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(R18A0021) Mathematics -I

Course Objectives: To learn

1. The concept of rank of a matrix which is used to know the consistency of system of
linear equations and also to find the eigen vectors of a given matrix.

2. Finding maxima and minima of functions of several variables.

3. Applications of first order ordinary differential equations. ( Newton’s law of cooling,
Natural growth and decay)

4. How to solve first order linear, non linear partial differential equations and also
method of separation of variables technique to solve typical second order partial
differential equations.

5. Solving differential equations using Laplace Transforms.

UNIT I: Matrices

Introduction, types of matrices-symmetric, skew-symmetric, Hermitian, skew-Hermitian,
orthogonal, unitary matrices. Rank of a matrix - echelon form, normal form, consistency of
system of linear equations (Homogeneous and Non-Homogeneous). Eigen values and Eigen
vectors and their properties (without proof), Cayley-Hamilton theorem (without proof),
Diagonalisation.

UNIT II:Functions of Several Variables

Limit continuity, partial derivatives and total derivative. Jacobian-Functional dependence and
independence. Maxima and minima and saddle points, method of Lagrange multipliers,
Taylor’s theorem for two variables.

UNIT III: Ordinary Differential Equations

First order ordinary differential equations: Exact, equations reducible to exact form.
Applications of first order differential equations - Newton’s law of cooling, law of natural
growth and decay.

Linear differential equations of second and higher order with constant coefficients:
Non-homogeneous term of the type f(x) = €, sinax, cosax, x", € V and x" V. Method of
variation of parameters.

UNIT IV: Partial Differential Equations

Introduction, formation of partial differential equation by elimination of arbitrary constants
and arbitrary functions, solutions of first order Lagrange’s linear equation and non-linear
equations, Charpit’s method, Method of separation of variables for second order equations
and applications of PDE to one dimensional (Heat equation).

UNIT V: Laplace Transforms

Definition of Laplace transform, domain of the function and Kernel for the Laplace
transforms, Existence of Laplace transform, Laplace transform of standard functions, first
shifting Theorem, Laplace transform of functions when they are multiplied or divided by “t”,
Laplace transforms of derivatives and integrals of functions, Unit step function, Periodic
function.

Inverse Laplace transform by Partial fractions, Inverse Laplace transforms of functions when
they are multiplied or divided by ’s”, Inverse Laplace Transforms of derivatives and integrals
of functions, Convolution theorem, Solving ordinary differential equations by Laplace

transforms.

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) 1




MATHEMATICS -1

TEXT BOOKS:

1) Higher Engineering Mathematics by B V Ramana ., Tata McGraw Hill.
i1) Higher Engineering Mathematics by B.S. Grewal, Khanna Publishers.
1i1) Advanced Engineering Mathematics by Kreyszig, John Wiley & Sons.

REFERENCE BOOKS:

1)Advanced Engineering Mathematics by R.K Jain & S R K Iyenger, Narosa Publishers.
i1)Advanced Engineering Mathematics by Michael Green Berg, Pearson Publishers .
iii)Engineering Mathematics by N.P Bali and Manish Goyal.

Course Outcomes: After learning the concepts of this paper the student will be able to
1.Analyze the solution of the system of linear equations and to find the Eigen values and

Eigen vectors of a matrix.

2.Find the extreme values of functions of two variables with / without constraints.
3.Solve first and higher order differential equations.

4.Solve first order linear and non-linear partial differential equations.

5.Solve differential equations with initial conditions using Laplac
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MATRICES

Matrix : A system of mn numbers real (or) complex arranged in the form of an ordered set
of ‘m’ rows, each row consisting of an ordered set of ‘n” numbers between [ | (or) () (or) || ||

is called a matrix of order m xn.

A, Apyeeeenens a,
Ay, pyeeeeneen. a,,
Eg | o, = [aij Jmxn where 1<i<m, 1<j<n.
T S A,

Order of the Matrix: The number of rows and columns represents the order of the matrix. It
is denoted by mxn, where m is number of rows and n is number of columns.

Types of Matrices:

Row Matrix: A Matrix having only one row is called a “Row Matrix”.

Eg: [1 2 3]1x3

Column Matrix: A Matrix having only one column is called a “Column Matrix” .
1

Eg: |1
2

3x1

Null Matrix: A= [aij ]mxn such that a;j=0 V 1 and j. Then A is called a “Zero Matrix”. It is

denoted by Omxn.
Fo: Oprm 0 00
£: Uax3 0 0 0
Rectangular Matrix: If Az[aij :|mxn , and m # n then the matrix A is called a “Rectangular
Matrix”
1 -1 27, ,
Eg: 1s a 2x3 matrix
12 3 4

Square Matrix: If A= [Clij ]mm and m = n then A is called a “Square Matrix”.

o1 :

Eg: 1S a 2x2 matrix
2 2

Lower Triangular Matrix: A square Matrix Ay = |:Cli,~ ]nxn is said to be lower Triangular

of 4;=0 ifi<ji.e. if all the elements above the principle diagonal are zeros.

4 0 O
Eg: |5 2 0 is a Lower triangular matrix
7 3 6

Upper Triangular Matrix: A square Matrix A= [Cl,-j :|nxn is said to be upper triangular of

4 =01f1.>]. 1.e. all the elements below the principle diagonal are zeros.
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MATHEMATICS -1

1 3 8
Eg: |0 4 -5 is an Upper triangular matrix
0 0 2

Triangle Matrix: A square matrix which is either lower triangular or upper triangular is
called a triangle matrix.

Principal Diagonal of a Matrix: In a square matrix, the set of all ajj, for which 1 = j are
called principal diagonal elements. The line joining the principal diagonal elements is called
principal diagonal.

Note: Principal diagonal exists only in a square matrix.

Diagonal elements in a matrix: A= [ajj]uxn, the elements a;; of A for which 1=.

1.e. ai1, a....an are called the diagonal elements of A

Eg: A=

=N A~ =

2 3
5 6 diagonal elements are 1, 5, 9
8 9

Diagonal Matrix: A Square Matrix is said to be diagonal matrix, if @, =0 fori#j i.e.all

the elements except the principal diagonal elements are zeros.
Note: 1. Diagonal matrix is both lower and upper triangular.

2. If di, da....... dn are the diagonal elements in a diagonal matrix it can be

represented as diag [dl, dz,.......,dn]

3 00
Eg:A=diag(3,1,-2)= |g 1 o
0 0 -2

Scalar Matrix: A diagonal matrix whose leading diagonal elements are equal is called a

|

Unit/Identity Matrix: If A = [aij] such that a;=1 for i = j, and a;=0 for i# j then A is

nxn

“Scalar Matrix”. Eg: A=

S O N

0
2
0

N o o

called a “Identity Matrix” or Unit matrix. It is denoted by /,,

1

Eg: I—lO'I—O
g.201,3

0

S = O
- o O

Trace of Matrix: The sum of all the diagonal elements of a square matrix A is called Trace

of a matrix A, and is denoted by Trace A or tr A.
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MATHEMATICS -1

a h g
Eg:A=|h b f|thentr A=atbtc
g f c

Singular & Non Singular Matrices: A square matrix A is said to be “Singular” if the
determinant of | A | = 0, Otherwise A is said to be “Non-singular”.
Note: 1. Only non-singular matrices possess inverse.

2. The product of non-singular matrices is also non-singular.
Inverse of a Matrix: Let A be a non-singular matrix of order n if there exist a matrix B
such that AB=BA=I then B is called the inverse of A and is denoted by A™.
If inverse of a matrix exist, it is said to be invertible.
Note: 1. The necessary and sufficient condition for a square matrix to posses inverse is that
|A] # 0.
2 .Every Invertible matrix has unique inverse.

3. If A, B are two invertible square matrices then AB is also invertible and

(4B)' =B'4"
4. 47" = Adjd where detd #0,
det 4

Theorem: The inverse of a Matrix if exists is Unique.

Note: 1.(AH)'=A 2.1 =1

Theorem: If A, B are invertible matrices of the same order, then

(). (AB)!' =B!A"

(if). (A = (A’

Sub Matrix: - A matrix obtained by deleting some of the rows or columns or both from the

given matrix is called a sub matrix of the given matrix.

1 5 6 7
Eg:LetA=|g ¢ 19 5|-Then {8 9 10} is a sub matrix of A obtained by deleting first
34 5
34 5 -1 2

row and 4" column of A.

Minor of a Matrix: Let A be an mxn matrix. The determinant of a square sub matrix of A is
called a minor of the matrix.

Note: If the order of the square sub matrix is ‘t’ then its determinant is called a minor of

order ‘t’.
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MATHEMATICS -1
1

Eg: A= be a 4x3 matrix

2 1
3 2
1 3
5 7
Here B = [g ﬂ 1s a sub-matrix of order ‘2’

|B| = 2-3 =-1 is a minor of order ‘2

2 1 1
AndC=1[3 1 2] is a sub-matrix of order ‘3’
5 6 7

det C = 2(7-12)-1(21-10)+(18-5) =-9

Properties of trace of a matrix: Let A and B be two square matrices and A be any scalar
Dtr(AA)= A(tr A);2) tr(A+B) =trA + trB ; 3) tr (AB) =tr(BA)

Idempotent Matrix: A square matrix A Such that A>=A then A is called “Idempotent

Matrix”.
R
Eg A= [o 1]
Involutary Matrix: A square matrix A such that A> = I then A is called an Involutary
Matrix.
A _J0 1
Eg: A 1 0]

Nilpotent Matrix: A square matrix A is said to be Nilpotent if there exists a + ve integer n

such that A" = 0 here the least n is called the Index of the Nilpotent Matrix.

Transpose of a Matrix: The matrix obtained by interchanging rows and columns of the

given matrix A is called as transpose of the given matrix A. It is denoted by 4" or A!
a1 2 T_[1 3

Eg: A [3 4] Then A [2 4

Properties of transpose of a matrix: If A and B are two matrices and A, B are their

transposes then

D) (A7) =4 ;2)(A+B) =4"+B"; 3) (KA) =KA" ;4) (4B) =B'A"

Symmetric Matrix: A square matrix A is said to be symmetric if A" = 4

If 4= [aij ]m then A" = [aﬁ]nxn where a; =a,
g . . .
r is a symmetric matrix

C

a
Eg: |,
g

-~ > =
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MATHEMATICS -1

Skew-Symmetric Matrix: A square matrix A is said to be Skew symmetric If 4" =— 4.

If 4= I:ay.:l then A" = [aﬁ . where a,=-a,

nxn Ji
0 a -b
“a 0 ¢ is a skew — symmetric matrix

b -c 0

Eg:

Note: All the principle diagonal elements of a skew symmetric matrix are always zero.
Since ajj= -ajj = a;j=0
Theorem: Every square matrix can be expressed uniquely as the sum of symmetric and

skew symmetric matrices.

Proof: Let A be a square matrix, A = %(A-i-A) = (A+AT +A—AT) =

1
2
1 ry, 1 T\ _ _1 .o L r
E(A+A )+5(A—A )—P+Q,whereP—E(A+A ),Q—E(A—A )
Thus every square matrix can be expressed as a sum of two matrices.

T
Consider pT :B(AJFAT)} :%(AJFAT)T :%(AT +(AT)T)=%(A+AT)=P, since P’ =P,

P is symmetric

Consider Q" :{%(A—AT)}T =%(A—AT)T =%(AT —(AT)T)Z - %(A—AT): -Q

Since Q" =—0, Q is Skew-symmetric.

To prove the representation is unique: Let A= R+S — (1) be the representation, where R is
symmetric and S is skew symmetric. i.e. R =R, S" =-S

Consider A" =(R+S) =R"+S8"=R-S — (2)

1
()-(2)=>4-4"=25=S :E(A—AT):Q
Therefore every square matrix can be expressed as a sum of a symmetric and a skew

symmetric matrix

Ex. Express the given matrix A as a sum of a symmetric and skew symmetric matrices

2 -4 9
where A=|14 7 13
9 5 11
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MATHEMATICS -1

2 14 3
Solution: 4" =|4 7 5
9 3 11
4 10 12 . 2 5 6
A+A" =10 14 18 :>P:E(A+AT)= 5 7 9 |;Pissymmetric
12 18 22 6 9 11
0 -18 6 | 0 -9 3
A-A"=[18 0 8 :>Q=—(A—AT)= 9 0 4|;0Qis skew—symmetric
-6 -8 0 -3 4 0

2 5 6
6 9

Orthogonal Matrix: A square matrix A is said to be an Orthogonal Matrix if AAT=ATA=I,

Similarly we can prove that A=A-!; Hence A is an orthogonal matrix.

Note: 1. If A, B are orthogonal matrices, then AB and BA are orthogonal matrices.

2. Inverse and transpose of an orthogonal matrix is also an orthogonal matrix.
Result: If A, B are orthogonal matrices, each of order n then AB and BA are orthogonal
matrices.

Result: The inverse of an orthogonal matrix is orthogonal and its transpose is also orthogonal

Solved Problems :

cosd smé | .
1. Show that A = is orthogonal.

—smn @ cosél

) cos @ sin @ cosd —sin &
Sol: Given A = _ then AT=|
—sn @ cosl sin @ cosd

Consider A AT {cos@ sin & } {0056’ —sin@}
onsider A A" =

—sin 6 cos @ sin & cos@
B cos’@+sin’ 6 —cos@sin 8+ cos@sin 6 (r o /
—sin @cos@+cosfsin @  cos’H+sin’ 6O 0 1]

.. A 1s orthogonal matrix.

-1 2 2

2. Prove that the matrix | 2 —1 2 |is orthogonal.

2 2 -1
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MATHEMATICS -1

-1 2 2 -1 2 2
Sol: GivenA=l 2 -1 2 Then AT=12 -1 2
3
| 2 2 4
-1 2 2 -1 2 2

Consider A AT= 1/, ||, | 5| =

=>AAT=1
Similarly AT .A =1

Hence A is orthogonal matrix

0 2b ¢
3. Determine the values of a, b, c when |4 p —| is orthogonal.
a —-b ¢
Sol: - For orthogonal matrix AAT =1
. 0 2b ¢||0 a a
So, AA =1, p» —cl|2p b -b|=1
a -b c||lc —-c ¢
4p* + ¢ 2b* = ¢? —2b* +¢2
2> —c¢* a*+b*+c* at-b'-c? =1=

cSme—
o = 9
- O o

-2b*+c* a’-b*-c* a’+b*+c’
Solving 2b*-¢? =0, a*-b*-¢* =0
We getc= ++/2b a’> =b>2b’> =3b°
= a=+/3b

From the diagonal elements of I

1
4b*+c?=1 = 4b*+2b%=1 (since c’>=2b%) > b=+ —

6
a=+3b=t——; b=t——;c=+2b=1—+
J_ \/_ J_
2 31
4. Ismatrix | 4 3 1| Orthogonal?
-3 1 9
2 31 2 4 3
Sol:-GivenA=| 4 3 1| = A1_|_3 3 |
-3 9 1 1 9

2 4 3714 0 0
1|1=|0 26 0|#1
1 1 9 0 0 91
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MATHEMATICS -1
AAT £ ATA =1,
.. Matrix is not orthogonal.
Complex matrix: A matrix whose elements are complex numbers is called a complex
matrix.

