform:

The Fourier sine Transform of a function f(x) is given by

F{f(x)}= Fs(p):J.: f (x).sin pxdx

The inverse Fourier sine Transform of Fs (p) is given by

f(x)=F"{F(p)} :%f: F. (p).sin pxdp
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Fourier cosine Transform:

The Fourier cosine Transform of a function f(x) is given by

Fc{f()} F.(p)= I f (x).cos pxdx

The inverse Fourier cosine Transform of F¢(p) is given by

f(x)=F"{F.(p)} =§Jj F.(p).cos pxdp

Problems:
. . _ x*, |x|<a
1. Find the Fourier transform of f(x) defined by f (x)=
0, |x>a
Sol. We have F{f (x)}= %jﬂ;eipr (x)dx

a ©

e evomeion

—+xe™+ =™

F{f(x)}IE{X o 0

_ %{a—z (e“’a - e“pa) ia (e'pa + e"pa) i—i(e‘pa —g® )}

! {Za smap+4_acosax—ismap}
N p

p p

,e™ 2 2i }

L |x<a
0, [x>a

2. Find the Fourier transform of f(x) defined by f(X)Z{ and hence evaluate

I: % dnand Jw sinap. pcos PX D

—00

Sol. We have F f(x) Loe'pr (x)dx

__J'a e™f (x )dx+j 'pr(x)dx+Te‘pr(x)dx:]'a(l)eipxdx

—00 —-a a
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e |? g _ga g _g  oginng 2sin pa
{ } R )
We know that ¢ _ [~ et (x)ax
Then by the inversion formula,

1

® 1 (= i 2SINpa
.I: - IleF d - IpX.—d
()= [ e F(p)tp =5 [ ™ =P ap

; 1 smap sinap .
_1|~2sinap isi = cospx dp—— | =—= sinpx d
Zn{jw . .(cos px—isin px)dp} HL 0 px-dp j 0 px-ap

- lr sinap cos px dp [Sincethesecondintegralisanodd]

or ljm sinapcospxd L x| <a
73 p o, |x>a

J:sin ap cos px dp:{”’ |x|<a}

p 0, [x>a

If x=0 and a=1, then

= sinp »sin p »Sin p /4
——dp=zor2| —=dp=xor| —dp=—
J‘m p p 4 .[0 p p 2 J.O p p 2

ot: [ %X -2

1-x, <t

3. Find the Fourier transform of f(x) defined by f(x):[ 0 M>1

o[ X-sinx X ..\ 2 XCOS X —Sin X
Hence evaluate (j) | XCOSXZSINX 05X dx (i) | Xeosx—sinx
X

™ (x)dk+ | €5F (x)aicr | 6™ ()

e™f (x)dx j
=IZ(1xz)-e““dxﬂ“fxz“.fi%(.f)}m}l (2L 2L

dx

Sol. We have F{f(X)} J.

—0

ip  i%p? i°p p* ip® p°Ip

_ 2 ip | A-ip 2 D - —4(eP+e 4i [P —g™ 3
_pz(e e ) |p3(e ¢ ) pz 2 +ip_3 i :p—gcosp+%sinp
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4 .
F(sm p—pcosp)=F(p)

Second Part: By inversion formula, we have

1 = —ipx
i f(X):g‘[we pF(p)dp
1l 4(sinp-pcosp) 1-x%, |x<1 i
"2ﬂj—we . ; dp_{ 0 e (1)

Putting 4 — %in (1), we get

MNlw

i.[:ei%}(sin p;gpcos p)O|p= 1—%:
0

orﬁé(p“’s p-sinp)e “dp =_37ﬂ

or[* IO(pcosp smp(cos/ IS|n/) —3;z

pcos p—sin P .
— dp= Equating real parts
or], i os 7% ( )

© pCOS p—sin p P 3 . . .
or 2]0 o .COS Adp——8 [sinceintegraliseven]
= XCOSX—SINX X -3z
rJ‘ —————Cos—dx=—+r
0 X 2 16
ii. Putting x =0in (@), we get

< sin p — pCOSpdp 7
p3

—_[ —3(S|np pcos p)dp = 1OI’J.

j%p— —[ Integral iseven] orI Mdp- Z
Orrxcosxg—smxlxz_z
0 X 4
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0 ifx<a
4. Find the Fourier Transform of f(x)={1ifa<x <b
0 ifx>b

By definition F {f (X)} - TJ.Z f (X)_eipxdx _ \/_J.eledX _ \/_{ell:: :|b

_ 1 erX_elaX
N2z | ip

5. Find the Fourier Transform of f(x) defined by f (X) =@ 2 ,-0< X< or,

Show that the Fourier Transform of € 2 is reciprocal.

Sol. We have F{f (X)}:r0 f(x).eideX:ro e%eipxdx

—00 —00

—r ——le _p/dX e%r —le

1 ) 1, .o
—(x—ip)=tsothat=(x—ip) =t2and dx = /2clt
Put ﬁ( ) 2( p)

~F { f (x)} = e_p% [; e \2dt = \/E.e'p% ﬁe"zdt
~ae A7 | o] =] ore

6. Find the Fourier Transform of f(x) defined by
igx ikx
f(x):{e , a<x<pf orf(x):{e , a<x<b

0, x<aandx>p 0, x<aandx>b

-0

Sol. We have F{f (X)}:jw e™f (x)dx

=I_0;eipr (x)dx+jﬁe‘pr (x)dx+J.;eipr (x)dx
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1 _ 8 ei(p+q)a B ei(p+q)ﬂ
(8 Lipx aigxqo B Ai(pra)x gy = gy 7 7Y
—Lep e" dx—Le Pradx i(p+q)[e L i(p+q)

=F(p)

The finite Fourier sine and cosine Transforms:
e  The finite Fourier sine transform of f(x) when 0<x<l, is defined as

FA{f(x)= _[; f (x).sin (@j dx = F,(n)

Where n is an integer.
The inverse Fourier sine transform of Fs (n) is given by

ZF sm@

o The flnlte Fourier cosine transform of f(x), when 0<x<I, is given by

FAF()) =] f(x )cos( | jdx F.(n)

Where n is an integer.
The inverse Fourier sine transform of Fc (n) is given by

:Zi Fc(n).cos(@j
(0= 1F.(0)+ £ . (n)os| X

PROBLEMS RELATED TO INFINITE FOURIER
SINE AND COSINE TRANSFORMS:

1. Find the Fourier cosine transform of the function f(x) defined by ¢ (X)z{cosx, O<x<a
0, X>a

Sol. We have F,{f (x)} = f(x).cos pxdx = [ (x)cos pxax+ [ f (x)cos pxcx

_ a 1 ca 1 ra
_IO COS X.COS px dx :EL 2¢0s px.cos xdx ZEL [cos(p—1)x+cos(p-+1)xJdx

’ 1[sin(p—l)a+sin(p+l)a}

1 1 . 1 .
:2{(p_1)sm(p—1)x+msm(p+1)x} =5 (p-1) ]

0

2. Find the Fourier sine transform of f(x) defined by (X):{Si” X, O<x<a
0, X=>a
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Sol. We have F, {f (x)} =" f(x).sin pxdx

. lea, . .
:IO f (x).sin pxdx+j X)sin pxdx = j sin xsin pxdx=5jO 2sin x.sin pxdx

;I [COS(l p)x—cos(1+ p) J Pn(l p)x_sin(1+p)xr

1-p 1+p

ZE{S‘“(l— p)a_sin(1+ p)a}

1-p 1+p

3. Find the Fourier cosine transform of 2¢%+3%™?

We have Fc{f(x)}zjowf( )cos pxdx = I (2e7% +3e ) cos pxdx

_ ® 3 ®
_Zjoe cospxdx+3j0e €S pxax

-2x ®

-3x °°
= 2{9‘1 7 (~3cos px+ psin px)}O +3[4e+ 7 (~2cos px+ psin px)

0

1
9+p

1
ZX(_Z __ 6 N 6
4+p p’+25 p’+4

2 X(_S)_3

4. Find Fourier cosine and sine transforms of e ®,a > 0and hence deduce the inversion

formula (or) deduce the integrals i.j _ . px Io sin px

a? + p?

—ax

sol. Let f(x)=

We have F, {f(x)}=["f (x)cos pxdx

—ax *©

=_fwe‘ax.cos pxdx = € (—acos px+ psin px)
0 a’+ p

0

- (el O) = s =F.(p)and Fs{f(X)}zj:f(x)sin pxdx

a’+p a’+p

~(-asin px—pcospx)} =—azip2(—a(0)—p(1))= Zp -=F,(p)

—aX

=re’”.sin px dx= k
0 a’+p

Deduction: i. Now by the inverse Fourier cosine Transform, we have
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2 o0
f (x)=;'[0 F.(p).cos pxdp

w2 2a. = C0S PX ©COSPX = T
e == cos pxdp =2 dpOr| ——dp=—e
7['[0 p’+a’ P ﬁL a’+p’ P JO a’+p’ P 24

ii.  Now by the inverse Fourier sine transform, we have

2 0 . o
f(x):;L F.(p).sinpxdp. e :%jo azfpz sin pxdp

=pSINPX 7
or IO a2+p2d _Ee

5. Find the Fourier sine and cosine transform of 26" +5¢ %

sol. Let f(x)=2e+5¢™

i.  The Fourier sine transform of f(x) is given by

FAT () :I: f(x)sin F)XO|X=J:)(2€‘5X +5e‘2x)sin px dx

_ ® BX i © 22X i
_Z.IO e ~.sin pxdx+5j0 e ~".sin pxdx

-2X ®

g . - e .
=2. -5sin px— pcos px 5 —25In pX— pcos px
{25+p2( px-p p)L+ sz( px-p p)}

0

2p 5p
1 1

A~ (N — - (_— = +
'X25+p2( P) 5X4+p2( P) pP+25 pi+d

i We have F.{f(x)}= [ f(x)os prax=| " (2e™+5e™)oos o

_ © _-5x © _-2x
—2_[0 e "cos pxdx+5.|.0 e " cos pxdx

e e N
=2 =508 px+ psin px 5 —2C0S pX+ psin px
[25+p2( px+p p)]0+ [4+p2( px+p p)}

0

1 551 10 10

:—2 -9)- —2 =
x25+pzx( ) 4+p2x( ) 715
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» XSin mx

6.  Find the Fourier sine Transform of e ™ and hence evaluate jo 1—2dx
+X

Sol. Let f(x)=¢"

We have

F{f (x)}:j: f (x)sin prox = j:e‘x sin pxdx

S

:j:e‘xsin prak [ QJf=xin(0,c0)

1

N ) P
=Li 0’ (-sin px—pcos px):|0 :_1_|_ p2 (_p):1+ pz = Fs(p)

Now by the inverse Fourier sine transform, we have
f(x)zzjw F,(p)sin pxdp - ¢ - P gin oxd
! ”J' Wsm pxdp

Chang x to m on both sides

i 2 = Xsinm
Jn_ 2 (= psinpm - _ X dx where pis replaced by x
e ﬂjo e p? d ﬂ'[o Loy pIsrep y

© XSin mx T
j —_— dx=—¢™
0 1+X 2

7. Show that the Fourier sine transform of

f(x)=

2-x, for 1l<x<2 p2

x, for O0<x<1 is 2sin p.(1-cos p)
0, for x>2

Sol. By definition, £ {f (x)}=["f (x)sin pxdx

jol f(x).sin pxdx+j (x)sin pxdx+J': f (x)sin pxdx
1
joxsmpxdx+j (2-x).sin pxdx

28 g,
P

2
COS pX + 7sin px]

1
{—lcos pX +—sm px] {
P 0

1

1 1 cosp 1
= +—sm p——sin2p+——+-—=sinp
p P

p’
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2sinp-sin2p 2sinp-2sinpcosp  2sinp(1-cosp)
- 0’ = 0’ = 02

8. Find the Fourier cosine transform of f (x)defined by ()= Zf,x f:::zl
0, X>2

By definition, Fc{f(x)}:J:f(x)cos prdx
= .[: f(x).cos pxdx+.|'12 f (x)cos pxdx+J'2w f (x)cos pxdx

—jlx cos xdx+'fz(2—x) cos px dx
=) %cosp 1 -COSP

1

1

||
sin px +—€0s pX
p p?

0

ﬂJrM—ic052p+ﬂ+lcosp zsmp ZCOSp 10

2p%sin p+2c0s p—cos2
: L opp - 20°SiNp+2005p-0052p
P P p P p P p p P

9. Find the inverse Fourier cosine transform f (x)of

1 p
—|a—-—|, wh 2
e@):{za(a ;) when peea

0, when p=>2a

Sol.  From the inverse Fourier cosine transform, we have

2 o0
f (x)=;.|'0 F. (p).cos pxdp
_ ZUOZa 21 (a_gjcos pxdp+J 0.cos dep}

2a
_p
=Exijza a2 |oos pxdp=i- : 4-3”‘ px—icos PX

1T 2a%0 2 ar X 2x?

p=0

1

1 sinfax sin‘ax
= 0—i2c032ax+i2 = 2(1—(:052ax)=2 =
ar 2X 2X 2arX

2arx’  anx’

10. Find the Fourier cosine transform of (a) e ®cosax (b) e *sinax
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Sol. (). Let f(x)=e™cosax. Then
FA{f(x)} =_[: f (x).cos pxdx

© 1= _
:Jo a ¥ cosaxcos deXZEL e"™.2¢0S px.cosax dx

:%j:e‘ax [ cos(p+a)x-+cos(p-a)x]dx

:%_j:e‘ax cos(p+a)x+'[:e‘aX cos(p—a)xdx}

—-aX

(-acos(p—a)X+(p-a)Si”(P‘a)X)} ]

0

. (—acos(p+a)x+(p+a)sin(p+a)x)}0 +LZ+(p—a)2

2+az+(p+a)2

1 a . @ ]_E a'+(p-a
2@ +(p+a) a'+(p-af 2{a2+(p+a)2}.[a2+(p—a)2}

2 2a2+2(a2+ p2) a(2a2+ o

=—X =

2 [a2+(p+a)2Maz+(p—a)2} (a2+(p+a)2).(a2+(p—a)z)

b. Let f(x)=e™sinaX then
R (X)) :j: f (X)cos pxax
= I:e‘ax.sin axcos pxdx =%j:e‘“ (2cos pxsin ax)dx

=%j:eax [sin(p+a)x—sin(p—a)x]dx

—aX

1
2

[{L(asin(pw)x(p+a)cos(p+a)x)] {

a2+(p+a)2

2(—asin(p—a)x—(p—a)cos(p—a)x)] ]

a‘+(p-a) i
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1{ pra _ (p-2) }_[ PP }1[ a ., a ]
2|a*+(p+a)’ a’+(p-a)'| 2| p*+(p+a)’ p'+(p-a) ) 2 p'+(p+ta) a’+(p-a)