Conjugate of a complex matrix: A matrix obtained from A on replacing its elements by the

corresponding conjugate complex numbers is called conjugate of a complex matrix. It is

denoted by 4

IfA= [ay] A= [a_J , where Z is the conjugate of a;, .
243 5 - |2-3 5

Eg: If A= ) | then A= ) .
6-7i —5+i 6+7i —5-i

Note: If 4 and B be the conjugate matrices of A and B respectively, then

(i) (4)=A (i) A+B= A+B (iti) (KA)= K 4
Transpose conjugate of a complex matrix: Transpose of conjugate of complex matrix is
called transposed conjugate of complex matrix. It is denoted by 4° or 4" .
Note: If 4°and B’be the transposed conjugates of A and B respectively, then
0 (4°)'=A (ii) (4+B) = 4° + B’
(i) (K4)" = KA’ (iv) (4B)" = 4°B°

Hermitian Matrix: A square matrix A is said to be Hermitian Matrix iff 4° = 4.

4 1430 — 4 1-3i 0 4 1430
Eg: A= . then A= ) and A= .
-3 7 1+3i 7 -3 7

Note: 1. In Hermitian matrix the principal diagonal elements are real.

2. The Hermitian matrix over the field of Real numbers is nothing but real symmetric matrix.
3. In Hermitian matrix A= [al.j] , a4y =a,; Vi, j.

nxn

Skew-Hermitian Matrix: A square matrix A is said to be Skew-Hermitian Matrix iff

A’ =—A.

—3i 2+ — [ 3 2-i - 3 -2-i
Eg: Let A= then 4= d \4) =
& {—2” —i} o {—2 i i}an laf {2—1’ i }

—\T
" (A) =-A - A is skew-Hermitian matrix.

Note: 1. In Skew-Hermitian matrix the principal diagonal elements are either Zero or Purely

Imaginary.
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MATHEMATICS -1

2. The Skew- Hermitian matrix over the field of Real numbers is nothing but real

Skew - Symmetric matrix.
3. In Skew-Hermitian matrix A= [a, | ., a,=-a, Vi,j.

Unitary Matrix: A Square matrix A is said to be unitary matrix iff

AA’ =A°A=Tor A° = A"

g l[ 4 -2-d4
Eg: " "6l2-4i -4

Theoreml1: Every square matrix can be uniquely expressed as a sum of Hermitian and

skew — Hermitian Matrices.

A:l(ZA):%(A+A):%(A+A9+A—A‘9)

Proof: - Let A be a square matrix write : .
A :E(A+A9)+E(A—A‘9)i.eA =P+Q

1 1
LetP:E(A+A‘9);Q=E(A—A9)

Consider P? =B(A+A9)“’}=%(A+A")9 =(4+A4°)=P
Le. P/ = P, P is Hermitian matrix.
1 1 1
P =1 —(A-A") | ==(A°—A)=—=(U4-A4")=-
0 [2( )} S )=—5(d-4")=-0

Ie 0° =-0,0 is skew — Hermitian matrix.
Thus every square matrix can be expressed as a sum of Hermitian & Skew Hermitian

matrices.

To prove such representation is unique:
Let A = R+S------- (1) be another representation of A where R is Hermitian matrix &

S is skew — Hermitian matrix.
R=R%;S’=-5

Consider 4° =(R+S)’ =R’ +S° =R-S—.1e A°=R-A————- )
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MATHEMATICS -1

(1)+(2):>A+A‘9=2RieR=%(A+A9)=P
0 _ . _l _ 49\ =
(1)-(2)= 4-4 —2SzeS—2(A 4’)=0

Thus every square matrix can be uniquely expressed as a sum of Hermitian & skew

Hermitian matrices.

Solved Problems :

3 7-4i -245i
1) IfA=| 7.4 -2 3+; | then show that A is Hermitian and iA is skew-

-2-5 3-i 4
Hermitian.

3 7—-4i -2+5i
Sol: Given A=| 744; -2 3+; |then

2-5i 3-i 4
3 T+4i 2-5i 3 7-4i 2450
— —T
A=| 7-4 23— [And(4) =1 744 2 34
2450 3+i 4 2-5i 3-i 4

—\T
A= (A) Hence A is Hermitian matrix.

Let B=1A
3 4+7i —5-2i
Tl 447 20 —1+3i
5-2i 1+3i 4

1.e B then

3 4-Ti —5+2i
B=|-4-7i 2i —1-3i
5+2i 1-3i -4

=3 A=Ti 5+2 3 447 —5-2i

—\T

(B) =| 4-Ti 20 1-3i| =(=1)|-4+7i -2 -—1+3i|=-B
-5+2i —1-3i —4i 5-2i 143 4

—\T
s (B) -B
.. B=1A is a skew Hermitian matrix.

2). If A and B are Hermitian matrices, prove that AB-BA is a skew-Hermitian matrix.

Sol: Given A and B are Hermitan matrices

5 (4) =4 And (B) = Berrremee (1)
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Now (4B—BA) =(4B~BA)
= (4B-B4)
=(4B) ~(Ba) =() (4) ~(4) (3)
= BA—AB (By (1))
— (4B~ BA)

Hence AB-BA is a skew-Hemitian matrix.

a+ic -b+id

3). Show that A=
b+id a-ic

} is unitary if and only if a>+b2+c2+d*=1

] a+ic —-b+id
Sol: Given A=

b+id a-ic

— |a—-ic -b-id
Then A=

b—id a+ic

Hence A‘}:(Z)T:{ a-ic b_id}

-b—-id a+ic

A4 = a+ic —-b+id|| a—-ic b-id
N lb+id a—ic |-b—id a+ic

(P +b+ +d? 0
0 a+b+c+d’

.. AA° =1 ifand only if @* +b*+c* +d* =1
) 0 1+2i . ) )
4)Given that A= Y show that (I - A)(I + A) is a unitary matrix.
—1+2i

1 0 0 1+2i
Sol: we have I — A= —
0 1 —1+2 0

1 —1-2i
= And
1-2i 1

1 0 0 1+2i
I+A4= +
{O 1} {—1+2i 0 }
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MATHEMATICS - I
o1 12
142 1

Ay = 1 1 —1-2i
; C1—(42 1) 1-2i 1

i1 1=
C6l1-2i 1

Let B=(I—A)I+4)"

B_1‘1 —1-2i 1 —1-2i] 1[1+(-20)(-1-2)  —1-2i—1-2i
C6|1-2i 1 1-2i 1 | 6] 1-2i+1-2i  (-1-2i)(1-2i)+1
1[ -4 -2-4i
B=-

6|24 —4}

T 36|2-4i -4 ||-2+4i -4

=L[36 0}:{1 0}21

36| 0 36 0 1

(3 ="

1.e. B is unitary matrix.

(I — A)(I + A)_1 1s a unitary matrix.

5) Show that the inverse of a unitary matrix is unitary.
Sol: Let A be a unitary matrix. Then AA’ =1

1

ie (AAg)f =7

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B &




MATHEMATICS -1

=(4%) A =1
(a4 at=1

Thus A is unitary.
Rank of a Matrix:
Let A be mxn matrix. If A is a null matrix, we define its rank to be ‘0’. If A is a non-zero
matrix, we say that ‘r’ is the rank of A if
i.  Every (r+1)™ order minor of A is ‘0’ (zero) &
ii.  Atleast one r'" order minor of A which is not zero.

It is denoted by p (A) and read as rank of A.

Note: 1. Rank of a matrix is unique.

. Every matrix will have a rank.

. If A is a matrix of order mxn, then Rank of A < min (m,n)

. If p (A) =r then every minor of A of order r+1, or minor is zero.
. Rank of the Identity matrix I, is n.

. If A is a matrix of order n and A is non-singular then p (A) =n

R ) NV, T SN S I ]

. If A is a singular matrix of order n then p (A) <n
Important Note:
1. The rank of a matrix is < r if all minors of (r+1)™ order are zero.

2. The rank of a matrix is > r, if there is at least one minor of order ‘r’ which is not equal to

zZero.
12 3
1. Find the rank of the given matrix |, , ,
710 12
1 2 3
Sol: Given matrix A= |3 4 4
710 12

det A = 1(48-40)-2(36-28)+3(30-28) = 8-16+6 =-2 #0
We have minor of order 3 ~p(A)=3

3 4
2. Find the rank of the matrix { 7 g }
0 5

o whn —
~N O

Sol: Given the matrix is of order 3x4

Its Rank <min(3,4) =3

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B (1




MATHEMATICS -1

Highest order of the minor will be 3.

Let us consider the minor i. 2 3;

8 7 0

Determinant of minor is 1(-49)-2(-56) + 3(35-48) =-49+112-39 =24 £ 0.

Hence rank of the given matrix is ‘3°.

Elementary Transformations on a Matrix:

i). Interchange of i row and j™ row is denoted by R; <> R;

(ii). If i row is multiplied with k then it is denoted by Ri —kR;

(iii). If all the elements of i™ row are multiplied with k and added to the corresponding

elements of j row then it is denoted by R; — R; +kR;

Note: 1. The corresponding column transformations will be denoted by writing ‘c’. i.e

ci+cj, ci—>kci cj— cit+Kke

2. The elementary operations on a matrix do not change its rank.

Equivalance of Matrices: If B is obtained from A after a finite number of elementary
transformations on A, then B is said to be equivalent to A.It is denoted as B~A.

Note : 1. If A and B are two equivalent matrices, then rank A = rank B.

2. If A and B have the same size and the same rank, then the two matrices are equivalent.
Elementary Matrix or E-Matrix: A matrix is obtained from a unit matrix by a single
elementary transformation is called elementary matrix or E-matrix.

Notations: We use the following notations to denote the E-Matrices.

1) E; — Matrix obtained by interchange of i"" and j" rows (columns).
2) Ei( n > Matrix obtained by multiplying ith row (column) by a non- zero number k.

3) Eij(k) — Matrix obtained by adding k times of j'" row (column) to ith row (column).

Echelon form of a matrix:

A matrix is said to be in Echelon form, if

(1) Zero rows, if any exists, they should be below the non-zero row.

(i1) The first non-zero entry in each non-zero row is equal to ‘1°.

(ii1) The number of zeros before the first non-zero element in a row is less than the number of
such zeros in the next row.

Note : 1. The number of non-zero rows in echelon form of A is the rank of ‘A’.

1. The rank of the transpose of a matrix is the same as that of original matrix.

2. The condition (ii) is optional.

DEPARTMENT OF HUMANITIES & SCIENCES F©MRCET (EAMCET CODE: MLRD) BB ¥/




MATHEMATICS -1

1 0

0 o] .
Eg:1. |, o ol isarow echelon form.
00 11
00 00

011

1 -3-1
2. 1s a row echelon form.
00 O

Solved Problems :

2 3 7
1. Find the rank of the matrix A= |3 _, 4 | by reducing it to Echelon form.

1 -3-1

3-24

. 2 3 7 . )
Sol: Given A = } Applying row transformations on A.
1-3-1

1 -3-1
R;i <R3 A~ |3 -2 4
2 3 7

1 -3-1
R> — R2—3Rj; R3— R3 -2R; ~10 7 7
09 9

1 -3 —1]
R2 — R2/7R3— R3/9 ~101 1
01 1

1 -3 -1]
R; — R3—R» ~101 1
100 0]

This is the Echelon form of matrix A.

The rank of a matrix A= Number of non — zero rows =2

4 4 -3 1
1 1 -10
2. For what values of k the matrix has rank 3°.
k 2 2 =2
9 9 k 3

Sol: The given matrix is of the order 4x4

If its rank is 3 = det A =0
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4 4 -3 1
1 1 -1 0
A:

k2 2 -2
99 k 3

Applying R> — 4R2-R1, R3 —4R3 — kR, R4 — 4R4 — 9R}

4 4 -3 1

0 0 -1 -1
We get A ~

0 8—4k 8+3k 8-k

00 4k+27 3

Since Rank A =3 = det A =0
0 -1 -1
=>4 8—-4k 8+3k 8-k=0
0 4k +27 3
= 1[(8-4k) 3]-1(8-4k) (4k+27)] =0
= (8-4k) (3-4k-27)=0
= (8-4k)(-24-4k) =0
= (2-k)(6+k)=0

2> k=2ork=-6
21 3 5
3). Find the rank of the matrix using echelon form  _|4 2 1 3
184 7 13
8 4 3 -1
21 3 5
Sol: Given |4 2 1 3
8 4 7 13
8 4 -3 -1
21 3 5
By applying R, > R, —2R ;R, > R, —4R, ;R, > R, —4R, A 0 0 -5 -7
00 -5 -7
0 0 -15 -21
2 1 3 5
R R
R —>—L1 R —>-2 R > a|0 057
-1 -1 -3 0057
00 57
21 35
R, —>R,—R,,R, >R,—R, A0 057
0 000
000 0
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= A is in echelon form ~ Rank of A =2
1 2 0 1
4). Find the rank of the matrix A= | _ o| by reducing into echelon form.
33 1 1
-1 -1 -1 1
1 2 0 1
Sol: By applying R, > R, —2R; R, > R, -3R;R, > R, + R, A~o 3 1 =2
0 3 1 -2
0o -3 -1 2
(1 2 0 1]
R, > R,—R, A~lo 1 -2
00 0 O
0 -3 -1 2|
(1 =2 0 1]
R, <R, A~o 3 1 o
0 -3 -1 2
0 0 0 0|
1 2 0 1
R, > R, +R, A~o 3 1 =2
00 0 0
0 0 0 0

Clear it is in echelon form, rank of A =2
Normal form/Canonical form of a Matrix:

Every non-zero Matrix can be reduced to any one of the following forms.

”

I 0
{0’ O}[Ir O]{ 0};[Ir] Known as normal forms or canonical forms by using Elementary

row or column or both transformations where /,is the unit matrix of order ‘r’ and ‘O’ is the

null matrix.
Note: 1.In this form “the rank of a matrix is equal to the order of an identity matrix.

2. Normal form another name is “canonical form”

Solved Problems :

1 2 3 4
1. By reducing the matrix |2 1 4 3 |into normal form, find its rank.
30 5 -10
1 2 3 4
Sol: GivenA=|2 1 4 3
30 5 -10

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B!}




MATHEMATICS -1

1 2 3 4]
R2 — R2—2R1;R3 — R3 - 3R} A~|0 -3 -2 5
0 -6 -4 -22]
1 3 4]
R3z — Rjs/-2 A~ |0 -3 =2 -5
03 2 11 |
1 3 4]
R3 — R3tR» A~ |0 -3 =2 -5
00 0 6 |
0 0 0]
Co— C2 - 2¢1, c3—¢3-3¢1, c4—c4-4¢1 A~ |0 -3 -2 -5
00 0 6 |
1 0 O]
c3 — 3 ¢3 -2¢2, ca—3cs-5¢ A~|0 -3 0 0
0 0 0 18]
1 0 0 0]
cy— ¢2 /-3, ca—ca/18 A~10 1 0 0
1 0 0 0
C4 <> C3 A~ |10 1 O 0
00 1 O
This is in normal form [I3 0], ~ Hence Rank of A is “3’.
11 1 1
2). Find the rank of the matrix A={1 2 3 —4| by reducing into canonical form or
2 3 5 =5
3 4 -5 8

normal form.
1 1 1 1
Sol: Given A=|1 2 3 -4
2 3 5 -5
3 4 -5 8
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11 1 1
By applying R, > R, —R,R, > R, -2R,,R, > R, - 3R, 01 2 -5
0o 1 3 -7
0 -7 -8 5
(111 1]
R.>R—-R,R, >R, +TR, A0 12 S
001 -2
10 0 6 -30]
(11 1 1]
R, >R, —6R, A 012 S
001 =2
10 0 0 -18]
R (11 1 1]
R, > 4 A 01 2 =5
-18 00 1 2
00 0 1|
(1. 0 0 0]
Apply C, - C,-C,C, > C,-C,C, > C,-C, A0 25
00 1 =2
00 0 1|
(1 0 0 0]
C,—>C -2C,;C, - C,+5C, A0 100
0 01 2
0 0 0 1|
(1 0 0 0
C,—C,+2C, A|0 100
0010
0 0 0 1
Clearly it is in the normal form [, ] -.Rank of A =4
3). Define the rank of the matrix and find the rank of the following matrix
21 3 5
4 2 1 3
8 4 7 13
8 4 -3 -1
21 3 5
Sol: LetA=|4 2 1 3
8 4 7 13
8 4 3 -1
R, >R, -2R, 213 5
R, — R,—4R 4|00 B
R, —> R,—4R, 0.0 =5 7
0 0 -15 -21
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21 3 5

Ra—=> R -k, 00 -5 -7
A~

00 0 0

It is in echelon form. So, rank of matrix = no. of non zero rows in echelon form.

~.Rank p(A)=2

21 3 4
4). Reduce the matrix A to normal form and hence find its rank e 03 4 1
2 3 7 5
2 511 6
21 3 4
Sol: ~ Given ,_|0 3 1
2 3 75
2 511 6
1 1 3 4
C >-C . 0 3 4 1
1 3 7 5
1 5 11 6
1 1 3 4
R, >R, —R
’ P2 PRLEER
R, >R -R “7g 2 4 1
0 4 8 2
(11 3 4
R, >R, —R, 4|01 00
02 41
0 4 8 2
R, —> R,—2R, Y O
ANO 1 00
0 0 8 2
(1 0 0 0
R, > R,—-2R, m 0100
0 0 4 1
10 0 00
1 0 0 0
C, >4C,-C, 4|0 100
0 0 4 1
0000
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I, 0
= A4~

0 0

This is in normal form. Thus Rank of matrix = Order of identify matrix. .. Rank p(4) =3

Q—)%C3 A~

S O O =
oS O = O
S = O O
S O O O

012 =2
5). Reduce the matrix A=, (; , ¢ | into canonical form and then find its rank.
21 3 1

1 0 2 -2]

Sol:  Apply €, & C, 4~|0 4 2 6
(- 2 3 -
1 0 2 -2]

R3_>R3_R1 A~|0 4 2

021 3|
(10

C —->C-2C;C, > C,+2C A~l0 4
0 2
_ 0 0]

R
R, >+ A~l0 2 1
_O 0 -
1 0 0 0]
G oG A~|0 1 2 3

0 0 0 0
(1.0 0 0

G -G -2C,;C, - C,=3C, A~{0 1 0 O
0000

. g Y I, 0
Which is in the normal form 0 ol Lop(A)=2

Note: .If A is an mxn matrix of rank r, there exists non-singular matrices P and Q such that

1, 0
PAQz(O OJ

Suppose we want to find P and Q we have procedure.

Let order of matrix ‘A’ is ‘3 e, A= AL
1 0 O 1 0 O

A= 101 O|lA (01 O
0 0 1 0 0 1
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Now we go on applying elementary row operations and column operations on the matrix A

I, 0
(L.H.S) until it is reduced to the normal form [O’ 0 J

Every row operations will also be applied to the pre-factor of on R.H.S

Every column operation will also be applied to the post —factor of on R.H.S.
Solved Problems :
1 0
1. Find the non-singular matrices P and Q is of the normal form where A=|2 3 -4
33

Sol: Write A=13 A I3

1 0 -2 1 0 0 1 0 0
~12 3 —4/= 101 0|A |01 0
33 -6 00 1 00 1
1 0 =2] 1 0 0 1 0 0
R2 — R2-2R1,R3—R3-3R; ~|0 3 Oj=1-21 0/A |01 O
0 0 -3 0 1 00 1
1 0 -2 1 0 0 1 0 0
R; — R3-R2.R2 =3 R, ~10 1 0 |=1(=-2/3 1/3 0|A |01 O
00 0 -1 -1 1 00 1
1 0 0 1 0 0 1 0 2
c3 — ¢3-2C1 ~[01 0]=1]-2/3 1/3 0|A|0O 1 0
00 0 -1 -1 1 0 0
1 0 0 1 0 2
~’5 g]zPAQ whereP=|—-2/3 1/3 0| Q=01 0
-1 -1 1 0 0

2. Find the non-singular matrices P and Q such that the normal form of Ais P A Q.

1 3 6 -1
Where A= |, 4 5 |- Hence find its rank.
15 4 3

Sol: we write A =1A 14

~1451=010A0100
15 4 3 00 1| (0010
00 01
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R> —R2- R, R3—R3-R; ~lo1 -1 21|11 o A |01 00
02 -2 4 -1 0 1 00 10
- 00 01
1 3 6 -1 10 00
10 0
R3 —-R3-2R» ~lo1 -1 2= |, o A |01 00
00 0 0 R 00 10
B 00 01
Applying co—c2-3c1,c3 —¢3-6¢1, and cs—catci, we get.
1 0 0 O 1 0 0 1 -3 -6 1
~lo1 -1 2/ 211 oA o 100
00 0 0] [1 -2 1 1B °
0 0 01
Applying c3—c3+cz and ca—cs-2c2, we get.
1 0.0 1 -3 -9 7
_r o0 0 Alo 11 =2
01 0 0 -1 0 P 110
00 0 0 1 -2 1
0O 0 01
I, 0 10 0 L3 =0T
= =PAQ WhereP= Q=10 1 1 -
00 . 0 0 10
1 -2 1
0 0 01
I, 0
Here A ~ 0 0 =~ Hence p(A) =2

System of linear equations: In this chapter we shall apply the theory of matrices to study the

existence and nature of solutions for a system of m linear equations in ‘n’ unknowns.

The system of m linear equations in ‘n’ unknowns x, x, X, ————x_ given b
1,7%2,7%3 n
a; X, +a,x, +.....+a, x, =b
Ay X, +ApyXy +.oooectay, X, = b, ) 1)

ay G, — T T 4, | b,
Ay QAp — — — 4y, X, b2
- - - == =1l |7 |~,®
_an] anZ - - - ann ] _xn i _bm _

A-Coefficient Matrix; X-Set of unknowns; B-Constant Matrix

Homogeneous Linear Equations: Ifb,=5b, =.......... =b,=0thenB=0
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Hence eqn (2) Reduces to AX = 0 which are known as homogeneous linear equations
Non-Homogeneous Linear equations:
It at least one of by, bo-—.bm is non zero. Then B # 0, the system Reduces to AX = B is known

as Non-Homogeneous Linear equations.
Solutions: A set of numbers x,,x, ——x, which satisfy all the equations in the system is known

as solution of the system.

Consistent: If the system possesses a solution then the system of equations is said to be
consistent.

Inconsistent: If the system has no solution then the system of equations is said to be
Inconsistent.

Augmented Matrix: A matrix which is obtained by attaching the elements of B as the last

column in the coefficient matrix A is called Augmented Matrix. It is denoted by [A|B]

a, 4, a3 — — 4, b,

=0 =14y 2 3 T T 4y, 1 b
[A/B]—C a a a a b
aml am2 am3 - - amn : b3

1. If p(A/B)=p(A) , then the system of equations AX = B is consistent (solution exits).
a). If p(4/B)=p(A)=r =n (no. of unknowns) system is consistent and have a unique

solution

b). If p(A4/B)= p(A)=r <n (no. of unknowns) then the system of equations AX = B will

have an infinite no. of solutions. In this case (n-r) variables can be assigned arbitrary values.

2.If p(A4/ B) # p(A) then the system of equations AX=B is inconsistent (no solution).

In case of homogeneous system AX = 0, the system is always consistent.

(or) x1 =0, x2=0, -------- , Xn = 0 is always the solution of the system known as the” zero
solution “.

Non-trivial solution:

If p(4/B)=p(A)=r <n (no. of unknowns) then the system of equations AX = 0 will have

an infinite no. of non zero (non trivial) solutions. In this case (n-r) variables can be assigned
arbitrary values.

Also we use some direct methods for solving the system of equations.

Note: The direct methods are Cramer’s rule, Matrix Inversion, Gaussian Elimination, Gauss
Jordan, Factorization Tridiagonal system. These methods will give a unique solution.

Procedure to solve AX = B (Non Homogeneous equations)
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Let us first consider n equations in n unknowns ie. m=n then the system will be of the form
apxitaxotasxs+.....+amXn =bi
a21X1taxXxotazsxst.....tamxn =bs
an1X1tanXo+tan3Xs+.....+anmXn =bn

The above system can be written as AX =B --------- (1)
Where A is an n x n matrix.

Solving AX = B using Echelon form:
Consider the system of m equations in n unknowns given by
anxitanxotasxs+.....+amXn =bi
aziX1taxnxatazsxst.....FamXa =b2
am1X1tamX2tamsxa+. ... amnXn =bm

We know this system can be we write as AX =B

a4y a,|b
. . _ | G Ay a,,|b,

The augmented matrix of the above system is [A / B] =
aml am2 U amn m

The system AX = B is consistent if p (A) = p[A/B]

1). p (A) =p [A/B] =1 <n (no. of unknowns).Then there is infinite no. of solutions.
i1). p (A) = p [A/B] = number of unknowns then the system will have unique solution.
ii1). p (A) # p [A/B] the system has no solution.

Solved Problems :

1). Show that the equations x+y+z = 4, 2x+5y-2z =3, x+7y-7z =5 are not consistent.

1 1 1 X 4
Sol: Write given equations is of the form AX=Bie; |2 5 -2||y|=|3
17 -7]]|¢z 5
1 1 1 4
Consider the Augment matrix is [A /B] = [A/B]=12 5 -2 3
17 -7 5
1 1 1 4
Applying R» —R>-2R; and R3 — R3-Ri, we get [A/B]~|0 3 -4 -5
0 6 -8 1
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I 1 1 4
Applying R3— R3-2R2, we get [A/B]~|0 3 -4 -5
00 0 11

~p(A)=2and p (A/B) =3
The given system is inconsistent as p (A) # p[A/B].

2). Show that the equations given below are consistent and hence solve them

x-3y-8z =-10, 3x+y-4z =0, 2x+5y+6z =3

1 -3 =8| |«x —-10
Sol: Matrix notationis |3 1 —-4]|y|=|0
2 5 6 z 3
1 -3 -8 -10
Augmented matrix [A/B]is [A/B]=1{3 1 -4 0
2 5 6 3
1 -3 -8 -10
R> — R2-3R1 R; — R3 -2Ry ~10 10 20 30

0 11 22 23

1 -3 -8 -10
R, —1/10 R, ~10 1 2 3

0 11 22 23

1 -3 -8 -10

R3z —R3-11R>2 ~10 1 2 3
0 0 0 ~10]
This is the Echelon form of [A/B] ~p(A)=2,p(A/B)=3
p (A) # p[A/B].

The given system is inconsistent.

3). Find whether the following equations are consistent, if so solve them. x+y+2z=4,

2x-y+3z=9, 3x-y-z=2

1 | X 4
Sol: We write the given equations in the form AX=B 1ie; |2 -1 3 y|=19
3 -1 —-1{]|z 2
1 1 2 4
The Augmented matrix [A/B]= |2 -1 3 9
3 -1 -12
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1 1 2 4
Applying R,— R»2-2R; and R3—R3-3Ry, we get [A/B]~|0 -3 -1 1
0 -4 -7 -10

11 2 4
Applying Rz —3R3-4R;, we get [A/B]~ |0 -3 -1 1
0 0 -17 -34

this matrix is in Echelon form. p(A) = 3 and p(A/B) =3

Since p (A) =p [A/B]. -~ The system of equations is consistent.
Here the number of unknowns is 3

Since p (A) =p [A/B] = number of unknowns

The system of equations has a unique solution

1 1 2 X 4
Wehave [0 -3 -1 yv|=|1
0 0 -17 ||z —-34

= -172=-34=2z=2
By-z=1 = 3y=z+1 = 3y=3 = y=-1
and x+y+2z =4 = x=4-y-2z =4+1-4=1

. x=1, y=-1, z=2 is the solution.

4). Show that the equations x+y+z=6, x+2y+3z=14, x+4y+7z=30 are consistent and solve

them.
I 1 1||x 6
Sol: We write the given equations in the form AX=B ie. |1 2 3 | |y|=]|14
1 4 z 30
I 1 1 6
The Augmented matrix [A/B]=|; > 3 14
1 4 7 30
) 1 11 6 i
Applying R,— R»>-R; and R3—R3-Ri, we get [A/B] ~ o 1 2 8
0 3 6 24 |
. 1 11 6 ]
Applying R3 —R3-3Ro, we get [ABl~ 1y | »
0 0

This matrix is in Echelon form. p(A) =2 and p(A/B) =2
Since p (A) =p [A/B].
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The system of equations is consistent. Here the no. of unknowns are 3
Since rank of A is less than the no. of unknowns, the system of equations will have infinite

number of solutions in terms of n-r=3-2=1 arbitrary constant.

I 1 1||x 6
The given system of equations reduced formis {0 1 2 | |y|=|8
0 0 O0f]z 0

=2Xx+y+z=6......... (1), y+2z=8....... 2)

Let z=k, put z=k in (2) we get y=8-2k

Put z=k y=8-2k in (1), we get

Xx=6-y-z=6-8+2k=-2+k

~ x=-2+k, y=8-2k, z=k is the solution, where k is an arbitrary constant.

5). Show thatx+2y—-z=3;3x—y+2z=1;2x-2y+3z=2;x—y+z =—1are consistent

and solve them

I 2 -1 3
X
. . . M -1 2
Sol: The above system in matrix notation is y 2 3 4 N
z
I -1 1], R . | "
A X =B
1 2 -1 3
The Augmented matrix is [4B]= -l 2
-2 3 2
1 -1 -1
R, > R, - 3R, 1 2 -1 3
R, >R, > 2R |0 =75 -8
R,—>R, >R g6 5 0
0 -3 4
1 2 -1 3
R, >R,-R, |0 -1 o 4
0 6 5 -4
0 -3 —4
12 -1 3
R, > R, > 3R, 0 -1 0 -4
R, >R 3R Jo 0 5 +20
0 0 2 8
R (1 2 -1 3
R, > 0 -1 0 —4
5 o 0 1 4
0 0 2
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1 2 -1|3
R,—>R,—2R, |0 -1 0|4
0 0 1|4
0 0 0f}0

~p(A)=3=p(A/B
~p (A) =p (A/B) = No. of unknowns = 3
.. The given system has unique solution.

The systems of equations equivalent to given system are

x+2y—-z=3 -y=-4z=4
x+8—-4=3 y=4;z=4
x=3-4=-1

Lx=—-ly=4,z=4.
6). Solve x+y+z=3;3x-5y+2z=8;5x-3y+4z=14

1 1 1}x
Sol: - |3 -5 2||y|=
5 -3 4j||:z 14
1 1 1 3
Augmented Matrix is [4B] =|3 -5 2 8
5 -3 4 14
11 1 3
R, —R,-3R,
~0 -8 -1 -1
R, —R,—5R
0 8 -1 -1
11 13
R, >R, -R, ~l0 -8 -1}-1
0 0 0o

p|A]= p[A4B]=2 < Number of unknowns (3)
.. The system has infinite number of solutions.
xX+y+z=-3,-8y—-z=-1 =8y+z-1

24-1+k-8k 23-7k
8 8

— 1-k
Let z=k :y:u and x:3—u—k
8 8
214 2
>X=|yl|=| 1-£% = X=

8 8

z 0+k

3
3 where k is any real number.
1

7). Find whether the following system of equations is consistent. If so solve them.