:Bx (_4ap) +E>< 2(p2+2a2)
2 (p2+(p+a)2).(p2+(p—a)2) 2 (p2+(p+a)2)(p2+(p—a)2)
_2ap’ a(p’+2a°)

= +

(p2+(p+a)2).(p2 +(p—a)2) (p2+(p+a)2).(p2+(p—a)2)

Note: (i) Fs{x.f(X)}=—;—p{Fc(p)}

() {1 (0} = (R )

P

11. Find the fourier sine transform of%

Sol:the fourier sine transform of the given function f(x)= %
2 o . 200l . _ _dat |2 posint dt
F{f (x)}:J;IO f (x).sin pxdx:\/;jo ~sin pxdx put px=t dx—; = \/;fo —% -

\lgfmiﬂ.dt =\/E.E =\/E (sincefoos'iit.dt= E)
w0 ¢ T 2 2 0 ¢t 2

12. Find the Fourier sine and cosine transform of xe
sol. Let f(x)=e™

Fourier sine Transform:

We know that F {X f (X)} :%{Fc(p)} :ﬂ{Fc {f (X)}}

) QR ol o

K

Fourier cosine Transform:

We know that F; {X- f (X)} :dip[Fs ( p)] :_[Fs {f (X)}}

. w_ e df P 2ya?)1-p.(2p) & p?
il }_oho[FS{e H_dp[p2+a2J:(p (p2)+a2;)2 p :(p2+:2)2
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13. Find the Fourier sine transform of _ X and Fourier cosine transform of _ 1

a’+x’ a’+x?
Sol.  Fourier sine transforms:
We have F[¢™|= 2p 7= (p)
a+p
. . . —ax . —ax 2 ® H 2 ® p H
The inverse Fourier sine transforms of € s € =—j FS(P)-Sm dep:—j — Sin pxdp
fiad rva+p

0 a’+p’ 2
Changing p to x and x to p, we get

or Iw psinpx 7 a

= X T
j —sinxpdx=—¢™
0 a’+x 2

X T _ap
Hence Ky 7=z (= 5¢
S{a2+x2} 2

Fourier cosine Transform:

a
Fle™!= -F
We have c{e } p2+a2 c(p)

. . . —ax ;
The inverse Fourier cosine transformof € IS

—aX_Z i 2 (= a v ] T _a
e —;L F.(p).cos dep:—I0 7 ~C0S pxdporj0 szrazcospxdp:z—ae

V4 +a

Changing p to x and x to p

= 1 T
j ——Cosxp.dx = —.e ™
0 x +a 2a

1
Hence Fc{ > 2}:13“"
X" +a 2a

—ax

14. Find the Fourier sine and cosine transform of f (x)= 67 and deduce that

—ax —bx
j € ~® sinsxdx=Tan™ (E) —Tan™ (ij
0 X a

Sol.  Fourier Sine Transforms:

(on
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We have F,{f ()} :j: f (x).sin pxdx

—ax
© @ .
:I ——.sin pxdx
0 X

LRAT(X)) :I:%.sin pxdx

Differentiation w.r.t ‘p’, we get
d d| =™ .
d—p[Fs{f (X)}]:d_pho =—sin pxdx]

0 a eiax R Ooe_ax
= ==, dx =| ——.X.cos pxdx
. ap( < sin pr X IO x p

—ax ©

e :
P (—acos px+ psin px)}

d a
d_p|:Fs { f (X)}] = 0% +a’

Integrating w.r.t. p

(£ (%)} :I:Ldp :Tan’l(BjJrc

:j:e‘ax.cos pxax =[

0

a
ifp=0then F, {f (x)}=0andc=0

SR Af (x)}zTan‘l(%) if p>0
or F, {?}:Tan‘l(%).if P>0 ... (1)

Deduction: We know that the Fourier sine transform of f(x) is given by

FA{f (x)}zj: f (Xx)sin pxdx...........c....... )
suppose let T (X) 3 g ................... (3)

Using (3) in (2), we get

j:#sin px dx =J':%.sin pxdx—I: eXbX .sin pxdx
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~F, {%}_ c {exbx} :Tanl(%)—Tanl(%)[using 1)]

or jow(ﬁx%esin sxdx =Tan™ (%) —Tan™ (%)

Fourier Cosine Transform:

a
p2+a2 :Fc(p)

The inverse Fourier cosine transform of e ™ is

We have F, {e ™} =

a
p2+a2

2 2 o
e —;IO Fc(p).cospxdp=;'[0

Changing p to x and x to p

o 1 T o
cos pxdp or_[o o cos pxdp:z—ae

o 1 T
J ——cosxp.dx=—.¢*
° X" +a 2a

1 T
Hence F =—g®
‘ { x* +a’ } 2a

15. Find the finite Fourier sine & cosine transform of f(x),

defined by f(X)=2x, where o< x<2r

Sol. We have Fs{f(x)}:ﬂf(x).sin(nlﬂdx

27
” 2 nx 4 . nx Ar 4 . _
= ["2xsin| 2 |dx =2 = x00s—+—sin—- | =2 ——cosnz+sinnz | - =% cognz
0 2 n 2. n 2] n n n

_ 8%(_1)n+1 —F.(n)
AlsoF, { f (x)} :j[: f (x).cos(?)dx

2r
27 nx
:J' 2x.cos(—)dX:2 g.x.sin%Jrizcos%
0 2 n 2 n 2 |
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4 4 4 8 n
Z{nsmnmn—cosnﬂ—F} 2Xn—(C03n7T 1) 7 [(‘1) ‘1}:5;(”)

16. Find the finite Fourier sine transform of f(x), defined by f(x) =2x, where o<x<4
Sol:-The finite fourier sine transform of f(x) in 0<x<I

FA{f(x)) =_[0| f (x).sin(nlLX)dx Here f(x) = 2x and =4

nzX 4
_j 2X. Sln( 2 )dX =|:2X(_ijcosm:| +Iz( 4 )Coswdx
nz 4 o \Nnz 4

4 4
:[—ixcosm} + fzz[sinm} :—E(cosnn—0)+0:—£(—l)”
nz 4 |, nz o nz nz

1-cosnz
17. Find the inverse finite sine transform f(x) if F (n) = thereo <X<7
Sol.  From the inverse finite sine transform, we have
2& nax) 2&(1-cosnr) . 2 (1-cosnr) .
f(x)==) F(n)sinl— |=—) | ———[SINNX =— ) | ———— [SINNX
(=256 o] | 2 S0 - £ 31 0
18. Find the inverse finite cosine transform f(x), if

- cos(zgﬂj

F 1)2 ,WhereO < x <4
n+

Sol.  From the inverse finite cosine transform, we have

f(x):%FC(O)+Igti(n)COS(@j

n=1

SRR LR et THES
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MATHEMATICS-11I ANALYTIC FUNCTIONS
UNIT — 111

ANALYTIC FUNCTIONS

Introduction: Complex analysis is the branch of mathematical analysis that investigates
functions of complex numbers. It is useful in many branches of mathematics, including
algebraic geometry, number theory, in physics, thermodynamics, and also in engineering
fields such as aerospace, mechanical and electrical engineering. Complex analysis is widely
applicable to two dimensional problems in physics. In this unit we discuss about limit,
differentiation and continuity of complex function and analyticity of a function and also

complex integration.

We are familiar with the concepts of limit, continuity,differentiation and integration
of function of real variable. Similar concepts can be defined with reference to complex
variables also and their study constitutes “Complex analysis”. A basic understanding of

complex variable theory will be useful in diverse branches of science and engineering.
Definitions:

Complex number: A number which is in the formof z = x + iy where x,y € R and i? = -

1 is called complex number. Here x is real part and y is imaginary part of z.
(or)
A complex number z is defined as the ordered pair (x, y) of real numbers. i.e.,z = (x,y)

Set of complex numbers: The complex number set is denoted by € and

C={z/z=x+y, x,yeR,i? = —1}
C ={(xy), X,yeR, i? = —1}

Argand plane: We have seen that complex numbers are represented by points (x, y)e R? and
conversely. After this representation R? is called the Argand plane where (x,y) = x + iy.

After this representation the x and y axes are called real and imaginary axes.

Modulus of a complex number:The modulus or absolute value of complex number z is

denoted by |z| and it is defined as its distance from the origin.

ezl = xZ + 2
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7
Z(x,y)
o
4
\’f/“ “ Y
o X X

Nowx < |x| < yx? +y?, y< Iyl < JxZ+y2
i.e., Rez< |z| ie,imgz<|z|

Conjugate of a complex number:The conjugate of a complex numberz = x + iyis

denoted by Z and it is defined as the mirror image of z in the real axis.
e, z=x-1y [ie,z=(x-y)]
Properties of conjugate:

o Z =12V zeC

e 7=z & zisreal
° 71 +7=71+ 7
® 712, =717

_ +Z
e z+z7=2Rez :Rez:$

— z
e 7z-7z=21Imgz :Imgz:?

e Z=ZA providedz, £ 0
Z2 22

Properties of modulus:

e |z| = 0i.e., |z| is always non-negative
e |z|=1|z]=|-z| =|=z|also Rez < |z|,Imgz < |z|

= @,Wherez2 0

|z2]

Z1
Z2

o |zI? =2z2Z
o |z, + 2, < |z1| + |2,]

o |zl =1zl < 121 — 73| < |z4] + |2,
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The Polar form or Exponential form of complex number:

Letz = x+iyorz = (x,y) be complex number

P(x,v)
< | (r®)

Here sin 6 =% = y =rsinf
X
cosO = " = x =1rcosf

“zZ =x+1iy =rcos@+irsinb

z=1(cosfO +isin0)
Z = re'®  which is a complex number in polar form

Here r = |z| and tanf = % = 0 =tan"! (y)

(r, 8) are called polar coordinates of a point P

Here 0 is called the argument or amplitude of z and denoted by arg(z) or amp(z)

ie.,argz = tan~12

e The Specific value of argz, satisfying —mw < argz < m is called the principle value of
argz

e For any two complex numbers z; z, we have

arg(z,.z,) = argz, + arg z,

Z; argz,
arg|—]) =
Z, argz,

e |z — z,| = r represents a circle with centre at z, and radius r

Letz = (x,y)and z, = (a,b)

2z =/Gr— @) + (— b =7

= (x—a)*+(y—b)* =r?
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e lz—z)l=r© z—2z,=1e"%,0<6 <2m
© z=zy+re? 0<0<2nm
e |z| = r represents a circle with centre at origin and radius r

e |zl=re Z=re? 0<6<2n
Neighbourhood (or) 8 — Disc around = z,:
Let z,e Cand 6 >0
Ns(z,) ={zeC|z — z,| < 8} is called the § — neighbourhood of z,
Deleted é — neighbourhood of z,:
Ns"(2zo) = N5(2o) - {20}
={zeC/0 < |z — z,| < 6}
It is known as deleted & — neighbourhood of z,.

Pathwise connected: A non-empty subset ‘S’ of C is said to be pathwise connected or
arcwise connected, if every pair of points in ‘S’ can joined by a polygond arc which is

entirely in ‘S

i.e., for each pair of points in‘S’ there exists a path joining than which entirely lies

inside ‘S’.
Domain:A non-empty open connected set in C is said to be a domain.

Function of a complex variable: Let ‘S’ be a non-empty subset of the argandplane C. A
function f: S — C is a rule which assigns a unique value f(z)e C for each z € S, then we write

f(z) = w,ze S and we say that ‘f’ is a complex valued function at complex variable z.

(or)

Let S € C, arule f:S— C is called complex function if for every z € S, there exist a

unique image f(z) € C, we write itas f(z) = w,forze S
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Range: The set {f(z) /z € S} is called the range of ‘f’
f(z)can be writtenasw = f(z) = u(x,y) + iv(x,y), wherez = x + iy
Here u(x, y),v(x,y) are real valued functions of x, y

Definition of limit of a complex function: Let f(z) be a complex function, a complex
number LeC is said to be a limit of a function f(z) as z tends to z,. If for every € > 0 there

existsa § > 0 suchthat |f(z) — I| < e whenever 0 < |z — zy| < &

Symbolically we write lim f(z) = 1
Z—DZ

Continuity of complex function:A function f(z) is said to be continuous at z = z,
If lim f(2) = f(zy)
Z—>Zy

Derivative of f(z): Let f(z) be a given function defined on a nbd of z, then f(z) is said to

f(z20+Az)—f(20)
Az

be differentiable at z, if Alim0 exists and it is denoted by f'(z,)
Z—>

f(20+Az)—f (20)

eaf (20) = i P53

Taking z — z, = Az
F'(zy) = Alim f(z)=f(20)

Zz—0 Z—Zg

Analytic function:A function f(z) is said to be analytic at a point z,, if f(z) is differentiable

at every point z in the € - neighbourhood of z,.
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i.e., f'(z) exist for all z such that |z — z,| < €, where € > 0 then f(z) is said to be analytic

at zg.
Note:f(z) is analytic at z, means

Q) f'(zy) exists

(i)  f'(z)exist at every point z in a neighbourhood of z,.

Definition: Let D be a domain of complex numbers, if f(z) is analytic at every zeD, then

f(2) is said to be analytic in the domain D.

Definition:Iff (z) is analytic at every point z on the complex plane then f(z) is said to be an

entire function.
Properties of analytic function:

z) and g(z) are analytic then f + g, f.g,= (g # 0) are also analytic function.
« Iff(2)and g(z) are analytic then f + g, f. g, (g # 0) are also analytic functi

e Analytic function of an analytic function is analytic
e An entire function of an entire function is entire

e Derivative of an analytic function is itself analytic
Cauchy — Riemann (C-R) Equations:
C-R equations are used to test the analyticity of a complex function.

Statement:The necessary and sufficient condition for the derivative of the function

f(z) = u(x,y) + iv(x,y) to exist for all values of z in domain R are

. ou Ou Jv Jv . . .
Q) e are continuous functions of x and y in R

i)y L= m_ w
ax dy'dy  odx
These two are called C-R equations.
Note: The converse of above theorem is need not be true.

i.e., even though C-R equations are satisfied by f(z) but f(z) may not be differentiable.

Eg: f(2) = /|xy| satisfies C-R equations at (0,0) but it is not differential at (0,0)
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Laplace operator: The Laplace operator is denoted by V2 and defined as

0% 02

2.9 9
_6x2+6y2

0’0 09%0
2 —
= V0= dx2 + dy?

Result: If f(z) = u(x,y) + iv(x,y) is analytic in a domain D, then u and v satisfy laplace

equation.
ie.,.VZu=0and Vv =0

. 0%u  9%u 2p . 9%
e, S5t 5= 0and —— + 377 = 0

andu and v have continuous second order partial derivatives in D.