X+2y+2z=2, 3x-2y+z=5, 2x-5y+3z=-4, x+4y+6z=0.
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1 2 2
3 2 17| |s
Sol: In Matrix formitis |2 -5 3||° | |4
14 6|54 |0
AX =B
1 2 2 2
R, >R,-3R 0 -8 -5 —I
R, —R,-2R 1o -9 -1 -8
R,>R,—R, 0 2 4 -2
12 2 2
0 1 -4 7
o9 -1 -8
R, >R,—R, 0 2 4 =2
(12 2 2
01 -4 7
R, — R, +9R, o0 37 55
R, >R, —2R, 00 12 -16
12 2 2
R >ln o1 4 7
0 0 -37 55
00 3 —4
12 2 2
R, —37R, +3R, ~|0 is in echelon form
0 0 -37 55
00 0 17

p|A]=3and p|AB]=4= p[A]+ p[ AB].~The given system is in consistent.

8). Discuss for what values of A, p the simultaneous equations x+y+z = 6, x+2y+3z =10,
x+2y+iz = p have

(i). No solution

(ii). A unique solution

(iii). An infinite number of solutions.

I 1 I|]|x 6
Sol: The matrix form of given system of Equationsis A X = |1 2 3(|y|=|10|=B
1 2 Allz 7,

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) BRX]




MATHEMATICS -1

I 1 1 6
The augmented matrix is [A/B]= |1 2 3 10
1 2 A u
1 1 1 6
R2 — R2 — Ry, R3 — R3-R; [A/B]~|0 1 2 4
0 1 A-1 u-6
1 1 1 6
Rz —-R3—R» ~10 1 2 4
0 0 A-3 u-10
Case (i): let A # 3 the rank of A =3 and rank [A/B] =3
Here the no. of unknowns is ‘3’ ~p (A) =p (A/B)= No. of unknowns

The system has unique solution if A#3 and for any value of ‘p’.

Case (ii): Suppose A =3 and p#10.
We have p (A)=2,p (A/B)=3
The system has no solution.
Case (iii): Let A =3 and p=10.
We have p (A)=2p (A/B)=2
Here p (A) = p (A/B) # No. of unknowns =3
The system has infinitely many solutions.
9). Find the values of a and b for which the equations x+y+z=3; x+2y+2z=6;x+ay+3z=b
have (i) No solution
(ii) A unique solution

(iii) Infinite no of solutions.

1 1 1} «x 3
Sol: The above system in matrix notationis |1 2 2|/ y|=|6
1 a 3|z b
1 113
Augmented matrix [AB] =1 2 2 6}
1l a 3 b
R, >R,—R bor b }
oo ~l0 1 1 3
R,—>R,—R,
0 a-1 2 b-2
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1 1 1
R, >R, —R, “lo | |
0 a-3 0 b-9
1 1 113
eFor a=3&b=9 ~0 1 13
0 0 0/0

p[A] = p[AB] =2 <3 = It has infinite no of solutions.

1 1 1| 3

ofFor a=#3&b=anyvalue ~10 1 1| 3
0 a-3 0/b-9

p[A] = p[AB] =3 = It has a unique solution.

w W

1 1
ofor a=3&b+9 ~ 1 1
0 0

S o =

b-9
~.p[A]=2+# p[AB]=3 = Inconsistent => no solution

10). Solve the following system completely. x+ y+z=1Lx+2y+dx=a;x+4y+10z =’

I 1 1] «x
¢ . |24y = a
Sol: The above system in matrix notation is 5
1 4 10|z a
A X = B
1 1 1
Augmented Matrix is [AB]: 1 2 4 «
1 4 10 &
R, > R,—-R b !
R, —>R,—R, S0t el
10 3 9 a -1
111 1
~10 1 3| a-1
R, —> R, 3R, 0 0 Ola’-3a+2

Here p[A]|=2and p[AB]=3 = The given system of equations is consistent if
o’ -3a+2=0=0a’-2a-a+2=0=(a-2)(a-1)=0=>a=2,a=1

Case (i): When a=1
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p|A]=p[AB]=2 < Number of unknowns.

.. The system has infinite number of solutions.

S W =
S O =

I 1
The equivalent matrix is | 0 1
0 0

The equivalent systems of equations are x+ y+z=1;y+3z=0

=letz=k =y=-3k and x+(3Bk)+K=1=x-2k=1=x=1+2k

X 1+ 2k 1 2
X=|y|=|0-3k|= X =|0|+k|-3| where k is any arbitrary constant.
z 0+k 0 1

Case (ii): When a =2
p[A] = p[AB] =2 < no. of unknowns.

.. The system has infinite number of solutions.

1 1 11
The equivalent matrix is~|0 1 3 1
0 00O

The system of equations equivalent to the given systemisx+y+z=1;y+3z=1

Letz=k = y=1-3kand x+(1-3K)+k=1=x=2k

X 0+2k 0 2
=>X=|y|=|1-3k | X=|1|+k| -3
z 0+k 0

where k is any arbitrary constant.

11). Show that the equations 3x+4y+5z=a;4x+5y+6z=0;5x+6y+7z=c don’t have

a solution unless a+c =2b. solve equations when a=b=c=-1.

3 4 5| «x a
) |4 5 6|ly|=|b
Sol: The Matrix notation is
5 6 7|z c
A X = B
3 4 5 a
Augment Matrix is [AB]= 4 5 6 b
5 6 7 ¢
3 4 5
R, —3R,-4R .
~l0 =1 =2 3b—-4a
R, > 3R, -5R,

0 -2 -4 3¢c-5a
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3 4 5 a
R, >R, -2R, ~10 -1 =2 3b—4a
0 0 0 3a-6b+3c

Here p[A]=2and p[AB]=3

.. The given system of equations is consistent if 35— 6p+3c=0=>3a+3c=6b=a+c=2b

Thus the equations don’t have a solution unless a+c =2b,whena=b=c =-1

3 4 5 -1
The equivalent matrixis |0 -1 -2 1
0 0 0 O

plA]= p[(AB)] =2 < No. of unknowns.

.. The system has infinite number of solutions. The system of equations equivalent to the
given system 3x+4y+5z=-1;-y-2z=1= y+2z=-1

Letz=k=y=—-1-2kand 3x—4-8k+5k=—1=x=1+k

X 1+k 1 1
X=|y|=|-1-2k|=|-1|+k| 2
z 0+k 0 1
Linearly dependent set of vectors: A set { xi,x2,-------------- xr} of r vectors is said to be a

linearly dependent set, if there exist r scalars ki,kz---k; not all zero, such that k;x;+koxo+-------
-+kx; =0
Linearly independent set of vectors: A set { xi, X2,------------- xr} of r vectors is said to be a
linearly independent set, if kixi+koxo+-------------- +kixr =0 then k; =0, ko = 0------ k: =0.
Linear combination of vectors:

A vector x which can be expressed in the form x = kix;+koxp+-------------- +knXy 1s said
to be a linear combination of x;,x2------ Xn here ki ,kp----------- kn are any scalars.
Linear dependence and independence of Vectors:
Solved Problems :

1). Show that the vectors (1, 2, 3), (3,-2, 1), (1,-6,-5) from a linearly dependent set.

| 3 |
Sol: The Given Vector X, =| 2 |X, =|-2|X;=|-6
3 1 -5

The Vectors Xi, X2, X3 from a square matrix.
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13 1 13 1
Let A=|2 -2 —6| Then|d|=]2 2 -6
301 -5 301 -5

= 1(10+6)-2(15-1) + 3(-18+2)

=16+32-48=0
The given vectors are linearly dependent - |[A| =0
2). Show that the Vector Xi1=(2,2,1), X>=(1,4,-1) and X3=(4,6,-3) are linearly dependent.
Sol: Given Vectors Xi1=(2,-2,1) Xo=(1,4,-1) and X3=(4,6,-3) The Vectors X1, X», X3 form a

square matrix.

2 1 4 2 1 4
Let A=|-2 4 6| Then|d|=|-2 4 6
1 -1 -3 1 -1 -3

= 2(-12+6) + 2(-3+4)+1(6-16) =-20#0

.. The given vectors are linearly dependent - |A|£0

Consistency of system of Homogeneous linear equations:
A system of m homogeneous linear equations in n unknowns, namely
a,x, +a,x, +asx; +....+a,x, =0

Ay X, + 0y X, + 0y X+t a,,x, =0

————————————————————————— )
a,x, +a,x,+a, x+..+a, x =
0
X
a;; G,  43....4y, 0
b
. 9 . . .
Le. |a, a, Ay..q,, = Here A is called Co —efficient matrix.
aml amZ am3' "amn xn 0
Note: 1. Here x1= X3 = ---——---- Xn = 0 1s called trivial solution or zero solution of AX =0

2. A zero solution always linearly dependent.

Theorem: The number of linearly independent solutions of the linear system AX =0 is
(n-r), r being the rank of the matrix A and n being the number of variables.
Note: 1.if A is a non-singular matrix then the linear system AX = 0 has only the zero

solution.
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2. The system AX =0 possesses a non-zero solution if and only if A is a singular
matrix.
Working rule for finding the solutions of the equation AX =0
(i). Rank of A = No. of unknowns i.e. r=n
=~ The given system has zero solution.
(ii). Rank of A < No of unknowns (r<n) and No. of equations < No. of unknowns (m<n) then
the system has infinite no. of solutions.

Note: If AX =0 has more unknowns than equations the system always has infinite solutions.

Solved Problems :

1). Solve the system of equations x+3y-2z = 0, 2x-y+4z = 0, x-11y+14z =0
1 3 -2 1|x]| |0

Sol: We write the given systemis AX=0 1ie. |2 -1 —-4|(y|=|0
1 =11 41]|z| |0

1 3 =2
R; —Rs -2R;. R3—R3-R; A~|0 -7 8
0 —14 16
1 3 -2
R; —Rj3 -2R» A~|0 =7 8
0 0 0

The Rank of the A =2 i.e. p (A) =2 <No. of unknowns =3
We have infinite No. of solution

Above matrix can we write as x+3y-2z=0-7y+8z=0, 0=0
Let z =k then y=8/7k & x=-10/7k

Giving different values to k, we get infinite no. of values of x,y,z.

2). Find all the non-trivial solution2x—y+3z=0;3x+2y+z=0;x—-4y+5z=0.

2 -1 0

310 x
Sol: In Matrix formitis |3 2 1||»|=|0
1 -4 5]z 0

AX =0

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B}




MATHEMATICS -1

2 -1 30
The Augumented matrix[4/O]=|3 2 1 0
1 4 50
1 4 50
R < R, ~13 2 10
2 -1 30
1 4 5 0
R, —>R,-3R,
~10 14 -14 0
R, —R -2R
o 7 -7 0
1 4 5 0
R, > 2R, —R, ~10 14 -14 0| it is echelon form.
0 0 0 O

The Rank of the A =2 i.e. p(A) =2 < No. of unknowns = 3

Hence the system has non trivial solutions. From echelon form, reduced equations are
x—4y+5z=0and 14y —-14z=0

Let z=k then y =k and x—4k +5k =0= x =—k.

x —k -1
Thus, the solution setis X =| y |=| k£ |=k| 1 |+K.
z k 1

3). Show that the only real number A for which the system x+2y+3z = Ax, 3x+y+2z= Ly,
2x+3y+z = Az, has non-zero solution is 6 and solve them.

1-4 2 3 X 0
Sol: Above system can we expressed as AX =0 Le. 3 -1 2 yl=0

2 3 1-A||z]| |0

Given system of equations possess a non —zero solution i.e. p (A) < no. of unknowns.
= For this we must have det A =0
-1 2 3
=3 1-4 2 (=0
2 3 1-4

6-4 6-4 6-4
R —>R+R+R, =| 3 1-4 2 [=0
2 3 1-2

I B
= 6-HP 1-12 2 |=0
2 3 1-2
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1 0 0
Cz_)Cz_Cl,Cg_)C3_C1 :}(6_>\4) 3 —2—A -1 =0
2 1 -1-A
= (6-A)[(-2- M)(-1- A)+1]=0
= (6-1) A+32A+3)=0
= A = 6 only real values.
When A = 6, the given system becomes
-5 2 3||x 0
3 -5 2 ||yl=|o
2 3 -=5]|¢z 0
-5 2 3 J[x] [0]
Rz — 5R>+3R;, R3—5R3+2R; -lo =19 19 ||y|=|o
0 19 -19/|z] [0
-5 2 3 x| [0]
R3 —»R3+R2 ~ 1o =19 19||yl|=|0
0o 0 0 |[z] |0]

=-5x+2y+3z=0and -19y+19z2=0 = y=z
Letz=k = y=kandx=k.
=~ The solutionisx=y=z=k.

Eigen Values and Eigen vectors:

Let A= [aij] be a square Matrix. Suppose the linear transformation Y = AX transforms X

into a scalar multiple of itselfi.e. AX =Y = A X, Then the unknown scalar A is known as an
“Eigen value” of the Matrix A and the corresponding non-zero vector X is known as “Eigen
Vector” of A. Corresponding to Eigen value A. Thus the Eigen values (or) characteristic
values (or) proper values (or) latent roots are scalars A which satisfy the equation.
AX=AXforX#0, AX-AX=0=>(A4-A)X =0

Which represents a system of ‘n’ homogeneous equations in ‘n’ variables X1, X2, ----, Xa this

system of equations has non-trivial solutions If the coefficient matrix (A- A1) is singular i.e.

Gypy Gy T T T4y,
ay Ay, Ty,
A-211=0 | _ - _ _ _ _lo
anl anZ - = ann—i
Expansion of the determinant is (—1)"A" + K,A"" + K,A"? +————+K, is the n" degree of

a polynomial P (A) which is known as “Characteristic Polynomial”. Of A
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(-D)"A"+K A" +K,A"? +————+K,=0 is known as “Characteristic Equation”. Thus
the Eigen values of a square Matrix A are the roots of the characteristic equation.

Eg: Let A= [i 421 X= [_11]

ax=[y Sl [l =l] =1

Here Characteristic vector of A is [_11] and Characteristic root of A is “1”.

Eigen Value: The roots of the characteristic equation are called Eigen values or characteristic

roots or latent roots or proper values.

Eigen Vector: Let A:[%] be a Matrix of order n. A non-zero vector X is said to be a

characteristic vector (or) Eigen vector of A if there exists a scalar 4 such that AX =1 X.
Method of finding the Eigen vectors of a matrix.
Let A=[ajj] be a nxn matrix. Let X be an eigen vector of A corresponding to the eigen value A.
Then by definition AX =2AX.
= AX =AIX
= AX AX=0
=> (A-ADX =0 ------- (1)
This is a homogeneous system of n equations in n unknowns.
Will have a non-zero solution X if and only |[A-AI| =0
e A-Alis called characteristic matrix of A
e |A-Al| is a polynomial in A of degree n and is called the characteristic polynomial of A
e |A-AI=0 is called the characteristic equation
e Solving characteristic equation of A, we get the roots , 4; 1, A3 ....... 4, These are
called the characteristic roots or eigen values of the matrix.
e Corresponding to each one of these n eigen values, we can find the characteristic
vectors.

Procedure to find Eigen values and Eigen vectors
all alz ------ aln

arq Aoo wuvn Aon

Let A= be a given matrix

Ani  App v oer Qup

Characteristic matrix of Ais A— Al
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a, -4 ap, a,
a Ay, —A - a
. 21 22 2
ie,A— Al = !
a a a —A

nl

sayd(A) = |A - /U| =| *

a a, .. a,—A

nl
The characteristic equation is |A-AI| = 0 we solve the @(A) = |A — Al| = 0, we get n roots,
these are called eigen values or latent values or proper values.

Let each one of these eigen values say A their eigen vector X corresponding the given value A

is obtained by solving Homogeneous system

a, —4 ap a, X 0
a, ap—-A - a,, X, 0 .. .. .
= and determining the non-trivial solution.
anl an2 ann - 2’ xn 0
Solved Problems
1. Find the eigen values and the corresponding eigen vectors of [g _24]

Sol: LetA= [g _4]

2

Characteristic matrix = [A — AI] = [8 ; A 2__4}\]

Characteristic equation is |A — Al|=0
— |8;A 2—_4}\| -0
B8-MN2-10)+8=0
=16 +A2—-10A+8=0
= A2 -10A+24=0
= (A-6)A-4)=0

= A = 6,4 are eigen values of A

Consider the system [8 ; A 2__4}\] (2) =0

Eigen vector corresponding to A = 4
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Put A = 4 in the above system, we get (‘2L :;) (2) = (8)

=>4x1—4x2=0———(1) 2x1_2x2:0___(2)
from (1)and (2)we have x; = x,

Letxi= o

Eigen vector is = =a
X, o 1

[ﬂ is a Eigen vector of matrix A, corresponding eigen value A = 4
Eigen Vector corresponding to A = 6

put A = 6 in the above system, we get (; :i) (2) — (8)

=>2x1—4x2=0———(1) 2x1—4x2=0———(2)
from (1) and (2) we have x| =2x2

Let x, =a=x, =2«

Eigen vector = =a
a 1

[ﬂ is eigen vector of matrix A corresponding eigen value A = 6

2 0 1
2. Find the eigen values and the corresponding eigen vectors of matrix [0 2 0]

1 0 2
2 0 1
Sol: Let A=]0 2 0]
1 0 2
The characteristic equation is |A-AI|=0
2—X2 O 1
ie. [A-M|=] 0 2—2A 0 |=0
1 0 2-2A
= 2-0)2-M)?-0+[-2-N]=0
=2-0)D3—A-2)=0
= A-2[-A=2)?%2-1]=0
= A—-2[-A2+41-3]=0
= A-2)A-3)(A-1)=0
> A=1,2,3

The eigen values of A is 1, 2, 3.
For finding eigen vector the system is (A —ADX =0

2—2A 0 1 X1 0
= 0 2—2A 0 X2 =10
1 0 2 — 0

X3
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Eigen vector corresponding toA =1

1 0 11[* 0
o 1 of [ -]
1 0 111x3 0

X1 +x3=0
x, =0
X1 +x3=0
X, = —X3,%X, =0
Let x; =«
>x=—a x,=0, x3=«a
X -
it l
0 is Eigen vector
[ 1

Eigen vector corresponding to A = 2

0 0 1][* 0
o 0 of |-
1 0 0llx3 0

Here x; = 0 and x5 = 0 and we can take any arbitary value x, i.e x, = a (say)

-

2

Eigen vector is [1‘
0

Eigen vector corresponding toA = 3

-1 0 1] [*1 0
0 -1 O[] |*2=]|0
1 0 —111Ix3 0

—x1+x3=0

_xz = O
X1 —x3=0
here by solving we get x; = x3,x, = 0 say x3 =

X1 = , szo , X3 =

o 1
x,[=]0|=2|0
o 1
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1
0
1

Eigen vector is

3 -6 2
3. Find the Eigen values and Eigen vectors of the matrix is -6 7 4
2 4 3
8§ -6 2
Sol: Let 4=|=6 7 -4
2 4 3
8—-1 -6 2
Consider characteristic equation is |A - Al | =0 ie.| -6 7-4 —4|=0
2 -4 3-1

= (8-A)[(7-2)(3-1)-(16)]+6[(-6)(3—1)+8]+2[24—2(7-2)]=0
= (8—1)[21-74-3A+ 1% —16 |+ 6[-18+61+8]+2[24-14+21]=0

= (8—A4)[ A’ —104—5]+6[64-10]+2[10+24]=0

= 847 -804 —-40— A’ +104° +54+361—-60+20+41=0

= A7 +181>—451=0

= A[-A*+181-45]|=0

=A1=0 (OR) —A?+181—-45=0
=>A1=0, A=3, A=15
Eigen Values A =0,3,15

Case (i): If A=0

8 -6 2
-6 7 —4(X=0
2 -4 3
(8 -6 2][*1 0
-6 7 —4||*2|=]0
12 —4 311lx3 0
= 8x, —6x, +2x;, =0————(1)
—6x,+7x,—4x, =0————(2)
2x, —4x, +3x; =0————(3)
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Consider (2) & (3)

X Xy Xy

-6 7 —4
2 -4 3
N - S SN 2
21-16 —-18+8 24-14
X _TX X
5 —10 10
=x =k x,=2k, x,=2k
X, k 1
Figen Vectoris | x, |=| 2k |=k| 2
X, 2k 2

Case (i1): If A =3
[8—1 -6 2

2 -4 0 | x
=5x,—6x, +2x;, =0—————— D
—6x, +4x, —4x;,=0————— (2)
2x, —4x,+0=0——————— 3)
Consider (2) & (3)
X4 X %
—6 4 —4
2 —4 O
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X, —2k —2
Eigen Vectoris | X2 | = —k |=k| -1
X5 2k 2

Case (iii): If A =15

7 -6 2
—6 -8 —4 |x=0
2 -4 -12

= —7x, +(—6x2)+2x3 =0———-—-()
—6x, —8x, —4x, =0————— 2)
2x, —4x, —12x, =0————— 3)
Consider (2) & (3)
XX, X
6 -8 —4
2 -4 -12
N T DA - N
96-16 72+8 24+16
M _TH X
80 80 40
Dok, 2o, Dok
2 2 1
=>x, =2k, x,=2k, x,=k
X, 2k 2
Eigen Vectoris | x, |=| 2k |=| -2 |k
X, k 1

4. Find the Eigen values and the corresponding Eigen vectors of the matrix.

2 2 -3
2 1 -6
-1 -2 -0
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-2 2 —3
Sol: Let | 5 | _g

-1 -2 -0

The characteristic equation of A is |A -l | =0 1.e. 2 1-24 —6|=0

= (—2-2)[-2(1—-a)—-12]-2[-24-6]-3[2(-2)+(1-2)]=0
= A1 +1>—-2114—-45=0
= (A+3)(A+3)(A—-5)=0
— A1=-3,-3,5
The Eigen values are -3,-3, and 5
Case (i): If A= -3
-2+3 2 =3 || x, 0
Weget| 2 1+3 -6 || x, |=|0
-1 -2 0+3||x, 0

1 2 =300
The augment matrix of the systemis | 2 4 —6|0
-1 -2 310

1 2 =30
Performing R, —2R,,R,+ R, weget [0 0 010
0 0 010

Hence we have x, +2x, —3xy =0= x, =—2x, +3x,

Thus taking x, =k, and x, =k,, we get x, =2k +3k,;x, =k;;x, =k,

Y -2 3
Hence | x, |=k| 1 |+k,| 0
X, 0 1
-2 3
So| 1 |and| 0 |are the Eigen vectors corresponding to 4 =—3
0 1

Case (ii): If A= 5

-7 2 3)\(x 0
Weget| 2 -4 —6|x,|=|0
-1 -2 =5\ x 0
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= -Tx,+2x,-3x,=0————(1)
2x, —4x, —6x, =0-———(2)
—x,—2x,=5x,=0————(3)
Consider (2) & (3)
X Xy X3
2 —4 —6

-1 -2 =5

X ) X3
- = =
20-12 —-10—-6 —4-—-4
N _T% _ TN

- - =k,
8 —-16 =8

:k3

X, =X, —X

ST ok
X, 1
Eigenvectoris| x, |=| -2 |k,
X, -1

5. Find the Eigen values and Eigen vectors of the matrix A and it’s inverse where

The characteristic equation of “A” is given by |A - Al | =0

-2 3 4
= 0 2-4 5 |=0
0 0 3-4
= (1-2)(2=4)(3-2)=0
= A=12,3 ie. EigenValuesarel,2,3
Note: Inupper A“ (or) Lower A of a square matrix the Eigen values of a diagonal matrix

are just the diagonal elements of the matrix.

Case (i): If A=1
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2(A=A)x=0
-1 3 4 x| [0
= 0 2-12 5 |x|=]0
0 0 3-|lx| |0
0 3 4][x] [0
=10 1 5| x|=|0
0 0 2fx| [0

=3x, +4x, =0;x,+5x, =0; 2x, =0 =x,=k;x,=0;x,=0

X, k, 1
X=[x,]|=|0|=|0]|k
X, 0 0

Case (i): If AL =2

+1-4 3 4 I[x] [0
= 0 2-2 5 |lx,|=|0
0 0 3-a|lx]| |0

-1 3 4]} x 0
=10 0 5|x,|=|0
0 0 1] ux 0

-1 3 4]x,
=10 0 5|x|=|0
0 0 1 x

= =X +3x, +4x;, =0;5x, =0;x =0

= —x, +3k+4(0)=0=>—x, + 3k =0=> x, =3k

X, 3k 3
X=\x,|=| k |=k|1
X, 0 0

Case (iii): If A =3
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-2 3 4 7x] [o
=/ 0 2-12 5 {xz_o
0 3-4|lx]| |0

3

0

-2 41 x| [0
=0 -1 5||x,|=|0
0 0 0fx | |0

= —2x, +3x, +4x, =0; —x, +5x, =0; x;, =0
Let x,=k

= —x, +5x, =0=x, =5k

and —2x, +3x, +4k =0= —2x, +15k+4k =0

= 2x,+19x=0= x, =%k

X=|x,|=| 5k |=k|5
X, k 1
Note: Eigen Val f A L1 1iel1 ! d the Ei t fA!
. B1gén va ar¢e —,—,—_— t.€l,—,— an 12€n T ar ame a
ote ge ues o 621 ﬂz ﬂ? 2 3 c ge VEClors O cS € as

Eigen vectors of the matrix A

6. Determine the Eigen values and Eigen vectors of

a0 1 \ 8 —4
B=2A4"——A+3] where A=
2 2 2

8 —4
Sol : — Given thatB=2A—lA+3 = A=
2 2 2

) 8 —4][8 -4] [56 -40
we have A~ = A.A= =
2 212 2 20 -4
g2 1
B=24 AA+3I
[56 —40} 1{8 —4} {1 o}
=2 -— +3
20 4| 2|12 2 0 1
[112 -80] [4 —2+3 0
140 -8 |1 1 0 3
[ 78
139 -6
Characteristic equation of B is |B —Al | =0
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111-14  -78

‘ 39 -6—-1

ie. = A%+10514-2376=0

= (1-33)(2-72)=0
=>A=33 or 72

-

Eigen Values of B are 33 and 72.
Case (1): If A =33

111-4 78
= =0
{ 39 —6—/1}

78 781 x| [0
j— =
39 -39/ x,] (O
=39x, - 78x, =0= x, =2x,
x

=2 =k(say)

= =| |k
X, 1
Case (i1): If A=72
[111—-2  —78 }
=0

—
39 —6—A

[111—72 —78
— X =0
39 —6-—72

[39 —78
— X =0
139 -78

39 78| x 0
j— e
139 —78]| x, 0

= 39x, —78x, =0= x, =2x,

XX
= —=—==k(sa
2 =3 (say)

Properties of Eigen Values:
Theorem 1: The sum of the eigen values of a square matrix is equal to its trace and product
of the eigen values is equal to its determinant.

Proof: Characteristic equation of A is |A-AI|=0
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a, — A ap P
. a Ay —A - a,, , ,
ie. 2 2 * |expanding this we get
anl an2 ann _/1

(a, —4)(ay, —2)--+(a,, —A)—ay, (a polynomial of degree n — 2)+ a3 (a polynomial of degree n
2)+...=0
= (-1)" [/1” —(a,,+ @y, +....+a, )X +a polynomial of degree(n— 2)]: 0

(=)' 2" +(=1)"(Trace A" +a polynomial of degree(n—2)in A =0

If A, A, ..... A, are the roots of this equation

(—D)"17r(4)
(CHOLL

Further |A — Al = (—1)"A™ + ---. 4a,
put 1 = 0 then |A| = a,

sum of the roots = =Tr(A)s

(D)™ +a, A" T +a, A" 24+ L+ a,=0
(—=D"aq

Product of the roots = W = aqy
but a, = |A| = detA

Hence the result

Theorem 2: If % is an eigen value of A corresponding to the eigen vector X, then A™ is eigen

value A" corresponding to the eigen vector X.

Proof: Since % is an eigen value of A corresponding to the eigen value X, we have

Pre multiply (1) by A, A(AX) = A(+X)

(AA)X = L(AX)

A2X= A(hX)

A?X= 12X

22 is eigen value of A with X itself as the corresponding eigen vector. Thus the

theorm is true for n=2

Let we assume it is true forn =k
Premultiplying (2) by A, we get

A(ARX) = A(RKX)
(AA®)X= 2K(AX)= 2K(1X)
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AK+1 X= :.:'._KHX
31X+ is eigen value of AX"! with X itself as the corresponding eigen vector.

Thus, by Mathematical induction. A" is an eigen value of A™
Theorem 3: A Square matrix A and its transpose AT have the same eigen values.
Proof: We have (A- 2AI)T= AT- 21"
= AT 21
I(A- A)T|=|AT- 21| (or)

A= AT=IAT- 2] | [47|=]4]

|A- 21|=0 if and only if |AT- 21}=0
Hence the theorem.
Theorem 4: If A and B are n-rowed square matrices and If A is invertible show that A"'B and
B Al have same eigen values.
Proof: Given A is invertble i.e, A" exist
We know that if A and P are the square matrices of order n such that P is non-singular
then A and P! AP have the same eigen values.
Taking A=B A" and P=A, we have
B Aand A" (B A') A have the same eigen values
ie.,.B A”! and (A" B)( A A) have the same eigen values
ie.,.B A"'and (A"! B)I have the same eigen values
ie.,.B A"'and A" B have the same eigen values
Theorem 5: If A, 4,,........... A, are the eigen values of a matrix A thenk A1, k A2, .....k &,
are the eigen value of the matrix KA, where K is a non-zero scalar.
Proof: Let A be a square matrix of order n. Then [KA- AKI| = |[K (A- AI)] = K" |A- Al
Since K#0, therefore [KA- 2K1| = 0 if and only if [4—A| =0
i.e.,KAis aneigenvalueof KA<if Ais aneigenvalueof A
Thus k 21,k A2 ... k A4 are the eigen values of the matrix KA if
A1, A2 ... A, are the eigen values of the matrix A
Theorem 6: If % is an eigen values of the matrix A then A+k is an eigen value of the matrix
A+KI
Proof: Let . be an eigen value of A and X the corresponding eigen vector. Then by definition
AX=LAX
Now (A+KI) X
=AX +IKX =AX + KX

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B:F]




MATHEMATICS -1

= (MK) X

Atk is an eigen value of the matrix A+KI.

Theorem 7: If A, % ... A, are the eigen values of A, then A—K, A —K, ... 4—K,
aretheeigen values of thematrix(A— K1), where K is a non — zero scalar
Proof: Since 2, %,, .... A, are the eigen values of A.

The characteristic polynomial of A is

A= A= (A= 2 (Pa— 2) .. (Fn— A)ommmmmemme 1

Thus the characteristic polynomial of A-KI is
(A —KI)— Al =|A — (k+ M)

=[ A= A A2-( AHK) oo [ A-( A+K) 1.