Harmonic function:The function which satisfy the Laplace equation is called harmonic

function.

i.e., funtion @ is said to be Harmonic if V2¢ = 0

ie. %0 + o0 _ 0
X
Note:Iff(z) = u(x,y) + iv(x,y) is analytic in a domain D, the u and v satisfy the

Laplacce equation
i.e.,, V2u = 0 and V2v = 0 and we have continuous second order partial derivatives in D.

Conjugate Harmonic function:Two harmonic funtionsu and v are said to be harmonic

conjugate to each other if

Q) u and v satisfy the C-R equations
(i)  wand v are real and imaginary parts of analytic function f (z)

ie.f(z2) = u+iv

Polar form of C-R equations:Iff(z) = f(re®) = u(r,0) +iv(r,0) and f(z) is derivable

i ou 10v ov 10u
at zy = roe'% then — =-——and — = ———
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Problems:
1. Show that f(z) = xy + iy is everywhere continuous but it is not analytic.

Sol. To prove f is continuous it is enough to prove that lim f(z) = f(z,)
Z-Zg

Let z, is any point in the domain

Now lim f(2) :Zlim XoYo + Yo
—)ZO

z-20
Now f(zy) = xoyo + iYo

- Jim f (2) =f(zo)
Therefore f is continuous every where
Verification of Analyticity of f(z):
Givenf(z) = xy+iy = u+iv

=u=xy,v=y

ou _  ou _ v _ v _
Nowa_y’ay =X "9x 0'63/ =1
ou v ou v
Clearly a * 5and 5 * — a

Here f(z) is not satisfying the C-R equations

Therefore f(z) is not analytic.

2.Show that f(z) = z + 2z is not analytic anywhere in the complex plane?
Sol. Givenf(z) = z+2Z = (x+iy)+2(x—iy)= 3x-1iy

Butf(z) = u+iv

Thereforeu = 3xandv = —y
ou _ H0u _ v _ ov _
ax ’ay_O’ax_O'ay_ 1
ou av ou v
Therefore P #* @and % #* o
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C-R equations are not satisfied.

Therefore f(z) is not analytic anywhere.

3.Prove that (— + )IReal f(2)|?=2|f(2)|* wherew = f(z) is analytic?
Sol: Given f(z) is analytic

f(z) = u+iv

Real part of f(z) =

|Real f(2)| = |u|l =u = |Real f(2)|? = u?

Now L.HS = (= + —)IReal f@)I?

9 2y = oy
NOWax(u) 2uax
0% c2y= 9[22 ] =2 au 32
2w = 22w =2[2u S ]_2[ ........... )
2 ) = 212 )] = 220 & = 2[(24)° 4 2
6y2(u)_6y[6y(u )]—ay[Zu ay _2[(ay) FUTS e 3)

Substitute equation (2) and (3) in (1)

Then L.H.S = 2 [ —+i)+(3—;‘)2+(3—’;)2]

Since f(z) = u + iv is analytic
uis a real part of analytic function f(2)

Therefore u is Harmonic function

2 2
I.e., u satisfies Laplace equation:> a_ + a_ =0

Therefore L.H.S = 2 [(Z_Z)Z N (Z—;)Z]
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Now R.H.S = 2|f(2)|?
Andf(z) = utiv= f(z)= Z+i2

Since f(z) is analytic = it will satisfy C-R equations

6u_6_176_u v

€ ox Ty oy ox

Therefore f+(z) = Z—z —iZ—;

~ = (2 +(2)

~irer = (2 +(2)

2 2
Therefore R.H.S = 2 (Z—z) + (g—;)
Therefore L.H.S =R.H.S
2 2
4. Show that (aa? + aa?)loglf'(z)|= 0, where f(z) is an analytic function?

Sol: Letz = x+iy,z = x— iy

We knowthatz + Z = 2x = x =

Letf = f(xy) = [(z.2
Now =2 (3) 5 (3) =5 () 5 G) =1 G- 15)r

of _ 9fox a_fa_yza_f<l)+a_f(£)_l(i -i)
9z axaz-+ayaz- ax\2/) ay\2) 2 ax+lay f

1,9 ] 1,02 92
EYCEEA NS YEIN ¥
2 \ox oy 4 ‘0x% = 9y?

62f_66_f_1<6 .a)

920z 9z0z  2\dax  ay

a2 a2 a2

= Gty =455 e (0
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Hence (— + —)loglf (2)| = 4W log|f (2)| [from equation (1)]

= 42 2 Joglf @)
0z0z "2 g

02 —
= 25—=log(f'(Of ()

= 25 ——llogf'(2) +log f (@]

(a8 @
“are farm

=2(0+0) =

5. Show that the function u(x,y) = x3 — 3xy? is harmonic and find its harmonic

conjugate v(x, y) and the analytic function f(z) = u + iv?

Sol: Given u(x,y) = x3 — 3xy?

ou _ 2 2 ou _
Pl 3x“ — 3y“ and 3y 6xy
2%u 2%u
oz = 6xanday2 = —6x
2 2
a_u + 6_u = 0
dx2  09y2?

Therefore u is Harmonic function.

Milne — Thomson’s method:Givenu(x,y) = x3 — 3xy? => —3x —3y%and
Ju 6
dy 24

Let v(x,y) be the harmonic conjugate of u
Let f(z) = u+iv
Differentiate with respect to x

,()_au+,av
fz_ax lax

DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 52




MATHEMATICS-11I ANALYTIC FUNCTIONS

= Z—Z - Z—; (from C-R equations , we haveZ—z = Z—; ,Z—; = —%)
= (3x% — 3y?) —i (—6xy)
= (3x* —3y?) +i(6xy)
Now replace x by z and y by 0
f'(z) = 322
Integrate on both sides,
f(z) =z3+ ¢
=(x+iy)3+c
=x3 —iy3+ 3x%(iy) — 3xy? + ¢
f(z) =(x3-3xy>) +i(Bx?y—y3 + ¢
f(z) =u+iv
Therefore u = x3 — 3xy? and v = 3x%y — y3
Hence v is the Harmonic conjugate of .

Constuction of analytic function whose real (or) imaginary part is known:

Let u(x, y) be a harmonic function then there exists a harmonic conjugate v(x, y) and

u(x,y) such that f(z) = u+ iv isanalytic
Problems:

1.Find most general analytic (regular) function whose real part is

u = e*[(x? —y?)cosy — 2xysiny]
Sol: Let f(z) =u + iv be analytic function

Differentiate with respect to x,

’ _ Ou . Ov
= —+ —
fli@)= _+i—
u_j ou H ou v ou v
= 'y (from C-R equations , we have - = 7=, 2% = -—=)
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ou
Fh e*[(x? —y?)cosy — 2xysiny] + e*[2x cosy — 2y sin y]

Ju

3y = e*[-2ycosy + (x?2 —y?)(—siny) — 2xsiny — 2xy cos y]

f'(z) = e*[(x? — y?) cosy — 2xysiny + 2x cosy — 2y sin y]
— ie¥[-2ycosy+ (y? —x?)siny — 2xsiny — 2xy cosy]
By Milne’s Thomson method, replace x by z and y by 0
Hence f'(z) = e?[z% + 2z]
Now integrate on both sides,
f(z) =e?z?+ ¢
= e W (x + iy)? = e¥eV[(x% — y?) + i2xy]
= e*(cosy + isiny)[(x? — y?) + i2xy]
= e*[(x? — y?) cosy — 2xysiny] + ie*[(x? — y?) siny + 2xy cos y]
f(z) =u+iv
Where u = e*[(x? —y?) cosy — 2xysiny] and v = e*[(x%? — y?) siny + 2xy cos y]
Therefore v is harmonic conjugate of u
2.Find the analytic function f(z) = u+ivifu = a(1 + cos 0)?
Sol: Givenu = a(1 + cos @)

Differentiate with respect to 6 and r, we get

du . du
0= Yo = —asm@,;— u,=0
. . . . ou 10v ov 10u
The Cauchy-Riemann equations in polar coordinates are pal ey and T T
dav Ju g
=>r—-—= ——== asin
ar a0

v 1 .
Therefore o = (asin®@)
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Integrating with respect to r,
v(r,0) = asinf.logr +c(0) ............... (D

Differentiating (1) w.r.t.'0’, we get

v dc ou dc
—_— = . I— —_— — i :__ — .
ag—acose logr+d9—rar—r0 i acos@.logr

Again integrating, we get
c(0) = asin@logr + c,, Where ¢, is a constant.
Substituting c(@) in equation (1), we get
v(r,0) = asinf.logr + asinflogr + ¢; = 2asin 6 logr + ¢,
Therefore f(z) = u+iv=a(l+cos@ + 2sinflogr) + ¢,

3.Iff(z) = u+iv is an analytic function of z and if u- v = e*(cosy — siny) then

find f(z) in terms of z?
Sol: Givenu - v =e*(cosy —siny) ............... (D

Differentiate equation (1) partially w.r.to x

6_u v

_v_ x e i
o =€ (cosy —siny)  ..ooociiiiiiiiiin.. )

Again differentiate equation (1) partially w.r.to y

ou _ v _ x(_ A i — _e* i
3y 9y =€ (—cosy —siny) = —e*(cosy +siny) .......... (3)

Since f(z) is analytic

Therefore it satisfies C-R equations

jo Ow_0v ou_ 9
“Uax  ay'ay ox
equation (3) = Z—Z+ %: e*(cosy +siny) ............ 4

equation (2) + equation (4) = % = e*cosy

equation (4) — equation (2) = Z—Z = e*siny
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ou | .9 o
Now f'(z) =£+l £= e*cosy+ie*siny

= e* (cosy + isiny) = e¥e?” = e**W = ¢Z by integrating we get f(z) = e +c¢
COMPLEX INTEGRATION

Introduction: Here we discuss the idea of line integral of a complex valued function f(z) of
a complex variable zin a simple way. It is intresting to note that some definite integrals
involving real variables can be evaluated simply using the integral theory of complex

variables and also we discuss Cauchy’s integral theorem and their applications.

Piecewise continuous : real valued function ‘ f ’ is said to be piecewise continuous on [a, b],
if [a,b] can be divided into a finite number of subintervals in which the function is

continuous.

Continuous Arc: A set of points (x,y),x = x(t),y = y(t)(a <t < b)where x(t),

y(t)continuous functions of the real variable are‘t’ is called a continuous arc.

Path:A continuous complex valued function 'y’ defined on [a, b] is called a path (or) arc in

the argand plane

Where y(t) = x(t) +iy(t),a<t<bh

Note:A path is closed if y(a) = y(b)

Simple Path (Zordan Arc):A path is said to be simple if it does not intersect itself
i.e., y(t) # y(t,) forany ty, t,e(a, b)

Smooth Path:The path y(t) = x(t) + i y(t), te(a, b) is said to be smooth, if x'(t),y'(t)

are continuous and donot vanish simultaneously for any value of ‘t’.

Piecewise smooth:A path y is said to be piecewise smooth if thereexists a partition ‘P’ of
[a,b] thereexists a=t; <t, <--.... <t,.;<t,=b and y is smooth on each

subinterval [t;_q,t;],1 < i < n.

Note:For a piecewise smooth y'(t) existat tot, . tpalsoattyty . t,theright and left

derivative exist but may not be equal at these points, we define y(t;) =0, 1 <i<n

Contour: A piecewise smooth curve is called contour. If a contour is closed and does not

intersect itself, it is called a closed contour.
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Note: The length of the contour is sum of lengths of the smooth arcs constituting the contour.

Contour integration: Let f(z) be a piecewise continuous function defined on a contour
y(@) = x(t) +iy(t), a<t<b then the integral of f(z) along y(t) is define by

[, f@dz =[] fly®1y'(©dt
This integral is called a contour (or) complex integral
Note: Refy f(2)dz + fy Re f(z)dz

Line integral: Let f(z) be a function of complex variable defined in a domain D. Let C be
an arc in the domain joining from z = ato z = 5. Let C be defined by X =
x(t), y=y(t), a<t<bhb

Where a = x(a) + iy(a)and B = x(b) + iy(b).

Let x(t), y(t) be having continuous first order derivatives in [a, b]. We define

b
§rz = [ FIx® + @O + (@)

Problems:

1. Evaluate [(2y+ x?)dx+ (3x—y)dy along the parabola x =2t,y=t>+3
joining (0, 3) and (2, 4).

Sol: Atx = 0,y=3,t=0andatx =2,y=4t=1

Substituting for x and y in terms of ¢, we get

1

1
I = f[Z(tz + 3) + 4t?] 2dt + f[6t—t2 — 3]2tdt

t=0 t=0
1
= f(24t2 —2t3 — 6t +12)dt
0

L 33

=8+12---3=2
2 2

3 4 2
= |2 -2 g
3 4 2 0

2. Evaluate §(x + y)dx + x*ydy along y = 3x between (0, 0) and (3,a)?
y
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Sol: Let I denote the given integral
Since y = 3x = dy = 3dx

Substituting for y and dy in terms of x, we have

3 3
2 4\3

I = j(x + 3x)dx + x%2(3x)(3dx) = f(4x +9x3)dx = <4x7 + 9%)
0 0 0

9
=209) + 2(81)

_18+729_801
N 4 4

3. Evaluate f01+i(x2 — iy)dz along the paths (i)y = x (ii)y = x?
Sol: (i) Along OB whose equation is y = x = dy = dx and x varies from 0 to 1

Therefore f01+i(x2 —iy)dz= | ((01;)1))(}62 —iy)(dx + idy)

Therefore fOB(x2 —iy)dz = fxlzo(x2 — ix)(dx + idx)

1
3 2
=(+0) [ - ix)d =<1+'>[x——'—x]
lb].x x)ax l 3 120

=@ ;3]
(ii)Along the parabola whose equation is y = x? = dy = 2xdx

Now f01+i(x2 —iy)dz = f(%lbl))(xz — iy)(dx + idy)

Therefore [, (x* —iy)dz = fxlzo(x2 — ix?)(dx + i2xdx)

=(1-1) f x%(1 + 2ix)dx

X=0

=(1-1) f(xz + 2ix3)dx

X=0
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~ [x3 x*t ~[1 i
=a-p[5+i%] =a-o[j+]

4. Evaluate flzjii(Zx + 1 + iy)dz along the straight line joining (1, —i) and (2,i)?
Sol: We have z = x + iy = dz = dx + idy
Equation of the line joining the two points (1,—1) and (2,1) is

C1-(-1)

1
y+ 2 -1

x—-1)

e, y+1=2(x+1ory=2x—-3
Thereforez = x+iy=x+i(2x—3) = (1+ 2i)x —3i
= dz = (1 + 2i)dx

Also x varies from 1to 2.

Hence [7/(2x + 1+ iy)dz = [’[2x + 1+ i(2x — 3)](1 + 20)dx

2
1+ zl-)j[zu + )% + (1 — 30)dx]
1

=1 +20[A+i)x?+ (1—3i)x]?
=A+2D[A+D)4+ @A -3D)2—-A+1i)—1-30)]
=(1+2i)(4)=4+8i

The Cauchy-Goursat Theorem:If a function f(z) is analytic at all points interior to and on

a simple closed curve C, then ¢ f(z)dz = 0.
This is called Cauchy-Goursat theorem.

Cauchy’s (Integral) Theorem: Let f(z) = u(x,y) + iv(x,y) be analytic on and within a

simple closed contour c and let f'(z) be continuous there. Then

jgf(z)dz = 0.

Proof:We have f(z) = u(x,y) +iv(x,y)and z = x + iy = dz = dx + idy
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Therefore f(z)dz = (u + iv)(dx + idy) = (udx — vdy) + i(vdx + udy)

Hence ¢ f(z)dz = $(udx — vdy) + i $(vdx + udy)

ﬂ [_@_a_u dxdy+lff a_u_a_v dxdy ... .. )

du 0u 0v

, d — are also continuous
0y 0x

Since f'(z) is continuous, the four partial derlvatlves

in the region R enclosed by C. Hence we can apply Green’s theorem.
Using Green’s theorem in plane, assuming that R is the region bounded by C.

It is given that f(z) = u + iv is analytic on and within c.

ou v oJu av
Hence ay'ay'_ _-ax .............................. (2)

Therefore Using (2) in (1), we have

jgf(z)dz=ff 0dxdy+iff 0dxdy =0
R R

Hence the theorem follows.

Simple connected domain: A domain D is said to be simply connected if every simple

closed curve that is in D can be shrink to a point without leaving the domain.
(or)

A simply connected domain is a domain without holes

Note: Every disc is simple connected domain

Eg: A = {zeC/|z| < 1}, Disc with centre(0,0) and radius r = 1

Multiply connected domain: A domain D is said to be multiply connected if it is not simply

connected.
(or)
A multiply connected domain is a domain with holes.
Eg: The region between two concentric circles is a multiply connected
T={zeC/1 < |z] < 2}
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Cauchy-Goursat Theorem For A Multiply Connected Region:

Statement: Let ¢ denote a closed contour and ¢y, ¢5, €3, «v v o ¢ be a finite number of closed

contours interior to ¢ such that the interiors of the c/s do not have any points in common.

Let R be the region consisting of points on and within ¢ except the interior points of

c;. If B denotes the positively oriented boundary of the region R, then

fB f(z)dz = 0, where f(z) is analytic in the region R.
Result: The above theorem can also be stated as

If ¢’ is a simple closed contour and ¢y, ¢y, C3, wev v ... ¢, are closed contours within ¢

and if f(z) is analytic within c but on and outside the c; s then

ff(z)dz= ff(z)dz+ ff(z)dz+---.............J.f(z)dz

Where the integrals are all taken in the anticlockwise sense around the curves.

Result:Let ‘c’ be a simple closed curve. Let f(z) be analytic on and within ‘c’ everywhere

exceptat z = a

ff(z)dz= ff(z)dz

c C1
Cauchy’s Integral Formula:

Statement: Let f(z) be an analytic function everywhere on and within a closed contour c.
If z = a is any point within c, then
1
f(a) = _fc Mdz

27l (z—a)

Where the integral is taken in the positive sense around c.
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Proof:Let f(z) be analytic within a closed contour. Let z = a be within c¢. Choose a suitably

small positive number r, and describe a circle c, with centre at a and radius r, so that this

@ -

circle ¢, is entirely within c. Then |s analytic within c except at z = a.

) i

Therefore [ |s analytic in the region between cand c,.

Therefore by generalization to cauchy’sthorem, we get
f f@ ‘f f@
———dz
(z— a) (z—-a)

R UOROLIOp

zZ—a

Co

f@-f@

Z—a

(D

Where the integrals around c, are all taken in the positive sense,

DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 62




MATHEMATICS-I111 ANALYTIC FUNCTIONS
on cy: z —a = rye’? and dz = irye®do.

21 lroe
6=0 To 619

Hence, f de = zf d6 = 2mi .. U ¢2))

For every positive ry.
Also f(z) is continuous at a. Hence, to each € > 0, there corresponds a positive § such that
|f(z) — f(a)| < e whenever |z — a| <.

Let us take ry= 8. Then ¢ is |z — zy| = 6.

Hence, |fC0 %Z(a)dz| </ |f(T)—f(a”Idzl <= f |dz|

€
< 5 (2m6) (j |dz| = perimeter of the circle c,)
Co

< 2me

Hence, the second integral on the R.H.S of (1) can be made arbitrarily small by taking

1, sufficiently small. Thus,

f(2)

f(2) - f(a)
(z—-a) fo zZ—a dz

dz = 2mi f(a) +

L.H.S and the first term on the R.H.S are independent of r, and the second integral on the
R.H.S can be made arbitrarily small. Further the second integral must also be independent of

To-

Hence, it must be 0. Thus,

(;(_Zl) dz = 2mi f(a)
e, (a) = Py fc (/;(Zcz)

Hence the theorem follows.

Generalization Of Cauchy’s Integral Formula:
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Statement: If f(z) is analytic on and within a simple closed curve c and if a is any point
within c, then
n!
r(a) = f(2) iz

2mi ), (z—a)"*?

Morera’s Theorem:

If a function f is continuous throughout a simply connected domain D and if

fc f(z)dz = 0 for every closed contour cin D, the f(z2) is analytic in D.
Problems:

2_z+1 1 . : ;
1.Evaluate [, % dz where C: |z| = ; taken in anticlockwise sense.

z%-z+1

Sol: Let f(z) =

z—1

Since z = 1 is outside c, f(z) is analytic inside c.
By Cauchy’s theorem, [ f(z)dz = 0.

2.Prove that fc ﬁdz =2mi,whereCis|z—al| =r.

Sol: Let A be the fixed complex number ‘a’ and P a variable point z on the circle.
Then AP = z — a. Let AP make an angle 6 with x-axis. Then AP = re®®,
i0

Therefore z —a =re

This is the parametric equation to the circle C and 6 varies from 0 to 2m, r being

constant.

Zplane
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f27t riet®
0 rei

Hence [ Zd_—za = do

3.Consider the region 1 < |z| < 2. If B is the positively oriented boundary of this region

then show that [, % =
A 1
Sol: Given f(z) = Z2(z2+16)

|z| =1 and |z| = 2are two circles with centre at (0,0) and radii equal to 1and 2

respectively

y
2
- - e
> ~
a N
’ _lat \
7 - - < A
‘ d < :
! : 1
52 W ) 2 x
N = 4 ']
\ > 4
J
\ -1 5
© >
S -
. - — w
-2

The singular points of f(z) are obtained by equating z2(z% + 16) = 0
=z=0(r)z2+16=0

=z =0 (or)z = +4i
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z = 0,4i, —4iare called singular points, which are outside of the region.

By Cauchy’s integral therorem,

f dz _
B z2(z2+16)

4.1f B is the positively oriented boundary of the region between the circle |z| = 4 and

z+2

the square with sides along the lines x = +1 and y = +1, then evaluate fB n(2) dz?
sin

zZ+2

()

The given region is between |z| = 4 and the square = +1 and y = +1,

Sol: Let f(z) =

|z| = 4is the circle with centre (0,0) and r = 4
The singular points of f(z) are given by sin (g) =0

= g = nm, nis an integer

i.e.,z=2nnm

Which are called singular points.
Here z = 0 lies inside of the square and all remaining points lies outside of the circle.
Therefore f (z) is analytic within B.

By Cauchy’s theorem,

f dz _ 0
s z2(z2+16)
2
5.Evaluatefc %dz where cis (a)|z| = 5 (b)|z| = 2 taken in anticlockwise?

Sol: (a)|z| = 5 is the circle with centre at (0,0) and radius 5 units.

Given function is analytic everywhere except at z = 3 and it lies inside C.

z = dz

z—3 c Z—a

f Zz+4d f(2
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Where (z) = z? +4,a =3 and c is |z| = 5 taken in anticlockwise sense.

Using Cauchy’s integral formula

j f(Z) dz = Znif(a) = 27‘[i[Z2 + 4‘]z=a=3
c Z—4a

=2mi(9 + 4) = 26mi

(b)|z| = 2is the circle with centre at (0,0) and radius equal to 2. The point z = 3 is outside

this curve.

2
Therefore the function % is analytic on and within c: |z| = 2.
Hence by Cauchy’s theorem f —dz =0

6.Evaluate _ 1—dz where c is the circle |z| = 3.

)(

Sol: Given f(z) = e?*

_r _1_ —usm artial fractions.
(z-1)(z-2) z-2 z- gp

Therefore [ Tz(zz_) = [ z_EdZ_f %dz

The points z = 1,2 lies inside c.

Because e?Z is analytic everywhere, according to Cauchy’s integral formula,

eZZ eZZ
.]; p— dz —J; — dz = [2mie??],-, — [2mie??],=, = 2mi[e* — e?]

7.Use Cauchy’s integral formula to evaluate f dz where C is the circle |z| =

(22 +1r2)2

z z

Sol:—= ¢

(z2+m2)2 = (z+mi)2(z—mi)?

f(z) = eZis analytic within the circle |z| = 4 and the two singular points z = +mi lies inside
C.

1 1
(z2412)2 ~ (z+mi)2 (z—mi)?

Let
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A B c D

T z4mi (z+mi)2  z-mi  (z-mi)?

Solving for 4, B, C and D, we get

7 -1 _ =7 -1

213’ 4m2’ 2m3i

! T 4n2

j e’ p 7 j e’ p
————dz = , —dz
¢ (22 +m?)? 2m3i ), (z + mi)

1[ e’ p 7J e’ p 1[ e’ p
4n? ), (z +mi)? 2T s ¢ (z—mi) = ¢ (z—mi)? z

Therefore by Cauchy’s integral formula,

e’ 7 . . 1 o 4 s
L mdz =ﬁ2mf(—m) —4—n22mf (—=mi) — 2n3i2mf(m)
1 . .
—4—ﬂ22mf’(7n)
_l —lTL’_L —ir _ _~_ jim _ein_L
T2 27 T2 27 is

2_ 5
8.Findf(2) and f(3) if f(a) = [, %dz where C is the circle |z| = 2.5 using
Cachy’s integral formula?
A _ (22%2-z-2)
Sol: Given f(a) = |, ———dz
(i)a = 2lies inside the circle C: |z| = 2.5

Let @(z) =2z2—z—-2

By Cauchy’s integral formula, @(a) = = ) 2@ 4

2ni¥C z—a

= 27wif(a) = %dz = f(a)

= f(a) = 2wi@(a) = 2wi(2a* —a — 2)

Therefore f(2) = 2mi(8 — 2 — 2) = 8mi

L. . (222—2—2)
(iH)Taking a = 3, we get, f(3) = | ———dz
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Now, the point z = 3 lies outside C. Hence the integrand is analytic within and on C.

R (2z2-z-2)
Therefore by Cauchy’s theorem, f(3) = fc — 5 —dz=0.

3,-z
Z¢ _dzwhere Cis |z —1| ==,
(z-1) 2

9. Evaluate using Cauchy’s theorem fc
Sol: Givencurveis |z — 1| = %
This is clearly a circle C with centre at 1 and radius 0.5 units.

The integrand has only one singular point at z = 1 and it lies inside C.

Consider the function f(z) = z3e ™2

This function is analytic at all points inside C.
y
o 1 1 3 X
2 2

Hence by Cauchy’s integral formula,

(@) = n’f - f@

2mi —aq)nt?

In this, takea = 1 and n = 2.

Then
2! z3e™?
') = Znifc CEEVE dz
z3e~%
———dz =mif" (1)
. (z—1)3

DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 69




MATHEMATICS-III ANALYTIC FUNCTIONS
d2

— r 3,—z

=i {_dzz [z3e ]}Fl

d
= i {— [3z%e7% — Z3e‘z]}
dz

z=1

= ni[6ze ™ — 3z%e7% — (3z%e™? — z3¢7?)] 4
=mi[z3e % — 6z%e™? + 6ze %] ,_4

=mile ™t — 6e7! + 6e71] = wie™?

sinz%+cos nz

2
10. Evaluate fc D2 dz, where c is the circle |z| = 3 using Cauchy’s integral

formula.

Sol: f(z) = sinmz? + cosmz? is analytic within the circle |z| = 3 and the singular points

a = 1,2 lie inside c.

, f@) NS (@ [ @
,[C (z—l)(z—Z)dz_,fc [2—2 Z_l]f(z)dz— Z—Zdz Z—Zdz

c c

= 27if (2) — 2mif (1) (using Cauchy’s integral formula)
= 2mi[(sin4m + cos 4m) — (sin7 + cosm)]
= 2mi[1 — (—1)] = 4mi

. sin mz2+cos wz? .
Ie,fc m—dZ—‘l’T[l

Assignment questions:

x—1iy
x2+y2

1.Find whether f(z) =

is analytic or not.

2.Show that the real and imaginary parts of the function w = log z satisfy the C-R equations

when z is not zero.
3.Prove that the function f(z) defined by
x3A+i)—-y3(1-1i)

f(2) = x2 + y? ,(z+0)
0,(z=0)
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Is continuous and the Cauchy-Riemann equations are satisfied at the origin, yet f'(0) does

not exist.

4.Find k such that f(x,y) = x3 + 3kxy? may be harmonic and find its conjugate.

5.Evaluate [ (x —2y)dx + (y* — x?) dy where C is the boundary of the first quadrant of

the circle x? + y? = 4.

6.Verify Cauchy’s theorem for the function f(z) = 3z% + iz — 4 if c is the square with the

verticesat 1 +i,—1 +i.

z3—sin 3z . . _ . . -

7.Evaluate fc (2—5)3 dz with C:|z| = 2 using Cauchy’s integral formula.

2
8.Evaluate | (:)—g1§3 dz where C: |z — 1| = %using Cauchy’s integral formula.

. . . z . .
9.Using Cauchy’s integral formula, evaluate fc . Y dz where C is the ellipse
9x2 + 4y? = 36.

dz .
10.Evaluate fc mwhere C:lz—i] =2.

eZ

11.Evaluate |

dz where C: |z — 1| = 3.

z(z+1)

12.Evaluate [, =

Zl+1 dz where c is (i) |z| = 1(i)|z| = %taken in anticlockwise sense.
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UNIT -1V

Singularities and Residues

Introduction: In this unit, we discuss the method of expanding a given function about a point
‘a’ in powers of z—a’, as we proceed, we recognize that this theory enables us in
evaluating certain real & complex integrals easily. Here we discuss Taylor’s series & Laurent
series expansion of f(z)about point ‘a’.