=[ (M-K)-M)[ (A2-K)-A]eeeeiiiiiiiiiiiiienne [( An-K)-A ].

Which shows that the eigen values of A-Klare 4; — K. A, — K, ... ....A_ — K
Theorem 8: If /., A, ... A, are the eigen values of A, find the eigen values of the matrix

(A—AD)*
Proof: First we will find the eigen values of the matrix A- AI
Since A4, A, ... A, are the eigen values of A
The characteristics polynomial is
|A-AI| = —K) (A — K)o (2, —K) —————— (1) where K is scalar
The characteristic polynomial of the matrix (A- AI) is
|A- AI-KI| = |A-( A+K)]]|
= Py = A+ K] P — b+ K] o [ A —(A4K)]
= [ =2 —K)] [ =) = K] . [ (o — 1) —K)]
Which shows that eigen values of (A- Al) are Ay — A, (A, —A) ... A, — A
We know that if the eigen values of A are A4, A, ... A, then the eigen values of A?are

22,22 .....22 Thus eigen values of (A—Al)’ are(4, —A)*,(A4, —A)*,...(4, = 1)’

Theorem 9: If % is an eigen value of a non-singular matrix A corresponding to the eigen
vector X, then X! is an eigen value of A" and corresponding eigen vector X itself.
Proof: Since A is non-singular and product of the eigen values is equal to |A|, it follows that
none of the eigen values of A is 0.

If A is an eigen value of the non-singular matrix A and X is the corresponding eigen

vector »#0 and AX= AX.
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premultiplying this with 47!, we get A™'(4X) = 47 ( 2X)
SA'AX=24"'X=IX=214"'X

X=X =4 X=X (A20)

Hence A'is an eigen value of 4™

Theorem 10: If A is an eigen value of a non-singular matrix A, then% is an Eigen value of

the matrix AdjA.

Proof: Since % is an eigen value of a non-singular matrix, therefore A # 0

Also X is an eigen value of A implies that there exists a non-zero vector X such that
AX =X - (1)

= (adj A)AX = (Adj 4)(AX)

= [(adj A)A]X = A(adj A)X

= |4|1X = A (adjA)X [ (adjA)A :‘A‘I ]

:>MX=(ad'A)X0r(ad'A)X=HX
p ’ T

Since X is a non — zero vector, therefore the relation (1)

A

it is clear that o is an eigen value of the matrix Adj A

Theorem 11: If A is an eigen value of an orthogonal matrix A, then % is also an Eigen value 4
Proof: We know that if . is an eigen value of a matrix A, then ;17 is an eigen value of 47!
Since A is an orthogonal matrix, therefore 4™ = A'
2 % is an eigen value of A*

But the matrices A and A' have the same eigen values, since the determinants |A- 2]

and |A'- 2I| are same.

Hence % 1s also an eigen value of A.
Theorem 12: If % is eigen value of A then prove that the eigen value of B = apA>+ajA+ayl is
ap A2+a; Atay
Proof: If X be the eigen vector corresponding to the eigen valuek, then AX = AX --- (1)

Premultiplying by A on both sides
= A(AX) = A(X)
= A% = A(AX) = 2(AX) = %X

This shows that 4 is an eigen value of A2
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We have B = agA?+ajA+a,l
S BX = aoA*+ajA+axl) X
= a0A% X+a1AX+a, X
= aoh? X+a; AX+axX = (aph? +ar A+az ) X
(aoh?+aj h+ay) is an eigen value of B and the corresponding eigen vector of B is X.

Theorem 13: Suppose that A and P be square matrices of order n such that P is non singular.
Then A and P'AP have the same eigen values.
Proof: Consider the characteristic equation of P'AP
Itis | ( P'AP)-Al| = | P'AP-LP'IP| ([ = P'P)
= | P (A-A) P| = | P"' | |A-AT] [P|
=|A-M]| since [P| [P| =1
Thus the characteristic polynomials of P'AP and A are same. Hence the eigen values of
P'AP and A are same.
Corollary 1: If A and B are square matrices such that A is non-singular, then A'B and BA!
have the same eigen values.
Corollary 2: If A and B are non-singular matrices of the same order, then AB and BA have
the same eigen values.

Theorem 14: The eigen values of a triangular matrix are just the diagonal elements of the

matrix.
Ay a,,
0 ay,... a,,
Proof: Let A = be a triangular matrix of order n
0 0. a,,
The characteristic equation of A is |A- AI|=0
Q1-3  Byg e Qyn
0 Qag—p weerr Goy
ie, | .. ... ..|1=0
l:::l I:::I"""' HZ"!Z“'!—:"-;
i.e, (a1i- 2) (az2- 2) ..... (ann- 2)=0
= A =a ,d22,.... Ann

Hence the eigen values of A are ai1, ax,.... an Which are just the diagonal elements of A.
Note: Similarly we can show that the eigen values of a diagonal matrix are just the diagonal
elements of the matrix.

Theorem 15: The eigen values of a real symmetric matrix are always real.
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Proof: Let X be an eigen value of a real symmetric matrix A and Let X be the corresponding
eigen vector then AX=AX — — — —(1)
Take the conjugate AX = LE
Taking the transpose X7 (4) T=JXT
Sinced =Aand AT =4, we have FT A=2%"
Post multiplying by X, we get X TAX =2 XK. (2)
Premultiplying (1) with XT , we get X AX = AX X ------ (3)

() —(3)gives (A-24)X X=0but F7X = 0 =2-1=0

= A - = Ais real. Hence the result follows
Theorem 16: For a real symmetric matrix, the eigen vectors corresponding to two distinct
eigen values are orthogonal.
Proof: Let A1, A2 be eigen values of a symmetric matrix A and let X, X> be the
corresponding eigen vectors.
Let M1 # 2. We want to show that X is orthogonal to X» (i.e., X1 X, = 0)
Sice X, X are eigen values of A corresponding to the eigen values A1, A2 we have
AXi= Xy - (1) AX2 =Xy - (2)
Premultiply (1) by x7
= XIAX, = M X1X,

Taking transpose to above, we have

= x4 (x!) = 2x7 (xT)

Hence from (3) and (4) we get
(A, — A)X%{X,=0
= XIX,=0
A4 #4)
X, isorthogonal to X,
Note: If A is an eigen value of A and f(A) is any polynomial in A, then the eigen value of
f(A) is f(A) .
Theorem17: The Eigen values of a Hermitian matrix are real.
Proof: Let A be Hermitian matrix. If X be the Eigen vector corresponding to the eigen value

A of A,then AX= 21X (1)
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Pre multiplying both sides of (1) by X ,we get
XAX =2X°X 2)

Taking conjugate transpose of both sides of (2)

[

We get (X°4x) =(2Xx)

ie XA (x?f =2x°(x* | (4BCY = "B’ 4° and (KAY =K 4']

(or) X°A°X = ZXQX['.' (x) =x,(4°) = A} 3)
From (2) and (3), we have
AX°X =2X°X
ie (A-2)X'X=0=2-1=0
:>/1:1(°.'X9X¢0)
.. Hence A is real.
Note: The Eigen values of a real symmetric are all real
Corollary: The Eigen values of a skew-Hermitian matrix are either purely imaginary (or)
Zero
Proof: Let A be the skew-Hermitian matrix
If X be the Eigen vector corresponding to the Eigen value A of A, then
AX =X (or)(id) X =(i2) X
From this it follows that iA is an Eigen value of iA
Which is Hermitian (since A is skew-hermitian)
oA’ =-4
Now (id)' =id’ =—id’ =—i(- A)=i4
Hence iA is real. Therefore 4 must be either
Zero or purely imaginary.
Hence the Eigen values of skew-Hermitian matrix are purely imaginary or zero
Theorem 18: The Eigen values of an unitary matrix have absolute value 1.

Proof: Let A be a square unitary matrix whose Eigen value is 4 with corresponding eigen

vector X

= AX=21X—(1)

—_ == —r—=r = .
= AX=1X =X 4 =X —(2)
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. . . - T
Since A is unitary, we have (A) A=1-(3)

(1) and(2)given X 4 (4X)=11X X
ie X X=AAX X From (3)
— _
- X X(l—/M)zo
Since )_(TX # 0 ,we must have 1-A1=0
= A1=1
Since |/1| = m
We must have |/1| =]

Note 1: From the above theorem, we have “The characteristic root of an orthogonal matrix is

of unit modulus”.

2. The only real eigen values of unitary matrix and orthogonal matrix can be + 1

Theorem 19: Prove that transpose of a unitary matrix is unitary.

Proof: Let A be a unitary matrix, then 4.4° = 4°. A=1
where A’ is the transposed conjugate of A.
(447) =(a%4) =(1)'
(a4°) =(424) =(1)
= (4°) 4" =A" (A7) =1
= (A7) A" =4"(4") =1

T . . .
Hence A° is a unitary matrix.
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Solved Problems:

1 2 -3
1. Forthe matrix 4=|{0 3 2 | find the Eigen values of 34> +54° —6A4+21
0 0 2

-2 2 -3
Sol: The Characteristic equation of A is ‘A - Al ‘ =0ie. |0 3-2 2 [=0

= (1-2)(3-4)(-2-2)=0

.. Eigen values are 1, 3,-2.

If A is the Eigen value of A. and F (A) is the polynomial in A then the Eigen value of
f(A)isf(A4)

Let f(A) =34 +54°—6A4+21

=~ Eigen Value of f (A) are f (1), f(-2), f (3)
f(1)=3+5-6+2=4

f(-2) = 3(-8)+5(4)-6(-2)+2 = -24+20+12+2 = 10
f(3)=3(27)+5(9)+6(3)+2 = 81+45-18+2 =110
The Eigen values of f (a) are f (1) =4, 10,110

2. Find the eigen values and eigen vectors of the matrix A and its inverse, where

1 3 4
A=|0 2 5

o 0 3

Sol: Given A=|0 2 &

o 0 3

The characteristic equation of A is given by |A-AI| =0

1—4 3 4
4] 2—4 5
Q 4] 3—4

= (1-)l2-ADE-4]=0

1341

= =0

= A=1,2,3
Charecetstic roots are 1, 2, 3.

Case (i): If A=1
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0 3 417% )
For A=1becomes |0 1 5| |x:|=|0
o 0 21 1% 0

S X =10 is the eigen vector corresponding to A =1

0
Case (i): If A =2
-1 3 4 1
Ford=2,becomes | 0 0 5| |X%;
= —xy + 3x, T4x; =0
5x,=0=x,=0

—x,+3x, =0=x, =3x,

Letx, =k
x, =3k
3k 3
X=|k|=k1
0 0

is the solution where k is arbitrary constant

3

X =11 s the eigen vector corresponding to A =2

0

Case (iii): If L = 3

-2 3 4| x 0
For A =3,becomes| 0 -1 5|x,|=|0
0 0 Ofx 0

= —2x;+ 3x,+4x, =10

—xX;+ 5xg =10
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19 &
X, =—
o2
ZK| 19
X=| g | =7 |10] is the solution, where k/2 is arbitrary constant.
K 2
19
S X =105 the eigen vector corresponding to 4 =3
2

) B 1
Eigen values of A lare 1, >3

We know Eigen vectors of A™! are same as eigen vectors of A.

3. Find the eigen values of A=[ 3 2“}
—2+i =i
Sol: we have A= { 3 2“}
—2+i —i
2-i i 240 —i
— A=-A"

Thus A is a skew-Hermitian matrix.
.. The characteristic equation of A is |A - Al | =0

3i—-A -2+
—24i —i—A

= A" =

— 1> =2il+8=0
= A =4i,-2i are the Eigen values of A

1, ¥

4.Find the eigen valuesof ,_| 2~ 2
V3oL,

2 2

[PE] 1. 3

_L N2 _L ¥
Nowd=| 2 2 \and (4Y =| 2 2
Eo W g

2 2 2 2

-7 1 0
We can see that 4 . A= 0 1 =7

Thus A is a unitary matrix
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<. The characterstic equation is|4—A/|=0

Which gives /1=—3+iland£+li and
2 2 22

Hence above A values are Eigen values of A.

Cayley-Hamilton Theorem: Every Square Matrix satisfies its own characteristic equation

To find Inverse of matrix: If A is non-singular Matrix, then A! exists, Pre multiplying (1)

above by A we havea, 4" +a, A" > +———+a, I+a,A" =0

9

A= ai [aoA”’1 +a, A" +—— —an_II]

n

To find the powers of A: - Let K be a +ve integer such that K >n

K K-1 k-n _
Pre multiplying (1) by A*™ we get aA" +a 4" +———+a, 4" =0
A* = _—[alAk_l +a, A ———+a, 4" ]
a,
Solved Problems :
1 -2 1
1. S.T the matrix A = [1 —2 3| satisfies its characteristic equation and hence find A"!
0 -1 2

Sol: Characteristic equation of A is det (A-A) =0

1—4 =2 2
=1 -2-1 3 |=0
0 -1 2-4
1—4 0 2
1 1— 24 3 =0
Ca - C+Cs 0 1-4 2-2
1—42 0 2
(1-A] 1 1 3 |[=0
0 1 2-—24

=> - +r-1=0
By Cayley — Hamilton theorem, we have A3-A’+A-1=0

1 -2 2 -1 0 0 -1 2 =2
A=|1 =2 3| A*=|-1 -1 2| 4&=|-2 2 -1
0 -1 2 -1 0 1 -1 1 0
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A-A+A4-1=|-2 2 -1|-|-1 =1 2]+|1 =2 3|-|0 1 o|=|0 O O

-1 2 -2 —1001—22100{:}@@1
11 0| |-1 0 1]]o -1 2/|oo 1] @ 00
Multiplying with 4! we get 4> — A+ 1=A4""

-1 0 0] |1 -2 2|1 0 O] |-1 2 -2
A'={-1 -1 2|-|1 =2 3[+|/0 1 0|=|-2 2 -1
-1 0 1[0 -1 210 0 1 -1 1 0

2. Using Cayley - Hamilton Theorem find the inverse and A* of the matrix

7 2 =2
A=|—-6 -1 2‘
6 2 -1

7 2 -2

Sol: Let A=|-6 -1 2‘

6 2 -1

7-1 2 -2
The characteristic equation is given by |A-AI|=0 ie,| -6 -1-4 2 [=0
6 2 -1-1
1 0 -1
0 1 1
6 2 —(1+4)

(1-—24)°

= V-5V +7,-3=0
By Cayley — Hamilton theorem we have A3-5A?+7A-31=0.....(1)
Multiply with A™! we get

—1_1 2 _
AT =S [A = 5A+ 7]

25 8 =8 79 26 -26
A=|-24 -7 8| A=|-78 =25 26
24 8 =17 78 26 =25
-3 -2 2
Ail:l 6 5 -2
3
-6 -2 5

multiplying (1) with A,we get,
A*-5A+TA®-3A=0
At=5A3-TA’H3A
395 130 -130 175 56 -56| |21 6 -6 241 80 —80

=390 —125 130 |-|-168 —49 56 |+|-18 =3 6 |_|_240 -79 30
390 130 -125| | 168 56 -69| |18 6 -3| | 240 8 -79
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2 1 2
3. If 4=| 5 3 3 | Verify Cayley-Hamilton theorem hence find Al
-1 0 =2
2 1 2
Sol: - Giventhat 4—| 5 3 3
-1 0 =2

The characteristic equation of A is |A-AI|=0

2—A 1 2
ie.| 5 3—A 3 [0
-1 0 —2-=X

= (2-2)[-6-32+24+ A7 |-1[-10-51+3]+2[0+(3-4) |

=(2-2)[ A" =2-6]|-1[-51-7]+2[3-x]=0

=227 -2A-12- A+ A2 +61+5A+7+6-21=0

= -2 +312+71+1=0

=1 -317-74-1=0————(1)

According to Cayley Hamilton theorem. Square matrix ‘A’ satisfies equation (1)

Substitute A in place of 1

2 1 2
Now 4= 5 3 3
-1 0 -2
2 1 2 1 2
A=]5 3 3 22 14 13
-1 0 =2]|-1 0
7 5 2 1 2 36 22 23

A=AA4=|22 14 13| 5 3 3 [=[101 64 60
0 -1 2||-1 0 2| |-7 =3 -7
Now A —34>=74-1=0

36 22 23 21 -15 -9 4 -7 14| |-1 0 O 0 00
=|101 64 60|+ 66 —42 -39|+|-35 21 21+ 0 -1 0 |=|0 O 0|=0
-7 3 -7 0o 3 -6 7 0 14 0 0 -1| |0 0 O
Cayley —Hamilton theorem is verified.