In this unit we also discuss about Residue Theorem which is useful to evaluate certain
real integrals.
Sequence: A sequence {Z, } is a function from N —C i.e., Z,:N— C
Series: Let {Z,}>_,be a sequence, the n partial sum of sequence is called series and it is
denoted by Yr—, Z,
Power Series: Let {Z, };,—; be a sequence of complex no’s the series Y5_; @, (z — zy)™ is
called a power series of z,.

e The Series Y._; a,z™ is a power series about the origin.

o If a series }5—, a, converges at every point of circle ‘C’ & diverges at every point
outside the circle ‘C’, then such a Circle ‘C’ is said to be circle of convergence of the
series Y—o ax- The Radius R of the Circle *C’ called the radius of convergence of the
series Y —o Q-

e The formula to find radius of convergence (R) is 1= Lt,_,.,Sup |2
R

(on) - =

Lt ..Supla,|"/n.
1. Find the circle of convergence of the series )./, (log z)™ z"
Sol. We have ).57_,(logz)"z" = Y-, a,z"
on comparing a,, = (logz)™

we know that% = Ltn%SupIanll/n

= Lt,..Sup| (logz)"ll/n

1 —
— =
R
R=0
Radius of Convergence =0
i.e., Circle with zero radius.

Hence the circle of convergence is |z| = 0
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_q1\yn—1_2n-1
2. Find the circle of convergence of the series }.,_, CD" 2

(2n—1)!
Sol. We have a,, = ((;)_nl_)l, aniy = (;—1):).
% = Lt .Sup a;‘—:l
= Lty.Sup |(2n+1§2(_1‘2}ﬁ;-;%——194|
S e
=0

~ R — oo, Circle with oo radius
~The given series is convergent everywhere in the complex plane.
Taylor’s Theorem:
Let f(z) be analytic at all points within a circle C with center at ‘a’ & radius r. then at each
point ‘z’ within ‘C".
f@=f@+f@e-)+ 2=+ 2@ - + . ()

i.e., the series on the right hand side in (1) converges to f(z) whenever |z — a| < r

- The expansion in (1) on the R.H.S is called the Taylor’s series expansion of f(z) in
power of (z — a) (or) Taylor’s series expansion of f(z) about z =a (around z = a)
Maclaurin’s Series:

Taylor’s series expansion about a=0 is called Macluarin’s Series i.e.,

F@=fO+fOD+ 2@ + L 2@ + . _(2)
which is called Maclaurin’s Theorem.
Note: Suppose we want Taylor’s Series expansion of f(z) around z = a. Then f(z) must be
analytic at z = a & within circle C: |z — a| = R, where R is as large as possible.

Expansion of some standard functions:

ZTL

z Z2 Z3 Z4' _ 0 .
1. e?=1+4+z+=+=+=+............... =)r_1=—Vzie,|z] <o
20 31 4l n!

3 5
. Z VA

2. Sinz=z—=—+=—— ...........
31 5l

Z2 Z4
3. cosz=1—=+=—— ...........
21 4l

4. sinhz = )7 T
' n=1(2n+1)!

Important Note: To obtain Taylor’s series expansion of f(z) around about z = a, then put

z—a = 0. Then
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f@=fw+a)=¢w) (say)

now write the Maclaurin’s series expansion of ¢(w).
Finally substitutew = z — a, then we get required Taylor’s Series.

Problems on Tavlor’s Series Expansion of f(2):

1. Expand e* as Taylor’s series about z = 1
Sol: Given f(z) =e?, z=1
Letz—1=w=z = 1+w
Now, write Maclaurin’s series for ¢p(w)

e, pw) = $(0) + ' (OW) + L2 w)? + £ (w)* +
pw) =e.e” ¢Pp'(w)=e.e¥ ¢"(w) =e.e"
p(0)=e =2 ¢ @=e
~p(w) =e+ew +M2’—!2e F o
dpw) =e[l+w+ MZ’—IZ + o]

Now replace w by z — 1
p(z—1) =e[l+(z—-1) +%+ e e e o]

which is the Taylor’s series of f(z) = e” about z = 1.

2. Find Taylors series of f(z) = )2 aboutz = —i
Sol: We know that Taylor’s Theorem for f(z) is
f@=f@+f@e-a)+ 2@~ + L 2@~ ) + e (D)
puta = —i
f@)=fD+f(=DE+)+ ! (ZTD (z+0)?*+ ! gl_i) (z+1)°+
f@ = g= fD =}
f@= = D=0
f(z) = (1+ )4 = fr=0) = (1- 1)4
Sub. All above in (1) then
f(2) = —+(1 )3(Z+l)+(1 )4(z+1)2 ......................
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z

3. Expand GiDe2) about z = 1 (or)

Write the Taylor’s series expansion of aboutz =1

_z
(z+1)(z-2)

Sol: Given f(z) = & a=1

-z
(z+1)(z-2)

z -4 B i i
@D 1 += (by partial fractions)

z _ A(z-2)+B(Z+1)
(z+1)z—2) (z+1) (2=

>z=A(z—-2)+B(Z+1)

onsolvingitA=1/3,B= 2/3

z _ 2 1
(z+1)(z=2)  3(z+1) 3(z-2)
2 1
~ f(z) = +

3(z+1) = 3(z-2)
Nowletz—1=w =2z=1+w

2 1
T 3(w+2) | 3(w-1)

Sl 2
=1[1——+ Zr_Ty ...........]-§[1+w+w2+w3+---]
(if[% <1 = wi<1; wl<2 =Iwl<1)

f(z)=§[1—%+ (Z—_:)—z—%+ .....]-§[1+(z—1)+(z—1)2+ o]

i.e., this series is valid in the region |z — 1| < 1

Assignment Questions:
1. Find the Taylor’s series for i above z = 1. Also find the region of convergence.
2. Expand logz by Taylor’s Series about z = 1

3. Obtain the expansion of (2_11 in a Taylor’s series in power of (Z — 4) and determine

)(z-3)
the region of convergence.

4. Expand f(z) = 22_12_6 about (i) z=-1(ii))z=1
5. Find the Taylor’s series expansion of f(z) = 22741 hout point(i)z=—i(i))z=1

z2+4z
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Laurent’s series Expansion: we have seen under Taylors series that if f(z) is analytic at
Zz = a, We can have a series expansion of f (z) in non-negative powers of (z — a) which is
valid in a region given by |z — a| < R for suitable R.

Laurent’s theorem gives a procedure to expand a given function in powers of (z — a).
The series expansion may have positive as well as negative powers.
Laurent’s Theorem:

Let C;and C be two circular given by |z' — zy| =r and |z" — z,| < R respectively
where r < R.

Let f(z) be analytic on C1 and C» throughout the region between the two circles. Let Z

be any point in the ring shaped region between the two circles C1and C».

then e ~
s ..-'i”[z :I \"
by r L Z0 %
f(@) =X5-1a,(z— 20)" + Xooi —— { o
(z=2z0)™ i zr ) R '
. | I
which is called Laurent’s series expansion of f(z) about z=z,. 1 L % j
1 £z , 1 4
where a, = —¢,_ s 42 . v
and b, = — ¢ @) gy

Zm €2 (z'—zy) ¥l

where integrals are taken around Czand C; in the anti clockwise direction.

Problems:
1. Find Laurent’s series for f(z) = z2(11—z) & Find the region of convergence (or) Find
two Laurent’s series expansion in powers of z for f(z) = & specify the

regions in which these expansions are valid.

Sol:  Given f(z) =

2(1 -2z)

The singular pomts are z=0 and z=1

Now f(z) = 2(1 5= Z—lz 1-2)71
=;[1+Z+22+ .......... Jvalidonly ifz # 0 & |z| < 1
=iz+l+1+z+zz+ .......... isvalidonly if 0 < |z] < 1

=y, zm?if0<|z| <1

which is one Laurents series expansion in powers of Z.

f(2) = —

2(1 Z) z%(z-1)

2
22z (1—%) a z3(1—%) T Z3 z
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== (S St mt . )iflzl > 1
=-3% oz " 3if|z] > 1
=- Y o(z—0)T"3if|z] > 1

Only principal part analytic part is not there

This is the another Laurent’s series expansion in powers of z.

2. Expand f(z) = ——— in the region ()1 < |z| <2 (i) 0< |z—1]| <1

z2-3z+2
) __ 1 1 -4 ., 8
Sol: f(Z) T z2-3z+42  (z-1)(z-2) z-1 z-2

A=-1,B=1
-1 1
“f@ =45
The singular points of f(z) are Z=1,2 - . Annular Region
()  Consider 1 < |z| < 2 , e /
e, 1<|z|, |zl <2 ) 3
I

- ——

1
z

1 1
f@= 5= . e
1 1

To(D) )
-50-97-102y"
:_iz(l +24 (-ZZ-)Z + (g)3 + o ) —§(1 +-+ G)z + )

valid only if || <1,

<1

z
2

1 . n o 1 n+1 .
= =, Zn=0 (g) - 2n=o0 (;) ifl< |Z| <2
This is the Laurent’s series expansion of f(z) about z=0 (or) in powers of Z in the region

1<zl <2
¥

(i) Consider0<|z—1| <1 |
1 1 Annu‘lar Region
=—+— 0<|z-1]<1
We have f(z) = — + — m
The function f(z) is analytic 1 w2 X

in the ring shaped region 0 < |z—1| <1

f() :i-l_(z—;)—l
- i—(1—(z—1))—1
= = -(A-GE-D+@E-12+ ... )
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=—(1- 2" = Tz = 1"
Principal part + Analytic part
This is the Laurent’s series expansion of f(z) about z = 1 (or) in powers of (z — 1) in the
region0 < |z—1| <1

3. Expand in positive & negative powers of z if 1 < |z| <2

1
(z2+1)(z2+2)

: 1 =_1 1
Sol.  Given f(z) = (22+1)(22+2) ~ (22+1)  (2%+2)

Givenregionis 1 < |z| <2

ie,1<lzl, |zl <v2 ”
1 z ~= 7172~ 5 Annular Region
- — A 1<zll<v2
|Z| <1, 7z <1 y 1 ,_i\ ){
2 ¢ I/ 5 ‘1
iz <1 , z <1 1 ‘\\ 0’ P II\E X
1 1
z) = - -
f@ (z2+1) (z2+2)
1 1

22(1+Zi2) - 2<1+§)

(43" 3(143)
= Ziz[l—ziz+zi4— =+ ..........]—%[1—ZZ—Z+—— A

ZZTl

D) = X0 (O) "+ S

! !

Principal part of Laurent’s series Analytic part of Laurent’s series

Assignment Problems:

2 aboutz = —1

1. Obtain all the Laurent’s series of the function L
(z+1)z(z-2)

1 . .
2. Expand el theregion(@) 1< |z|<2()0<|z|<1(c)|z| =2

2_6z-1 .
i in the

3. Find the Laurent’s series expansion of the function f(z) = Do ED

region3 <|z+2| <5
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Contour Integration

We have studied the functions which are analytic in a given region. But there are
several functions which are not analytic at certain points of its domain. Such exceptional
points are called the ‘singularities’ of the function & a type of a singular point is called a
‘Pole’. Now we study above different types of singularities & finding residues of a function
at a pole. Also we prove Residue theorem which is useful to evaluate certain real integrals.
Definition:
Zero (or) root of analytic function: It is a value of Z such that f(z) = 0 (or) A point ‘a’is
called a zero of an analytic function f(z) if f(a) = 0.
Ex: f(z) = z—1, here f(1) = 0 .~ ‘1’ is called zero (or) root of f(z)
Zero of ! order : Let f(2) be analytic function, if the root ‘a’ of f(z) repeated ‘n’ times
then ‘a’ is called root (or) zero of the nth order. & we write it as f(z) = (z — a)™ ¢ (z) where
¢(z) # 0.
Examples:
1. f(z) = (z—=1)3, f(1) = 0, Hence ‘1" is called zero of 3™ order.

2. f(z) = ﬁ, then f (o) = 0, Hence ‘o’ is called zero of order 1, it is a simple pole.
3. f(2) = sinz, the zeros of f(z) are z=0, +m, +2m, +3m, +4m ... ... .....
4. f(z) = e has no zeros (= eZ # 0)
Singular Point: A singular point of a function f(z) is the point at which the function f(z) is
not analytic.
(or)

A point ‘a’ is said to be a singularity of f(z) if f(z) is not analytic at ‘a’
Singularities are classical into two types:

Q) Isolated Singularity

(i) Non- isolated singularity
Isolated singularity: A point z = a is called an isolated singularity of an analytic function
f(z) if (i) f(2z) is not analytic at ‘a’

(i) f(2) is analytic in the deleted neighborhood of z = a

Ex.l. f(z) =

1

zZ—

[uy

Here z = 1 is a singularity of f(z)

Further z = 1 is a isolated singularity of f(z) since f(z) is analytic in the deleted

neighborhood of z = 1.
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1
Ex. Zf(Z) —m

Here z = 1, 2 are singularities of f(z)

Further z = 1,2 are isolated singularity of f(z) since f(z) is analytic in the deleted
neighborhood of z = 1,2.

el
z241

Ex.3. f(z) =

Here z = +i are two isolated singular points of f(z)

2

sinz

Ex4. f(z) =

The isolated singular points are z = +m, +2m, +3m, +4m ... ... .....

Non-Isolated Singularity: A Singularity which is not isolated is called a non isolated

singularity.
i.e., Asingularity ‘a’ of f(z) is said to be a non-isolated singularity if every neighborhood of
‘a’ contains a singularity other than‘a’.

1

Ex. f(z) = sin(})

sin (i) =0=1=tnw=z=0 n=41,42,43,+4 ...
The singularities of f(z) are# ,n=4+1,+42,43,+4...........

It may be noted that Lt,, i =0

i.e., z=0 is the limit sequence of singularity.
=~ Bvery neighborhood of ‘0’ contains a singularity i for sufficiently large ‘n’
~ z=0 is a non- isolated singularity.

Note: If z = a is an isolated singularity of f(z), then f(z) is analytic in deleted

neighborhoodsay 0 < |z—a| < R,R>0
» f(z) has Laurent’s expansion which is valid in the annulus 0 < |z — a| < R

We know that the Laurent’s series expansion of f(z) is
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f(2) =32, a,(z—a)" + 2;;°=1(Z_”—’;)n validin 0 < |z—al <R

In this expansion Yo", a,(z — a)™ is called the analytic part and X5, Pn_ s called the

(z=a)"

Principal part of the expansion.

1. Removable Singularity: If the principle part of the Laurent’s expansion of f(z) around
the singular point z = acontains no terms. Then singularity is said to be a ‘Removable

Singularity” of f(z).
In this case f(2)= Y1 an(z — @)™

In this case the singularity can be removed by appropriately defining the function f(z) at
z = a in such a way that it becomes analytic at z = 0, such a singularity is called removable

singularity.
Note: If Lt,_,,f (z) = finite then z = a is a removable singularity.