To find A™!
A =34 -74-1=0

=

Multiply A™!, we get
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AN (A =347 =74-1)=0
= A*-34-71-4"=0
= A"'=4>-34-71
7 5 3][-6 =3 =6] [-7 0 0
LAT=(22 14 131|415 -9 9|+ 0 -7 0
0 -1 2 30 6 0 0 -7

-6 2 -3
A'=l7 2 4
3041 1

Check A.A'=1

2 1 27[-6 2 -3 1
AAT=15 3 37 2 4|=|0
-1 0 =23 -1 1 0

I 2
4. Using Cayley — Hamilton theorem, find A8, if 4= { ) _1:|

] 1 2
Sol: Given 4 =
2 -1

Characteristic equation of A is |A —Al | =0
=(1-4)(-1-2)—4=0
=1 —-5=0————(1)
Substitute A in place of A

A -51=0= 4" =51

find A*

AP =54°=5(47)(A47)(4)
=5(51)(51)(51)
=625/

= A4° =6251
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Diagonalization of a Matrix by similarity transformation:

Similar Matrix: A matrix A is said to be similar to the Matrix B if there Exists a non-
singular matrix P such that B= P' AP _ This transformation of A to B is known as “Similarity

Transformation”

Diagonalization of a Matrix:
Let A be a square Matrix. If there exists a non-singular Matrix P and a diagonal Matrix D
such that P'AP=D, then the Matrix A is said to be diagonalizable and D is said to be
“Diagonal” form (or) canonical diagonal form of the Matrix A
Modal Matrix:The modal matrix which diagonalizes A is called the modal Matrix of A and
is obtained by grouping the Eigen vectors of A into a Square Matrix.
Spectral Matrix: The resulting diagonal Matrix D is known as Spectral Matrix.
In this spectral Matrix D whose principal diagonal elements are the Eigen values of the
Matrix.
Calculation of powers of a matrix:
We can obtain the power of a matrx by using diagonalization
Let A be the square matrix then a non-singular matrix P can be found such that D = P'AP
D?*= (P'AP) (P'AP)

=P'A (PP AP

=P !A’P  (since PP '=I)
Simlarly D* = P"'A’P
In general D" =P 'A™P. ... ... (1)
To obtain A", Premultiply (1) by P and post multiply by P!

Then PD"P~! = P(P'A"P)P' = (PP )A" (PP )= A" = A" = PD"P""

Al 0--- 0
Hence A"=P |0 4 0 0 P
0 0 0 A

Diagonalization of a matrix:

Theorem: If a square matrix A of order n has n linearly independent eigen vectors
(X1,X2...Xn) corresponding to the n eigen values A1,A2....An respectively then a matrix P can
be found such that P"'AP is a diagonal matrix.

Note: 1. If X;,X>... X, are not linearly independent this result is not true.

2. Suppose A is a real symmetric matrix with n pair wise distinct eigen values 4,,4,---4, then

the corresponding eigen vectors X1,X>... X, are pairwise orthogonal.
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Hence if P = (e1,e2...¢€n)

Where e1 = (X1 / [X1]), e2 = (X2 / |[Xal])....en = (Xu)/ || Xu|| then P will be an orthogonal

matrix.
i.e, PTP=PP™=]
Hence P~!=PT
~P71AP =D
Solved Problems :
-2 2 —3
1. Determine the modal matrix P of A= [ 2 1 _5‘ . Verify that P-1AP is a diagonal
-1 -2 0
matrix.
—2—-4 2 —3
Sol: The characteristic equation of A is |A-AI| =0 i.e. 2 1—4 —6| =
-1 -2 -

which gives (A-5) (A+3)*=0
Thus the eigen values are A=5, A=-3 and A=-3
=7 2 —=371% Q
When A=5 = { 2 —4 —6] [}' = [G‘
-1 -2 -5llz
1
2
_l_

By solving above we get X; =

Similarly, for the given eigen value A= -3 we can have two linearly independent eigen vectors

2 3
0 1
P =[X; X; X3]
1 2 3
P=]12 —1 0]=modal matrix of A
-1 0 1

Now det P=1(-1)-2(2)+3(0-1) =-8
_adj P l{_l —2 3]

= -2 4 G
det P 2

-1 -2 -5
) [—l -2 3 ] [—2 2 —3]
i -2 4 5] 2 1 -8
-1 -2 -51l-1 -2 0

1 -5 —-10 15
& —-12 -—18

8 3 & 15
[-40 0 0
PlAP=2| 0 24 0
0 0 24
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1 0 O
=10 -3 0 |=diag]5,-3,-3].
0 0 -3
~ P71AP= diag [5.-3,-3].
1 0 -1
2. Find a matrix P which transform the matrix A=]1 2 1 |to diagonal form. Hence
2 2 3
calculate A*,
1—4 0 -1
Sol: Characteristic equation of A is given by [A-Al|=0 ie.| 1 2—4 1 |=0
2 2 3—-4

= (1-M[2-MVB-NMN-2]-0—-[2-22-M]=0
=9A—-—1)(A—209.—-30=0

=A=1A=2,A=3

Thus the eigen values of A are 1, 2, 3.

If x1, x2, X3 be the components of an eigen vector corresponding to the eigen value A, we have

1—4 4] —1 77*1 0
1 2—-4 1 Xz =10
2 2 3 — Al 1]

Case (i): If A=1

[A-M] X =

o 0 -1 1 0
1 1 1 ([*2]|=]0] ie,0.x:10.x210.x3=0 and x1+x2+x3=0
2 2 2 11%s 0

x3=0 and x;+x2+x3=0
x3=0, X1=-X2
x1=1, x2=-1, x3=0
Eigen vector is [1,-1,0]"
Also every non-zero multiple of this vector is an eigen vector corresponding to A=1
For A=2, A=3 we can obtain eigen vector [-2,1,2]" and [-1,1,2]"
1 -2 -1
P= [—l 1 1 l
Q 2 2
The Matrix P is called modal matrix of A

0 2 -1
pi=_lly 2
2
-2 -2 -1
1
0—1510—11—2—1
NowP'AP=|-1 —1 o1 2 1 |-1 1 1
11 %22 3o 2 2
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A*=PD*P"!

1 -2 -1t o o]l O -1 —
=l-1 1 10 16 0|—-1 1 0
0O 2 210 o 81|-2 -2 -1

65 66 40

{—49 —50 —40
130 130 81

1 1 3
3. Determine the modal matrix P for [1 5 1] and hence diagonalize A
311

1 1 3
Sol: Given that[l 5 1]
3 1 1

The characteristic equation of Ais [4-A/|=0 ie.| 1 5-4 1 |=0
3 1 1-2

= (1-2)[(5-2)(1-2)-1]-1[(1-2)=3]+3(1-3(5-2)) =0
= (1-4)(5-54-4+2" 1) =(-2-2)+3(1-15+32) =0
= (1-1)(4-64+47)—(-2-2)+3(-14+32)=0
S4-61+2 —4A+617 =1 +2+1-42+91=0
=’ =727-91+91-36=0
= -71-36=0
= 1=-2,3,6
The Eigen Values are -2, 3, and 6
Case (i): If A= -2
= [A-M]X =0

=3x,+x,+3x,=0—-———(1)
X +7x,+x,=0-———(2)
3x, +x, +3x;, =0————(3)
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From (2) & (3)

s T R
20 0 20
=x, =-20k, x,=0, x,=20k

X, —20k -1
X=|x,|=| 0k |=20k| O
X, 20k 1

Case (il): If A =3
= [A-A]X=0

0
=11 2 1]|x|=|0
31 2| x 0
= 2x,+x,+3x,=0————(1)
X +2x,+x,=0-———— 2)
3% +x,=2x,=0-——-(3)
Consider (1) & (2)
XX X
-2 1 3
1 21

Case (iii): If 1 =6
= [A-M]X =0
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=1 -11 1| x|=
31 -5|x

= -5x, +x, +3x, =0————(1)
X —x,+x;, =0-——(2)

3x,—x,=5x%,=0-—-(3)

Consider (2) & (3)
XX X
1 -1 1
3 1 -5
N T S S
5-1 -5-3 +1+3
X _ThH X
4 8 4
IREE N
1 2 1
X, 1
X=|x,|=|2k
X, 1
-1 1 1
p=0 -1 2
1 1 1

lp|=-1(-1-2)-1(0-2) +1(0+1)
lp|=(1)(-3)=1(-2) +1=3+2+1=6

-3 2 1
p=|0 -2 2
32 1
3 2 1
Adj(p)=| 0 -2 2
3 2 1
p71=Ad/.p
Pl

I
W
o
W
I

N|=
o

1
Cofactor 0fp=g 2 2 2|=

= W=
W=
o~ W~ N=

W=
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D=p'Ap
-+ 0o L)1 1 3]-1 1 1
D=| 1 -1 1ll1 5 1|0 -1 2
|+ L L3111 o1 o1
(-1 0 L)[-1+0+3 1-1+3 1+2+3
=+ -1 1|-1+0+1 1-5+1 1+10+1
¢ 7 ] 3+0+1 3-1+1 3+2+1
-+ 0 L2 3 6] [-2 00
=+ -2 1o 3 12(=|0 3 0
L 2 3 6 0 0 6
1 1 1
4IfA=|0 2 1| Find(a)A®(b) A*
—4 4 3
1 1 1
Sol: GiventhatA=[ 0 2 1
—4 4 3
1-4 1 1
The Characteristic equation of A is |A—/11|=O el g 2.2 1 l=0

= (1-2)[(2-2)(3-2)-4]-1[0+4]+1[0+4(2-4)]=0
= (1-2)[6-24-34+ 4’ —4]-4+8-4x=0
= (1-A)[A*-54+2]+4-42=0
S -5A+2-2+54° -24+4-42=0
=-2+61°-111+6=0
=1=123
The Eigen values are 1, 2, and 3
Case (i): If A=1
[A=AM]X=0

[1— A 1 1
=> 0 2—7» 1

SRR

X1+X2—0 X1+X2— A4x1+H4x,+2x3=0

X=0

Let x3=k, xo+ k=0, xo=-k

= —4x, +4(—k)+2K =0 = —4x, —2k = 0= —4x, =2k = x, = —
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1
2 2

X, |=|—-k|=| 1 |-k=|2 =k
2
X, k -1 -2
1
L X =2
-2
Case (ii): If A =2
= [A-M]X=0
[1— A 1 1
=> 0 2—% 1 X=0
—1 1 1 0
—4 4 1 0
:>—x1+x2+x3:0————(1)
~0---(2)
—4x, +4x, +x, =0———-(3)
Consider (1) & (3)
XX X
-1 1 1
-4 4 1
O T S S
1-4 —-1+4 —-4+4
:)i:i:ﬁ:k
-3 3 0
=>x,=-k; x,=-k
X, —k 1 1
=X, |=| -k |=|1 (_k) X, =1
X, 0 0 0
Case (iii): If A =3
= [A-M]X=0
[1— A 1 1
== 0 2—A 1 |X=0
| —4 4 3—Al
[—2 1 1][*1 0
=0 -1 1|[*2|[=]|0
-4 4 011Lx3 10
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= —2x, +x, +x;,=0
—x, +x; =0
—4x, +4x, =0

Letx,=k and x,=k

= 2x, +x, +x; =0=2k+x, +hk=0=x, =k

X, k 1
X, =|x, |=|k|=|1]|k
x5 k 1
1 1 1
p=[X, X, X;]=|2 11
-2 0 1
-1 1 O
p =4 -3 -1
-2 2 1
1 0 O 1 0 O
D=p'4AP=|0 2 0|=(0 2 0
0 0 3 0O 0 3
08_0 28 0 256
0 0 38} 6561
(a). = PD*P!
‘1 1 1][1 o 0 -1 1 o0

=2 1 1|0 256 O 4 -3 -1
|2 0 1]|0 0 e6561||—2 2 1
[—12099 12355 6305
=|—-12100 12356 6305
—13120 13120 6561

* 0 0] 1 0o o
(b). D=0 2* 0|=|0 16 0
0 0 3| [0 0 81

1 1 11t o ol[-1 1 o0
A*=PD*P'=|2 1 1//0 16 0| 4 -3 -1
2 0 1l0 0 812 2 1

1 16 81|[-1 1 0 -1+64-162 1-48+162 0-16+38l1
A= 2 16 81|l 4 -3 —-1| =|-2+64-162 2-48+162 0-16+81
-2 0 81||-2 2 1 2+0-162 -2-0+162 0-0+81
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—99 115 65
s.AY=|-100 116 65
—-160 —160 81
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UNIT-11
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FUNCTIONS OF SEVERAL VARIABLES

Introduction: We know that y = f(x) is a function where ‘y’ is dependent variable and ‘x’ is
independent variable. We are going to expand the idea of functions to include functions for more than
one independent variable. In day to day life we deal with things which depend on two or more
quantity. For example, the area of the room which is a rectangle consists of two variables: length(say
a) and breadth (say b) is given by A = ab. Similarly the volume of the rectangular parallelepiped
consists of three variables a, b, ¢ i.e., length, breadth, height is given by V=ab c.

In this chapter we say that z is a function of two variables x , y and write z = f(x,y) where ‘z’ is

dependent variable and ‘x’ & ‘y’ are independent variables.

Limit of a function of two variables:

A function f(x, y) is said to tend to the limit / as (x, y) tends to (a,b) i.e., x> aand y — b if
corresponding to any given positive number € 3 a positive number & such that |f(x,y) — | <€ for
all points (x,y) whenever |[x —a| < 8, |y — b| < 6.

In other words the variable value (x ,y) approaches a finite fixed value / when the variable

value (X, y) approaches a fixed value (a, b) i.e.,

lim /Ge,y) = Lor

li y) =1
)lgr(la'b)f )
y—-b

(xy

Continuity of a function of two variables at a point:

A function f(x,y) is continuous at a point (a, b) if, corresponding to any given positive
number € 3 a positive number § such that |f(x,y) — f(a, b)| <€ for all points (x,y) whenever 0<
(x-a)*+(y-b)*<6?