Ex.1: If f(z) = =522

z

Hence z = 0 is isolated singularity of f(z)

1-Cos z

Ltyof (2) = Ltso (& form)

Z

= Lt,,, ¥ (L hospitals Rule)
= 0 (finite)

~ z = 0 is called removable singularity of f(z)

Sinz

Ex.2: If f(z) =

z

z=0 is removable singularity

2. Pole: If the principal part of Laurent’s series expansion of f(z) around singular point z =
a. Then z = a is called a pole.
- Ifb,#0&b,=0fork=m+1m+2,..........
Then z = a is called a ple of order ‘m’

- Apole of order 1 is called a simple pole.
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_ 2
(z—1)(z+2)?2

Ex: f(2) =
Here, z = 1, —2 are isolated singular points
Hence z = 1 is a simple pole

z = —2isapole of order 2

Essential Singularity: If the principle part of the Laurent’s series expansion of f(z)around
z = a (Singular point) contains infinitely many terms then z = a is called an Essential

singularity of f(2).
Example for Removable singularity, pole, Essential singularity:

z2-22+3 _ z(z-2)+3 _
z—-2 z—2

Ex1: f(z) = z+ %
Hence z = 2 is a singular point & it is Isolated

f(z)=z+ 3(z—2)71

which is Laurent’s series expansion of f(z) around z = 2. It contains only one —ve

power of order one.

~ z = 2 is called a simple pole.

1
e_l/z

Ex 2: f(z) = e'lz =

The singular point are given by e z=0

z = 0 is the Singular point of f(z) & it is Isolated.

1/ _ 11 /1\%  1/1)\3 .
NOWf(Z):e/Z—l‘F;"'Z(;) +;(E) S e |f0<|Z|<00
o 1 _
= n=OE(Z_O) "

which is Laurent’s Series expansion of f(z) above z = 0 & It contains infinitely

many —ve powers of (z — 0) (principle part contains Infinite no. of terms)
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~ z = 0 s called Essential Singularity of f(z).

Singularity at Infinity: Let the function is f(z), to find the singularitites of f(z) at z=co then

put z = = in f(2).

Then £(2) = £ (7) = F(©) [say]
Now the singularity of F(t) at t = 0 is the singularity of F(z) at z = oo

Laurent’s Theorem:
Let C1 and C; be two circular given by |z —a| =7, and |z’ — a| < r, respectively
where r, < 17.
Let f(z) be analytic on C1 and C, throughout the region between the two circles. Let Z

be any point in the ring shaped region between the two circles C1and C». then

oo o b
f(Z) = Zin=1 an(z - a)n + Zn:lﬁ

T which is called Laurent’s series expansion of f(z)

about z=a.

1 £(z" 1 f(z"
—gﬁc dz' andb, =—¢ ———— d7

2mi 71 (z'—a)nt1 T 2mi e (z'-a)nHl

where a, =

where the integrals are taken around Ciand C: in the anti clockwise direction.
Residue at a pole: Let z = a be the pole of a function f(z) then residue of f(z) at z = a is

denoted by Res,_,[f(z)] and it is defined as the coefficient of ﬁ in the Laurent’s series

expansion i.e., b, is the residue

1

i.e., bl = P

J, f@

J. f(2) =2mi x b;=2mi X Res,_q[f(2)]

- if z = ais the simple pole of f(2)
then Res,—, [f(Z)] = Ltz—)a(Z - Cl)f(Z)

- if z = a is the pole of order ‘m’ of f(z)
then Res,~lf(2)] = oo Lty [ s (2 — O™ £ (2)]

dzm-1
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Cauchy’s Residue Theorem

Statement:_Let C be any positively oriented simple closed contour. Let f(z) is analytic on &

with in ‘C’ except at a finite number of poles z;, z,, ... ... Z, within ‘¢’ and Ry, R,, ... ... R, be
the residue of f(z) at these poles, then fc f(2)dz=2mi[R{ + R, + ...... +R,]
(or)

j f(z)dz = 2mi[ sum of the residues at the poles with in C]
Cc

Proof: Letcy,cy, ... ... cy, be the circles with center at z;, z,, ... ... z,, respectively
The raddi so small therefore all circle ¢4, co, ... ... c, are entirely lie in C
and They do not overlap.
Now f(z) is analytic within the region enclosed by the curve ‘c’ between these circles.

~ By Cauchy’s theorem for multiply connected regions we have

J. f(®)dz = fcl f(z)dz + fcz f(z)dz+ - ... .....+fc2 f(z)dz (1)

But by definition we have

1
2mi

fcl f(z)dz = Res,_, [f(2)]

1
2mi

[, f(z)dz= Res,,,[f(2)]

fc f(z)dz = 2miRes,-,, [f(2)] + 2miRes,—,, [f(D)]+.............. +2miRes,-, [f(2)]

27i {Reszzz1 [f(@)] +Res,—, [f (D] + o vev e+ Reszzzn[f(z)]}

2mi [Ry + Ry + ... +R,]
= 2mi[ sum of the residues at the poles with in C|

Hence Proved
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Problems related to poles & Residues:

1. Expand f(z) = & as a Laurent’s series about z = 1 & hence find the residue at

that point.

Sol:  Given f(z) = —“— &z =1

(z-1)2

It is required to find Laurent’s series expansion around z = 1
(i.e., in powers of (z — 1))
f(2) =(z—1)"2e D+ = (z-1)"2e(D ¢

Y
= e.(z—1)2 [1+(z—1)+%+ ]
__ e gy @12
= [1+@-D+E2+ ]
- cant
(z-1) (z—-1) 2! 9
—[e 4 ez 4 a
FE R | [T ]

! !

+ve powersof (z —1) —ve powers of (z — 1)
Analytical part Principle part

Given f(z) = & z = 1is apole order 2

& Residue of f(z) at z = 1 is coefficient of (L in Laurent’s series expansion
i.e., Res,_1[f(z)]=e
- - - VA ae aus VA
2. Find the poles of the function (i) — (i) cot z (iii) a1

Sol. (i) f(2) = =

Cos z

Poles of f(z) are given by denominator =0
i.e.,cosz=0

ie,=Cn+1)-,n=0+1,42.. ...

~ The polesare z = + g,i 37” .....,which are poles of order 1( simple poles).
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(i)  f(z) = cotz

cosz
f(z) = cotz =

inz

Poles are given by sinz = 0

ie,z=nmwheren=0+1,+2........
~ The polesare z=0,+m,+ 2m, .+ 3w .......... , which are poles of order 1( simple poles).

(i) f@D=ms

z2-3z+2

Poles are givenby z2 —3z+2=0

z = 1,2 are called poles, which are simple poles.

3. Find the poles of the function f(z):( and residues at the poles.

z
z-1)*(z-2)(z-3)

Sol: Given f(z):( 2

z—1)*(z-2)(z-3)

The poles of f(z) are givenby (z — 1)*(z—2)(z—3) =0
z=1,23
here z = 1 is apole of order 4,z = 2, 3 are poles of order 1.
i) Residue at pole z = 2
w.k.t If z = aisapole of order 1 then

Res,_,[f(2)] = Lt,,.(z —a)f(2)

z3 8
Res;=2[f(D] = Lt;z(z = Df ()= Ltz (=D o057 100 = 0

i) Residue at pole z = 3

- o z -7 _27
Res,_;[f(z)] = Lt,,5(z —3)f(2)=Lt,3(z—3) D e De) 161 16

iii) Residue at pole z = 1
Here z=1 is apole of order ‘4’

w.k.tif z = ais pole of order ‘m’ then

then Res,_,[f(2)] = It [dzd—,r_l (z — a)m.f(z)]

(m-1)! 74

herem=4,a=1

1 4 Ll
Resz=1[f(z)] - ; Ltz—>1 [E Z 77 ¥ 1}4(2_2)(2_3)]
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1 d3 z3
Res,-1[f(2)] =2 Lt,, [@m} R )
f z
Let us find out F [m]
z3 _ c D
ey AZTB o+ T
HenceA=1,B=5C=-8,D =27
3
a2 TS e
z3 48 162
By SOIVmg dz3 [(z 2)(z- 3)] (z-2)*  (z-3)* S )
Sub. (2) in (1)
_1 48 162
ReSZ:l[f(Z)] - 6 Ltz—>1 (z-2)* (z-3)*
o=
16
Res,1[f(2)] ==
4. Find the Residues of f(z) = z(ez 3
Sol. Given f(z) = (eZ 5
The poles of f(z) are given by z(e? — 1) =0
z=0o0re?—1=0
eZ=1=2e?=e?" pn=0,4+1,42.....
z = 2nmi
~ The polesare = 0,2nmwi ,n =0,%+1,+2 ... ...
Whenn = 0thenz = 0,0
~ z = 0 s apole of order 2
1 1
Z) = =
f@ z(e?~-1) z[(}+z+§+§+ )—J:]
— 1
zxz[1+§+§+-~-................]
_1 z z2 -1
_1 z z2 z z2 2
s [1 — (E+; T+ o ) + (5+§+ S e vee ) ]
Az (1 1\ 2 (L 1_1),3
== [1 o + (4 6)2 + ( 24+ : 8)2 + ]
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1 1

_r_r,r 12
f@= -4+ -z

Which is a Laurent’s series Expansion of f(z) in powers of z.
s Res,—olf(2)] = Coeffiecient of i = —%
Assignment Questions:

Find the poles & the corresponding residues of

W f) =5

2) f(2) = =

(8) F(2) = o
(4) f@) = 2

6) (D) = o

Problems related to evaluation of integrals using residue theorem:

1.Evaluate ¢ —2232__ 47 where ‘C’ is the circle|z| = 3/2 using residue theorem.
Z(Z-1)(Z-2)
4-3Z
Sol: let f(Z) :m

The poles of f(z) are givenby z(z—1)(z—2)=0 =2z =0,1,2
z = 0,1,2 are the poles of order 1.
The given curve c is |z| :z = |z-0| =§

= |x+iy—0]=3/2

= |(x —0) + iy|=3/2

= ,/(x —0)? +y% =3/2
= (x—0)2+(y—0)>=15
which is a circle with center (0,0) &r = 1.5

The poles z = 0,1 are only lies inside the curve 'c’

We required to find the residues at the polesz = 0,1
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Residue of f(z)at z=10:

w.k.t Res f(2)at z=a = Lt;~a(z —a)f(2)

4-37
Ri=Res f(2) gt z=0 = Lt,o(z — O)Z(ZT)(Z—Z) =4/2=2= R, =2
Residue of f(z) at z=1:
_ 4-37Z _ _
Rz— Res f(Z)at 7=1 — Ltz_,l (Z - 1)m —1/1(-1) =-1= R2 =-1
~ By Cauchy Residue theorem:
35 252 s = 2mi(R, + R
1Z -0z =% = 2R Ry
=2mi(2—1)
= 2mi

Note: [ f(z)dz = 2mi(sum of residues )

1

dz
z2 sinhz & evaluate f z2 sinhz

2. Obtain the Laurent’s Series for the function f(z) =
where ‘C’ is the circle |[z— 1| = 2

1
z2 sinhz

Sol : Given f(z) =

3 5
\ : (since sinhz = z + —+ =+ ---)
3! 5!

3 5
2002 42
2% (ztgptgrt )

1

2 4
B z z .
Z [1+( §+a+' )]

e [Nt

[since(1+x)tP=1—x+x%+x3..]
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f(z) = — —+--z*...is called L.S exp of f(z) about 0

z3 6z
The highest power of (z-0) is 3

Therefore z = 0 is a pole of circle 3

The givencirclecis |z—1| =2; |x+iy—1| = 2;

lx—1+iyl=2; J(x—1)2+y2=2 at (1,0) r =2
The pole z = 0 lies inside ¢
1
Ry = Res f(2) 4t =0 = coefficient of;in L.Sexp=-1/6

By residue theorem [ f(z)dz = 2mi(sum of residues )

f dz —2'(R)—2'( 1)_ i
z2 sinhz LSRR 6/ 3

d . | . .
3. Evaluate fﬁ , Where c is the circle |z| = 4 using residue theorem .

1
sinhz

Sol: Given f(z) =

The poles of f(z) are given by sinhz =0
Z=xnmi,n=0 I, £2,.....
Z =0 7 -7, 27, -27i .....
Which are the poles of order 1
[(0,0) (0,7), (0,—m), (0,21), (0, —2m) ....]
The given curve ‘C’ is |z| = 4 which is a circle with center (0,0) & radius r = 4

Here the only poles lies inside the curve “c” are z=0, mi, -mi,

Residue at z=0:

Ry = Res f(2)at z=0 = lt ;o0(z — 0)f(2)

1

" sinhz

= lt,, 0z
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0. . .
=5 Is indeterminant form

=1t , - (L-hospital rule )

coshz

Residue at z= xi

R, = Res f(Z)at z=ni = Ut ;oni(z — W) f (2)

=1t Z-Ti (Z - T[l)( -

sinhz

)

= tmem) 9 (indeterminant form )
sinh(mi) 0

=t .
2t (5 )~(Gommam)= =5 = 1

R2 =—1

Similarly Residue at z= -zi is R; = —1

By residue theorem [ f(z)dz = 2mi(sum of residues )

1
f - dz=2mi(1—1—-1) = —2mi
sinhz
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Evaluation of Real Definite Integrals by Contour Integration:

In this section, we consider the evaluation of certain types of real definite integrals. These
integrals often arise in physical problems. To evaluate these integrals, we apply Residue
theorem which is simple than the usual methods of integration. The process of evaluating a
definite integral by making the parts of integration about a suitable contour (curve) in the

complex plane is called contour integration.
Type I: Integrals of the type fOZ" F(cos@,sinB)do

Procedure: put z = e®®

Differentiate on both sides w.r.t ‘9’

dz . dz dz
—=l619$j= do = d9=—
dae iet iz

. . 1
19+e—19 Z+E

We know that cos = £ = &

. . 1
919_9—19 z—=

sin@ = - = —=£
21 21

Also since 0< 6 < 2m = 6 travels on the entire unit circle & |z| = |e??| = 1

2T . _ 1 1 1 1\|dz _
~ [y F(cosh,sin0)d6= [, F [5 (z + ;), = (Z — ;)] += J. f(2)dz (say) (1)
Where ‘C’ is the unit circle |z] = 1
By Residue Theorem: [ f(2) dz = 2nix[sum of the residues ] (2)
From (1) & (2)

fozn F(cos6,sin6)d0 = 2xnix[sum of the residues |

Problems:

1. Show by the method of residues f prroet \/_ (a>b>0)

de 2m

Showthatf aThoos = T

. ae _ 1 2m  df
Sol: we can write f a+bcosd 2 fO atbcosd ——— (1)

Let C be the unit circle i.e., C: |z| = 1
Putz = e

Differentiate on both sides
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dz . . dz
Z=je? =ijz=df = =
dae iz

. . 1
cosf = etfre~i0 _ z+ _ z241

2 2 2z

Substitute all above values in equation (1) than

j” dae 112” dae 1f 1 dz
—_— = - —_—_— = = > _—
o at+bcos6 2), a+bcosd 2 ). a_l_b[zz-lz-l iz
1 2
- ;l_lfC bz%+2az+b dz E— (2)
Let f(z) = 1
f 2) = bz%+2az+b

The poles of f(z) are given by bz2 + 2az+ b =0

= The poles of f(z) are z = %az_bz

Which are poles of order “1°.

__ —a+Va?-b? _ —a—va?-b?
Let a= —Y and B = -

Sincea>b>0:|B|>1=>1>ﬁ :ﬁ<1

But we know that product of the rootsi = % =1

Le., a.p=1

= la.pl =1

= "a' lies inside the unit circle ‘¢’

Residue of f(z)atz = a:

Ry, = Res,alf(2)] = Lt,q(z — )f(2)

1

- LtZ_,a(Z o (X) bz%+42az+b
_ 1
= Lty qle—a) b(z—&)(z-B)
_ 1

b(a—p)
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-1 ( e o 2\/a2—b2)
“2Var-p? ra=-f=—
By Residue theorem
J. f@dz =] m = 2mix[sum of the residues |
. 1
=2 e ———— O

Sub. (3) in (2)

T df _1 1 _1 . .
f =- —————dz== X7 X 27 X
0 a+bcosd® i“C bz%+2az+b i

_ T
2VaZ+b?2  VaZ+b2?

00 x2

2. Evaluate f_mmdx using Residue theorem.

Sol: To evaluate the given integral, we consider

J. S — - J. f(2)dz

(z241)(z2%+4)

Where C is the contour consisting of the semi-circle C of radius R together with the

part of the real axis from - R to R.

Observe that the integrand has simple poles at z = +i,z = +2i.
But z = i,z = 2i are the only two poles lie inside C.

The residue of f(z) at z = i is given by

Z2

(z-—D)(z+D(z2+4)

lzigrl.l[(z - Df(2)] = lim (z—1)

z? -1 -1

:ZE}n (z+0)(22+4) - 20 3) ~ e

The residue of f(z) at z = 2i is given by

. . _ . ZZ
zh—gli[(z - 20f(@)] = zh—>nzlz I(z +2i)(z2 + 1)]

-4 1

T Carn@) 30

Thus by Residue theorem,

f f(z)dz = 2mi(Sum of the residues within C)
c
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_ ,(—1+1>_2 (1 1)_271’_71’
T 6 T31) 7" \376) T 6 T3

e, [1 f0)dx + .. f(2)dz =7 (since on real axis z = x) @

Hence by making R — o, equation (1) becomes

T

[, f@)dx +lim [ f(2)dz =7 _®

3

When R = o, |z| -

[, f(@2)dz=0 3
From (2) and (3), we have

/[

j:f(x)dx =3

2

. 0 x T
l.e., f_wmdx = 5

Assignment Questions

in2
1. Prove that [/ 3948 _ 2T, _ \[q2 —b?| wherea > b >0

0 a+bcosO b2

dae _ 2T
a+b cosd  Va?-p?'

2. Show thatfozn a>b>0 using Residue theorem.

2 20
3. Evaluate [~* ==

0 d6 using Residue theorem.
5+4 cos6

21w 1+4 cos@
4. Show that fo 17+8 cos6

6=0

1

2
5. Evaluate [~ -———

d6 using Residue Theorem.
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Type Il: Integrals of the type ff’m f(x)dx [Integration around semi circle]

To solve the integrals of the type [~ £ (x)dx, we consider [~ f(x)dx = [, f(z)dz
Where ‘C’ is the closed contour.
C = CrU real axis from —R to R [Cy is the semi circle in upper half plane with radius R]

If f(z) has no poles on real axis &on circumference of a circle. But f(z) has some poles

Inside curve ‘C’. Then by Residue theorem

J. f(2)dz=2mi x [sum of the residues at Interior poles]

fcR f(z)dz + f_RR f(x)dx = 2mi X [sum of the residues at Interior poles]
y
Here we show that fCle(Z)le —-0asR > o

CRz|=R

.[ f(x)dx = 2mi X [sum of the residues at Interior poles] R

Note: Radius R is taken so large these are the singularities of f(z) lie within semicircle Cg.

© d
1. Evaluate [ ———
0 (x2+a2)

Sol: Here f(x) = 3

(x2+a2)2
A, 1 1
f(=x) = ((—x)2+a2)2 = (x2+a2)2 = f(x)

=~ f(x) is an even function

Iy FGddx = 27 f(x)dx

o 1 N N
fo (xz+a2)2 dx = 2 f_oo (xz+a2)2 = —
Now let f_""m( 2+1 7 dx = [ f(z)dz where f(z) = : 2+1 7

& C is the contour consisting of the semi circle Cy of radius R together with the real

axis from -R to R.
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The poles of f(z) are given by (z% + a?)?=0
=z = *ai, tai
The poles are z = ai,z = — ai of order 2

The only pole z = ai lies inside semi circle Cg

Residue of f(z) at z = ai

Since z = ai is a pole of order 2

Ri = [Res,call f@]= = Lty [£ (2 - ai)z-f(Z)]

Zﬁal[ (z — ai)?. ra) ]
= Ltyat | et |
=Lt;oai [é' (z+tu')2]

1
4a3i

i=

Hence by Residue Theorem, fc f(z)dz = 2mi X [sum of the residues at Interior poles]

=2mi X -
4a3i

~2a3
fCRf(z)dz + ffRf(x)dx =%— 2
We know that fCRIf(z)Idz —»0asR —> o

Hence, [* f(x)dx =% G
Sub. (3) in (1)

(o] 1 1n b4
o Zazdx= ‘f dx = ——=—
0 (x2+a2) ) (x2+a2) 22a3 4a

Note: Evaluatef —Z)dx using Residue Theorem
+a

Put a=1 in the above problems then we get

SN

1
5 dx =
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Assignment Questions:

1. Using the method of contour integration prove that f0°° xjﬁdx = g (or) Evaluate

J;” —— dx using the Residue theorem.
x°+1

2

2. Evaluate by contour Integration ffmmdx

3. Evaluate by contour Integration fomﬁdx

4. Evaluate f,° (i';i ’1‘) dx
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UNIT-V

CONFORMAL MAPPINGS

Introduction : In this unit we deal the special type of mappings w = f(z) , which are called
conformal mapping. These mappings are important in engineering mathematics in solving
various problems in two dimensional potential theory.

Basic Defintions:
Mapping or transformation from Z-plane to W-plane :

The correspondence defined by the equation w = f(z) between the points in the Z-plane
and W-plane is called “Mapping” from Z-plane to the W-plane.

Conformal mapping :

Suppose under the transformation w = f(z), the poinrt P(x,,y,) of the Z-plane is mapped
in to the point P’ (uy, vy) of the W-plane. Suppose C; and C, are any two curves intersecting
at the point P(x,,Yy,). Suppose the mapping w = f(z) takes C; and C, in to the curves c;
and ¢, which are intersecting at P'(u,,vy) . If the transformation is such that the angles
between C, and C, at (x,,y,) is equal both in magnitude and direction to the angel between
c; and ¢y at (ug, vo) ,then it is said to be conformal transformation at (x,, y,) -

W

A A w

same
angle

/

Definition : A mapping w=f(z) is said to be conformal in a domain D if it is conformal at
every point of D.

Isogonal Transformation :

If the transformation preserves the only magnitude but not necessarily sense (direction) then
it is called isogonal mapping.

Sufficient conditions for w=f(z) to represent a conformal mapping :
Theorem : A map w=f(z) is conformal at a point z, if f(z) is analytic at z, and f'(z,) # 0.
Critical point : the points where f’(z) = 0 are called critical points.

Ordinary point : the points where f'(z) # 0 are called ordinary points.
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Ex: Find the critical points of f(z) = z2
Sol: f'(2) = 0

=2z=0

=2z=0

~ z = 0 is called critical points.

Ex 2: Find the critical points of f(z) = cosz

f'(z) = sinz
f'(z2)=0
sinz=20

z=nnw wheren=0,+1,42 — — — —

z = nm are called critical points of cosz

Examples for conformal mappings

lw=f(z) =¢€*

We know that f(z) = e? is analytic everywhere and f'(z) = e # 0 Vz

~ f(2) is conformal at every point

2w = f(z) = z> — z+ 1 is conformal mapping because it is a polynomial.
3.w = f(z) = e?? — 2iz + 3 is conformal mapping.

Standard Transformations :

1. Translation
2. Expansion or Contraction
3. Inversion

1.Translation : the mapping w = z 4+ ¢ where ¢ is any complex constant, is called a
translation.

Note : Circles are mapped onto circles under this transformation.

2.Expansion (or) contraction and rotation(Magnification) : The mapping w = cz is called
contraction and rotation (or ) expansion. Under this transformation, any figure in Z-plane is
transformed into, geometrically, a similar figure in the W-plane.

Note : if [c| = 1 then w = cz is called a pure rotation, since in this case there is no expansion
or contraction, but just a rotation through an angle of a.
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Example

Prove that circles are invariant under the linear transformation w = az + ¢ (or) prove that
circles are mapped to circles under w = az + c.

Sol: Given the linear transformation = az + ¢ , where a & c are complex constants.
Consider the circle in Z-plane is A(x? + y?) + Bx + Cy + D = 0 ------- (1)

We have transformation w = az + ¢

=> u+iv =alx+iy)+c +ic,

Comparing real and imaginary parts

u=ax+c ,v=ay+c,

Substitute (2) in (1) then we get

= al(5) + () ]+ B () + e (52) +p =0

>AW+v>)+Bu+Cv+D =0

Which is a circle in the W-plane.

__ B-24Ac; ., _ C—2Ac;
- !C u 1

a

Where A" = iz , B’
a

c? + c? Bc, cc
D’=D+A<1 2)— e

a a

Therefore, circles are mapped on to the circles under the transformation w = az + c.

3.Inversion : The mapping w = é is called inversion mapping.
Example : the transformation w =§ maps every straight line or circle onto a circle or
straight line.

Proof : let A(x?2 + y?) + Bx + Cy + D = 0 ----------- (1) is a circle (or) straight line (if A=0)
in Z-plane.

Here A,B,C,D are real numbers.

If A=0, & B & C+ 0 (at least one) then equation (1) represents straight line.
If A # 0 then equation (1) represents straight line.

Wehave z =x +iyand Z=x—1iy

z.Z=x%+y?
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Substitute (2) in (1) then

zZ—2Z

—)+D=0

zZ+Z
Substitute w == =z =~
z w
1 1,1 1 1

A—+B[ Y |+c( % Y])+D=0
ww 2 21

Now multiply the above equation by ww

w+w w—-w .
zA+B( >+C< >+wa=0

2 2i
= A+ Bu— Cv + D(u? 4+ v?) = 0-------- (3)
Where:%w,v=wz;iw,u2+v2=wv_v

Equation (3) represents a circle in W-plane if D # 0
Equation (3) represents a straight line in W-plane if D = 0 and B & C # 0 (at least one )

Therefore general equation of circle or straight is transformed to general equation of straight
line or circle under the transformation w = i

Y. f(z)=1/z N
a 2

‘ | X=-1/2

~ | Y N\

Y :

L
X=-1/2 | X=1/2

Z-plane W-plane
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Some special conformal Transformations :

1. w=z>2 2. w=e?

3. w=logz
Problems :
1.Find the points at which w = coshz is not conformal.

Sol : givenw = f(z) = coshz

f'(z) = sinhz

f'(z)=0

sinhz =0

e? — o7 _,
2

=z =4nmi wheren=0,41,42 - — — — —
Therefore critical points of f(z) are z = +nmi, n=0,+1,+2 — — — — —
Therefore f(z) is not conformal at z = +nmi.
2.Find the image of |z| = 2 under the transformation w = 3z.
Sol: given |z| =2
= |x+iy|l =2
> FTry=2
x2 4+ y? =4 which is a circle with center (0,0) & r=2.
It is required to find the image of circle |z| = 2 i.e x? + y? = 4 -——-- 1)
under the mapping w = 3z.
Letw=u+iv andz=x+1iy
Given transformation is w = 3z
u+iv=3(x+1iy)
Comparing real and imaginary parts then
u =3x &v =3y
v

u
x—gandy—g
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Substitute x & y values in (1) then
Uy 2 v\ 2

(3) +(3) =4

u? +v? =36

Which is a circle in the W-plane with center at (0,0) & r=6.

s
(A

W=f(z)=3z

N
v

.
\/ x

Z-plane W-plane

3.under the transformation w = i find the image of the circle |z — 2i| = 2.

1
Sol:w ==

z
1

zZ = —
w
. u—iv

x+iy= =
y u+iv u2+v?

u -v

X =—— = - 1

u2+v? y u+v2 ( )

|z — 2i| = 2.

|x + iy — 2i| = 2.

x2+ (y—2)% = 4 (2)
Which is a circle with center (0,2) and r = 2.

Substitute (1) in (2)

S1+4v=0
—1
S>v=—
V=

Which is a straight line parallel to X-axis in the W-plane.
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4.Find the image of the infinite strip 0 < y < % under the transformation w = %

Sol: here it is required to find the image of infinite strip 0 <y < % in Z-plane under the map

1
w=-.
z

. . 1
Given transformation w = -

1
z=—

1 u-iv

x+iy=

u+iv. u?+4v?

Comparing real and imaginary parts

x=— g 1)

Tz VT urge
Given strip in Z-plane is 0 < y < %
Ify=0thenv =0 (from (1))
Ify=% thenu? +v2 +2v =0

uw?+(w+1)?2=1

Which is a circle with center (0,-1) & r=1
Therefore under the transformation w = i
The straight y = 0 is transformed to line v = 0 and

The straight y = % is transformed to a circle u? + (v + 1)2 =1

Hence the infinite strip 0 < y <% in Z-plane is mapped in to the region between line V=0

and the circle u? + (v + 1)? = 1 in W-plane under the transformation w = i

"
Y=1/2
\ Y=0 bl
|
I
Z-plne W-plane
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5.show that the image of the hyperbola x> — y? = 1 under the transformation w = % IS
the lemniscate p? = cos20.

Sol: It is required to find the image of hyperbola x> — y? = 1 under the transformation w =
1

z

given transformation w = i

i

letz =re
w = Re®

. 1

o _
Re! reif
Rei(Z) — _e—LH
R==0=-6

Tr

Given hyperbolais x> —y? =1
r2cos?0 — r?sin?6 = 1
r2(cos?6 — sin%0) =1
r2c0s20 = 1

p—12cos(—2(Z)) =1 (p= % 0 = —0)

p? = cos2@

Therefore hyperbola x*—y%> =1 in the Z-plane is mapped in to lemniscates
p? = cos20 in the W-plane.

6.Find and plot the image of the traingularregion with vertices at (0,0) (1,0)(0,1) under
the transformation w = (1 — i)z + 3.

Sol: Given transformationisw = (1 — i)z + 3
ut+iv=>0-i)x+iy)+3
u+iv=x+y+3)+i(y —x)

u=x+y+3andv=y—x -- --- (1)

When (x,y) = (0,0) then (u,v) = (3,0) in W-plane
When (x,y) = (1,0) then (u,v) = (4,—1) in W-plane
When (x,y) = (0,1) then (u,v) = (4,1) in W-plane
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f(z)=(1-i)z+3
Y v 4
Lo 9 e
b > P‘</ "\' .
(1,0 (3,0)\.\‘&5 u
R (4,-1)
Z-plane W-plane

7.Find and plot the rectangular region 0 < x < 2,0 < y < 2 under transformation w =

V2erz + (1 - 2i).
Sol: Given transformation is w = v2e+z + (1 — 2i)

u+iv=\/§(cosz+lsm )(x+ty)+(1—21)

\/_(\/_+1T>(x+1y)+(1—21)

=1+)x+iy)+ (1 -20)
=(x—-y)+ilx+y) +1-20)
utiv=x—-y+ D +i(x+y—2)
u=x—-y+ladv=x+y—2 - (1) which is a given transformation

Under this transformation we have to find the image of rectangular region 0 < x < 2,0 <
y < 2inZ-plane.

Putx=0in()thenu=—-y+1,v=y—-2 =2y=24+v

u=—-2+v)+1 =>v=—-u-1
Putx=2in(l)thenu=2—-y,v=y—-1 sv=1—-u
Puty =0in(l)thenu=x+1,v=x—-2 =2v=u—3
Puty=2in(l)thenu=x—-1,v=x sv=u+1
Thus the region is a rectangle bounded by the lines, v =-u—-1=v=1-uv=u—-3&

v=u+1
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w=VZetz+ (1 — 2i)

W-plane

Z-plane

8.Find the image of the region in the Z-plane between the lines y = 0 & y = m/2 under
the transformation w = e”.

Sol: Given transformation is w = e*

Letz = x + iy and w = Re®

Reic) = Xty

Re® = e* e

R=e*and @ =y ----- (1) which is a given transformation

If y =0 then @ = 0 (fom (1)) represents radial line making an angle of zero radius with the
X-axis .

If y = m/2 then @ = m/2 represents radial line making angle of 7 /2 radius with the X-axis.
As x increases from —oo to oo then R = e* (i.e radius) increases from 0 to oo
y = m/2 in Z-plane is mapped onto the ray @ = m/2 excluding origin in W-plane.

Hence the infinite strip bounded by the lines y = 0 and y = /2 is mapped on to the upper
quadrant of W-plane.

y=m/2

Z-plane W-plane

Assignment questions :
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: 1. . : : :
1.For the mapping w = - ,Find the image of the family of circles x? + y? = ax where a is

real.

. 1 . . : L
2.Show that the transformation w = ~ Mmaps a circle to a circle or to a straight line if the
former goes through the origin.

3.Find the image of the domain in the Z-plane to the left of the line x = —3 under
transformation w = z2.

4.Find and plot the image of the regions

1) x>1ii)y>0iii)0 < y < 1/2 under transformation w = 1/z.
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BILINEAR TRANSFORMATION OR MOBIUS TRANSFORMATION

Bilinear transformation : The map w = T(2) = % where a, b,c,d € Cand ad — bc # 0
is called bilinear transformation (or) linear fractional transformation or mobius
transformation.

az+b
cz+d

Note :The map w = —— ----- (1) where ad — bc # 0 is bilinear transformation

>wcz+wd=az+b

S>wcz—az+dw—-b=0

>Azw+Bz+Cw+D =0 --—--- (2

Where A=c¢,B=—a,C=d,D =-b

Note that AD — BC = ¢(=b) — (—a)d = ad —bc # 0

Equation (1) can be written in the form Azw + Bz+ Cw+ D = 0and AD — BC # 0
Therefore the form Azw + Bz + Cw + D = 0 is also called bilinear transformation

i.e equations (1) and (2) represents bilinear transformation.

az+b
cz+d

% The necessary condition to say that w =

bc # 0
. ; +b
% The bilinear transformation w = j;d

---(1) is bilinear transformation is ad —

,ad — bc # 0 is a bijective from C,, t0 C,.

¢ The inverse of a bilinear is also bilinear.
%+ The composition of any two bilinear transformation is also bilinear.
% The identity transformation I(z) = z is also bilinear

Properties of Bilinear Transformation

1.A Bilinear transformation is conformal

Proof:Consider the bilinear transformation w = T(z) = ZIZ
Differentiate with respect to z
dW—T’( = (cz+d)(a)—(az+b)c_ ad — bc
dz T (cz + d)? ~(cz+d)?

Since ad — bc # 0

:>d—W¢O
dz

+b . .
>w=T(z) = % is conformal transformation.
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fad —bc=0then® =0 vz
dz

Then we say that every point of z —plane is critical.

az+b

Note : Let the bilinear transformation w =
cz+d

For different choices of constants a,b,c,d we get different bilinear transformation as

() w=z+b(ifa=1,c=0,d=1) (translation)
(i) w = az + b(if c = 0 &d = 1) (Linear translation)
(i) w=az(ifb=0,c=0,d=1) (Rotation)

(vy w=- (fa=0b=1,c=1d=0)(Inversion)

2.There is a one-one correspondence between all points in two planes.

b
Proof: Letw = £~
cz+d

------- (1) ad — bc # 0 be a conformal mapping

—dw+b

From (1) z = —— ---—--—--- (2) is inverse mapping

cw—a

Since ad — bc # 0 therefore equation (2) is also represents a bilinear transformation.

From (1) , it is clear that to each point in the Z-plane except z = _C—d there corresponds a
unique point in the W-plane.

Invariant or Fixed point : A point z, is said to be a fixed point of a bilinear transformation
w=T(2)ifT(zy) = z,.

Ex1: Forthemap W =T(z) =z
Every point is a fixed point

Ex2: For the map W = i

the fixed point are obtained by T(z) = z

> —=z
z

=5z2-1=0
= z = +1 ,therefore z = +1 are fixed points
» Finding the Bilnear Transformation whose fixed point are a« and g are given by w =

yz—ap
z—(a+p)+y
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Prop 3. Every bilinear transformation maps the totality of circles and straight lines in
Z-plane onto the totality of circles and straight lines the W-plane.

OR
Every bilinear transformation maps circles and straight lines into circles and straight

lines

az+b
cz+d

Proof: Let the bilinear transformation w = T(z) = where ad — bc # 0

i — — (2 b\ _ _ap_t
(). Ifc=0thenT(z) = (d)z+ (d) = Az + B where = — B =~
Clearly T is linear.

We know that image of any region in the Z-plane under the linear transformation has the
same.

i.e the transformation w = T'(z) transforms circles & straight lines in to circles and straight
lines.

(ii). If ¢ # 0 then

= (9)+ (52). 4

Cc

bc—ad
2

Let Ty (z) = z+ 5, Ty(2) ==, T3(2) = .z, T2 ==+z

c
Therefore T(z) = T,0T;0T,0T;
We know that (i) the inversion transformation maps circles and straight lines in to circles
and straight lines.

() The translation and rotation are linear transforms.

Therefore the transformation transforms circles and straight lines into circles and straight
lines.

Since every bilinear transformation is a composition of translation,rotation and inversion.
Hence bilinear transformation T'(z) is a of translation,rotation and inversion.

Therefore bilinear transformation T(z), circles and straight lines into circles and straight
lines.
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Cross Ratio :

For three distinct points z;, z,, z3 In C,, then the cross ratio of z, z, z,, z5 is denoted
by

(z=21)(22—23)

(21—-22)(z3-2)

(2,24, 25,25) and defined by (z,z, z,,z3) =

Prop4: The cross ratio is invariant under a bilinear transformation

(or)
A bilinear transformation preserves cross ratio property of four points.

az+b
cz+d

Proof : Let the bilinear transformation w =T(z) = where ad — bc # 0 where

a,b,c,d € C

Let T(z,) = wy fork = 1,2,3

It is required to prove that (z, zy, 7, 23) = (T(2),T(z1), T(z,), T(z3))
i.e (W, Wy, W2’W3) = (Z, 21,22,23)

noww —wy, = T(z) — T(z,) where k = 1,2,3

az+b  azy+b
cz+d czp+d

__ (az+b)(czp+d)—(azi+b)(cz+d)
- (cz+d)(czp+d)

__ (ad=bc)(z-zy)

W —Ww, =
k (cz+d)(czp+a)

__ (ad-bc)(z;-zj)
Wi 7 (czi+d)(czj+d)
Let the cross ratio of ~ w, wy, w, ws

W —wy)(w, — ws)
(W —wp)(wz —w)

(W, Wl, W2’W3) ==

(ad — bc)(z — z;) (ad — bc)(z, — z3)
_ (cz+d)(czy +d) (cz, + d)(cz3 + d)
~ (ad - bc)(z, — z,) (ad —bc)(z3 — z;)
(cz; +d)(cz, +d) (cz3 +d)(cz+ d)

— (z-21)(z2—23)
(21-21)(z3-2)

== (Z, Zl' ZZ,Z3)

Therefore (z,21,2,23) = (T(2),T(zy), T(2,), T(z3))
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Notel: To find the bilinear transformation = T'(z) , we can use the condition

(w=—wq)(wy-w3) — (z2=21)(Z2—23)
(Wi—wz)(wz—-w)  (21-22)(23—2)

az+b
cz+d

Note 2: To find the bilinear transformation we can also use the formula w =

n—i

. oo—i _ i .. o-—w
Note 3: e 108,500 = 1 ,similarly P 1
Note 4: =2 = —1 2L — 4

co—-w W —00
Problems:

1: Find the Bilinear transformation which maps the point (-1,0,1) in to the points (0,i,3i)
SO|I’]Z Iet 1 = _1,Z2 = 0,Z3 =1
W1=_1,W2 =0,W3=1

(wW=w1)(Wp—w3) _ (z—21)(Z2—23)

we know th =
& know that Wi—wa)(wz—-w)  (21—22)(23—2)

( w=0)(i-3i) _ (z+1)(0-1)

(0-i)(3i-w) T (-1-0)(1- 2)
( w)(-3i) _ (z+1)
(- )Bi-w) T @a-2)
(2w) _ (z+1)
(3i-w) B (1- 2)

(2w)1—-272) = z+1D@Bi—w)
2W — 2wZ = 3iz—wz4+3i—w
w[2—-2z+z+1] = 3i[z+ 1]

w(—z+3) = 3i[z+1]

W = 3i[z+1]
3-z

3-z

Which is the required bilinear transformation

2.Find the fixed points (Invariant points) of the transformation

. 2i—6z
() T iz-3

.. z—1
(II) w = m
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Soln : The fixed point of transformations are obtained by w = z

i.e f(z) =z
) w = f) =22
f@2) =z
2i—6z
iz—3 = 2

20— 6z = iz?>—3z
iz2+ 3z—2i =0
z2-3iz—2=0

It is a quadratic equation

7 = 3it+ ,/9i%—4.1.(-2)
2

Z = 1,21
Fixed points are i, 2i
3. find the bilinear transformations which maps Z = 0, —i,2i in to

w = 5i,00,—i/3.

soln: let the bilinear transformation be w =22 . (1)
cz+d

Given Z = 0,—i,2i & w = 5i,00,—i/3

sub above values in (1)

—ai+b .1 ai+b g —0
"~ —ci+td '0  —ci+d ' ci+d = (3)
oo mh. S id = 6iq + 3b (4)
3 2ci+d

Solving (2) (3) & (4)fora,b,c,d
From(2) b = 5id

From(3) ¢ = —id

Sub b,c valuesin (4)

2(—id) - id = 6ia +15id

a = —3d
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Suba,b,cin (1)

_ —3dz+5id
WE T dz+ d
—3z+5i
W =

—iz+1
Multiply & divide by i

_ —(3iz+5)
- zZ+1

Prob4. Find the bilinear transformation that maps the points (oo, i,0) into the points
(0, i, ).

(w=-w1)(wy—w3) — (2—-21)(22—23)
(Wi—wz)(wz—w)  (z1-22)(23—2)

Sol: we know that

W=0)(i=0) _ (z=0)(i=0)
(O-D(co-w)  (e0-D)(0-2)

w=——
z

Prob 5. Show that transformation w = g maps the real axis in the Z-plane in to the
unit circle |w| = 1 in the W-plane.

Sol:Given transformation is w = E

Unit circle in w-plane is |w| = 1

z—i| _

z+i
|z —i| = |z + i

lx+i(y — Dl = [x+i(y + 1)|
X2+ (y—1)2 =%+ (y + 1)?
Xx24+y2—2y+1=x*+y?+2y+1
4y =0

y = 0 which is a real axis in Z-plane.

Prob6. Show that the transformation w = E transforms |w| < 1 into upper half plane
(i.e img(2)>0)

Sol: consider the transformation w = 2=

Z+1

_ Z+i
wW=—
Z—1
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— z—i Z+i
ww—1= —_—.— — 1
z+i Z—1

_ (z+i)(z—D)—(z+1)(z-0)
N (z-0)(z+0)

_ 2i(z-2)

T z+i)2

Given lw| <1

if w|=1then |w|?=1=y=0 (form (1)) which is a real axis in Z-plane.
therefore circle [w| = 1 in W-plane transformed straight line y = 0 in Z-plane.

If [w| <1theny >0 (form(1))

i.e img(z)>0

i.e Upper half of Z-plane.

Hence |w| <1 is transformed into upper half plane (i.e img(z)>0 ) unde

transformation w = 2=,
Z+1

Prob7. Show that the relation w = Z;—f; transforms the circle |z| = 1 into a circle of
radius unity in the W-plane.

5—-4z

az-2 (l)

Sol: Given transformation is w =

solving (1) for z

__ 5+2w
T 4w+l

lz| =1

| 5+2w
4(w+1)

=1
|5+ 2w| = |[4(w + 1)]
w=u+iv

|5+ 2u + 2iv| = |[4u + 4iv + 1|

(5 + 2u) + 2iv| = [(4u + 1) + 4iv|

V(G +2u)? + 4v2 = |/(4u + 1)? + 16v2
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u> + v +u-— % =0
it is the circle with center € = (—1/2,0) and r = 1 in W-plane.

The Image of a circle |z| = 1 in Z-plane is a circle u? + v? + u — % = 0 in W-plane under

. 5—-4
the transformation w = - z
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