Note: Every differentiable function is always continuous, but converse need not be true.
Solved Problems:

x2y

x24+y2+1

1. Evaluate lim
x-1
y-2

Sol. lim —22 =lim{lim[ 2x%y ]}
y-2

x->1 x%+y2+1  x51 x2+y2+1
y-2
4x?
= lim -
x—1x“+5
_ 4
6
2
3
(or)
2
x2y . . y
im = lim {hm [ ]}
x—=1 x24y2+41  yo2 o1 Lx2+y2+1
y—-2
— 2y
x—1Y2+2
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WING | D

2. Iff(xy) = ;== show that lim {3&% f(x, y)} # lim {}Ci% feoy)}

Sol. lim {llm f(x, y)} = lim {llm y}

x—0 (y-0 x—0 (y—-0 2x+y

= lim —
x—0 2Xx
1
2

. X—
lim {llm f(x, y)} {llm y}

y—)

y—0 2x+y

= lim—=
y—=0 Y

=-1
Hence the result follows.

3. Discuss the continuity of the function

2xy
0, (xy)=(00)

Sol. Let us consider the limit of the function for testing the continuity along the line y = mx.

2xy
Now lim flx,y) = lim iy?
y—>0 y—o0
— lim 2mx?
x—>0 x2+m?2x?
_2m
14+m?

Which is different for the different m selected.
=~ lim f (x,y) does not exist.

y—0
Consider
. _ qi 2%(0) . -0 =
161_13(1) f(x,0) = }Clir(l) 92524{(% }Cl_r;r(l) 0=0= £(0,0)
. — i 2Y(0) . — 0=
lim f(3,0) = lim 22 =lim0=0=f(00)

=~ f(x,y) 1s continuous for given values of x and y but it is not continuous at (0,0)

Partial Differentiation:

Let z = f(x,y) be a function of two variables x and y. Then lim fOc+Aey)-f(xy)

1 o , if it exists ,
X—

is said to be partial derivative or partial differential coefficient of z or f(x,y) , w.r.t.x . It is
denoted by the symbol — or of ~or fx -

i.e, for the partial derivative of z = f(x,y) w.r.t. ‘x’, y’ is kept constant.

Similarly, the partial derivative of z = f(x,y) w.r.t. ‘y’, ‘x’ is kept constant and is defined

. f(xy+Ay)—f(x, af
as lim YD o0 g i denoted by or —=or fy.
y—0 Ay dy

Higher order Partial Derivatives:
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. ... D ] .
In general the first order partial derivatives é and é are also functions of x and y and they

can be differentiated repeatedly to get higher order partial derivatives,
S i(ﬁ);”_zf i(ﬂ);”_zf i(ﬁ)= o*f i(ﬁ)= o*f
0 ox \9x ox2 ’ 9y \ay dy2 ’ 09x \ady dxady ’ dy \ox dyox

6(62f)_03f 6(02f)_63f 6(62f)_ Pf o dsoon
ox \ 9x2 0x3 ’ ay \ ay? dy3 ’ o0x \ dy? oxay? °’ ’

The chain rule of Partial Differentiation:

Let z = f(u,v) where u = @(x,y) and v = g(x,y) . Then

dz 0z du 0z oOv 0z 0z Ou 0z oOv
—=——+4 —— and—=— —+ — —
dx OJu 0x dv 0x dy 0du dy dv dy

Total differential coefficient:
Let z = f(x,y) where x = @(t) and y = g(t)

Substituting x and y in z = f(X,y) , z becomes a function of a single variable t.
.. . 0z. ) ) )
Then the derivative of z w.r.t. ‘t’ i.e, a—i 1s called the total differential coefficient or total

derivative of z.

L0 nox 0z 0y
ot ax ot Ay ot

Note: In the differential form , this result can be written as du = g—z Jdx + Z—; .dy

Here, du is called the total differential of u.

Solved Problems:

-9

_ 3,93 4 .3 _ 8,0 a0\, -9
1. IfU=log(x”+y”+z>—3xyz), prove that (ax + oy + az) U ey io)?

Sol: Given that U = log( x3 + y3 + z3 — 3xyz)

. 0U _ 3x?-3yz

" ox  xP+yl+z3-3xyz (y and z are constant)

ou 3y%?-3xz

a_y- m ( x and z are constant)

au _ 3z%-3yx

P and x are constant
0z  x3+y3+z3-3xyz (y )

L oU | 98U |, oU _ 3x%-3yz 3y%-3xz 3z%2-3yx

Tox | ay | oz x3+y3+7z3-3xyz = x3+y3+z3-3xyz = x3+y3+z3-3xyz

B 3(x? +y% + 2% —xy — yz — 7X)
 X+y+z) (X% +y?+2z2 — Xy —yz — 7X)

ou 90U  o9u 3
= —T — T — =" ...
0x + dy t 0z X+y+z (1)

Now (%+:—y+%)2U :(i+i+i)
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5} 3 a 3 d 3
) ) )
0x \x+y+z 0y \x+y+z/ 0z \x+y+z

3 3 3
x+y+2)? (x+y+z)?2  (x+y+z)?

_ 9
(x+y+z)2
2
2. Ifx*yYz” =eshow thatatx=y=z, :x—azy = —(xlog ex)1

Sol: Given that x*yYz* = ¢
Taking logarithm on both sides, we get
xlogx+ylogy+zlogz=1loge
= zlogz=1-xlogx—ylogy
Differentiating partially w.r.t, 'x’, we get
(z -+ 1. logz)a—zz - (x.§+ 1.logx)

0z (1+logx)

0x - (1+logz) v (1)
imilarly 2 = - (tlogy)
Similarly oy (fesn (2)

When x =y=2z, we have

0z
oo =-land 22 =-1

Now differentiating (2) partially w.r.t, ‘x’, we get

9%z 0 (62) 9 [ (1+logy)
dy 0x (1+log z)

ox 0y ox

21 6z] _ 1+logy 0z
ox

—-(1+10gy)[ (1+1logz) *-= —m& ....... 3)

When x=y=z from (3), we have

(-1) (since % = —1)

9%z 1+logx
0x dy x(1+logx)2

B 1 _ 1 . _
o x(1+logx) B x(log e+logx) (Slnce log © 1)

S p— = —(xlogex)™!

xlog ex
3. Ifu=f that 2 4 24 4 % _ g
. u = f( y-z ,z-x, x-y) prove tha ozt T

Sol: Letr=y-z,s=z-x,t=x—y.Thenu=f(r,s,t)

Now 520,5 1,0— -1
as ds
=-l.5=05=1
and—x 1,%— I’OZ

~ By chain rule of partial differentiation , we have
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au_au 0r+0u65+0u6t
dx Or dx 0dsdx Ot dx
_du ou ou __Ou  Ou
—;(0)+¥( 1)+6t(1) 65+6t (D)
au_au 6r+6u05+6u0t
dy 0rdy dsdy otdy

_ou ou . ou Ju OJu
_ar(1)+as( 0)+a

. (—1) :a—a (2)
and

8u_8u6r+6uas+6u6t

dz Or dz 0dsdz Otoz
__0Ou du du _ Ou  0du
=D+ + (O ==+ ...03)

(1) +(2) +(3) gives

du  Jdu du du  du du Jdu du  du
—_— —_— _— = —_—— —_— + —_——— —_—— —_— =
0x + dy + 0z ( ds + Bt) (6r Bt) + ( ar + ds ) 0

Jacobian :
Letu=u(x,y), v=v(x,y) are two functions of the independent variables x,y.

The jacobian of (u,v) w.r.t(x ,y) or the jacobian transformation is given by the

du OJu
] ox oy L T
determinant v ov (or) v, v,
dx 0y
. . 227 8 (w,27)
The determinant value is denoted by J (; ) or g

Similarly ifu=u(x,y,z),v=v(X,y,2), Ww=W(X, Y, z) ,then the Jacobian of u, v, w

w.rto x,y, zis given by

u, WU, U
waW A, e I
i 0D | w, w,w ‘
x v Yz

Properties of Jacobians
11t g =9V g 205 o 1
o(x,y) o(u,v)

a(uw) _ d(uw) 0(rs)
a(xy)  9(rs) a(xy)

2. Ifu,v are functions of r, s and r, s are functions of x ,y , then

Solved Problems:
o(x,y,z)

1. Ifx+y’=u, y+z*=v,z+x*=wfind
o(u,v,w)

Sol: Given x+y*=u, y+z’=v,z+x*=w
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W, i, U i 2v 0
We have Z'I:E = ‘ v, v, v, ‘ —lo 1 2= ‘

el W, W, W, 2% 0 1

=1(1-0) - 2y(0 — 4xz) + 0
=1-2y(-4xz)
=1+ 8xyz
2 ix.v.2) 1 1
= dilu.va - [= “’"r:'] T 14+ Bxyz

2. Show that the functionsu=x+y+z,v=x2+y?+2z?-2xy—2yz-2xz and w= x>
+y3 + 2% -3xyz are functionally related.
Sol: Given u=x+y+z

v=x>+y*+ 7> -2xy - 2yz -2xz

w=x>+y + 7 -3xyz

we have
Uy Uy, U,
Gluvw) _| . v, v
@ (xyz) ‘ ui u u‘-': ‘
1 1 1
= |2x — 2y — 2z 2v —2x — 2z 2z— 2y —2x
3x —3yz 3y® — 3xz 3z° — 3xv
1 1 1
=6| x—v—z Vv—x—= T—yv—x
% —yz yi—xz zt —xvy
= —c,
C, —>C,—C
0 0 1
=6 2x—-2y 2y-2z Z—y—X
X —yz—y4xz Y -xz—-z2"+xy z'-xy

=6[2(x - y) (¥* + xy —xz-2° )2y - 2)(x* + x2 - yz - y)]

=6[2(x -y y—2)xty+2z)-2(y-2)X - y)X +y+2)]
=0

Hence there is a relation between u,v,w.

3. Ifx+y+z=u,y+z=uv,z=uvw then evaluate E',‘A'"g'_
[ wr)
Sol: x+y+z=u
ytz=uv
Z=Uuvw

y=uv—uvw =uv (1 —w)

x=u—-uv=u(l-v)

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B5]




MATHEMATICS -1

X, X, X,
Bix.v.a) _ Rt .
B (waw) _ I
1— v —u 0
= |lv(l—w) ull—w) —uv
W UW UV
R, >R, +R,
11— —-u 0
= v U 0
W UW U

=uv [ u-—-uv +uv]

=u’v
4. Ifu=x>—y?,v=2xy wherex=rcosf,y=rsiné S.T Z:HE =4r3
Sol: Given u=x*-y? , v =2Xxy
=r’cos® 8 — r’sin® & = 2rcos & rsin &
=12 (cos? & —sin® &) =r’sin2 @
=12 cos2 &
Blur) _ | u, g | _ ‘ 2rcos28  r*(—sin26)2 ‘
8(r.8) . Vg 2rsin28 r’ (cos26)2
“enen | o len)
= 412 [rcos®28 + r sin?28 ]
=41r%(1)[ cos?28 + sin?26 ]
=413
5. Ifu= f , V=%3 s W= % find ZII“
Sol: Givenu= f ,VZJ;—'_3 , W= x?
We have
Bums b B
8(xyz) ‘ :tf_r ) u :tz ‘
u=yz(-1/x3) == uy :i o _;
vt v, E ) - v =t
uxz-;-' , W =§ ,w. =xy (-1/2%) —%
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&l uwww) i © 1-: N &
d{x.28) ¥ y®
—¥VZ Xz xy
=4 LIS ‘ yz —xz x)
* ¥E Y= Xz — Xy
YRR T -1 1 1
==z | 1 -1 1
i 1 1 -1
= 1[-1(1-1) -1(-1-1) + (1+1) ]
—0-1(-2)+(2)
=2+2

—4
) dird)

Ly . | ;o 1
girt)  dixy)

6. Ifx=e"sectl ,y= e tanf P.T

Sol: Given x = ¢" sect , y = ¢’ tanf

dxy) _| Xr Xg ard _ | "= Ty
dirg) _| ¥ ¥ ’ iz - H.r '9
x,.=e"secd =x xg= e'sect tand

v,=¢'tanf =y ,  vg=e" sec’d
x? —y? =e* (sec’f - tan’d )
= 2r=log (x> —y?)
= r=Y%log(x*—y*)

1 1 X
s =1 2x) = —
\ 2x2—y2( ) (x*—y?)
1 1 -y
= — —2 = 5
¥ 2x2_y2( y) (x2_y2)
x _ mecH 1/cosf 1
v " ans zind /cozd  =ing

= Sinf == 8 =sin(d)

oA
u yz 2 ¥ xz_yz

xZ
1
B, = —(1/x) =—
- _1__1,_: Y=t —
Bixy) ‘E"secﬁ' tand x
—— = . =¢e*’ sec’f - y e'sech tanf
8(r.8) e sec2f y

= ¢’ sec [sec?d - tan’f | = e*" sech
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Functional Dependence:

Two functions u and v are functionally dependent if their Jacobian i.e,

Bxa) x

If the Jacobian of u, v is not equal to zero then those functions u, v are functionally

independent.

Solved Problems :

1. Ifu= 1X+y ,v=tan"lx+ tan"ly. Find %’3 . Hence prove that u and v are

functionally dependent. Find the relation between them.

Sol : Givenu = f—xj; and v= tan"'x+ tan"ly

o 0u_ 14y du_ 1+x®2  ov _ 1 av 1
T ax (1-xy)2’ O_y C (1-xy)?’ X 1+x2 an E 1+y2
du  0Ou 1+y2 1+x2
. Ouwv) _fox  dy| _ |@-xy)? (1-xy)?|__ 1 _ 1 =0
S0y |V oV 1 1 1-xy)2  (1-xy)?
ox 0Oy 1+x2  1+y?

~ u and v are functionally dependent .
Nowv=tan"1x+ tan"ly = tan"l(%) =tan"lu
~ v = tan~!u is the functional relation between u and v.
2. Determine whether the following functions are functionally dependent or not. If

they are functionally dependent, find a relation between them.

. . oo X x+
i) u=e*siny,v=e*cosy ii) u=>,v=2
y x=y
. : a(uv Uy u e* sin e* cos
Sol: 1) Jacobian = oy _ ve v Y | = y X y
a(xy) X y e* cosy — e’ siny
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= eX(-sin’y — cos?’y ) =—e* # 0

-~ u,v are functionally independent .

.o X X+
11) u== y=-2
y x-y
1 —-X
. J(u,v) _o(uv) y y2 02X 2X .
xy'  okxy) |_Z&_ 2x yx-y)?  y(x-y)?
(x-y)? (x-y)?

~ u and v are functionally dependent ,

X
xvy YD 4
X-y y(%—l) u-1

Now v =

u+1 . . .
V= —is the functional relation between u and v .

3. Show that the functions u=xy +yz +zx ,v=x* +y? +z? and w=x + y + z are
functionally related .find the relation between them.

Sol: We have

u=xy+yz+zx,v=x2+y2+zz,W=X+y+z

Ou du  du
ox dy 0z
Cduyw) _ |ov v av _Y2+Z Z2+X x;—y
" omyzn  |ox ey ez| | <X y Z
ow ow ow T 1 1
ox 0dy 0z
y+z z+x x+y
=21 «x y z ( Applying R, » R, + R,)
1 1 1
1 1 1
1 1 1
=2(x+y+2z) (0) (since R;andR; are identical )

=0
Hence u,v and w are functionally dependent . That is , the functional relationship
exists between them.

Noww? = (x+y+z)?=x2+y?+2z2+2(xy+yz+2x) =v+2u

~ w2 = v+ 2u is the functional relation between u ,v and w.

4. Verifyifu=2x-y+3z,v=2x-y-z,w=2x-y +z are functionally dependent
and if so , find the relation between them.
Sol: Givenu=2x-y+3z,v=2X-y—-z,W=2x-y+2z
u

The functions u,v,w are functionally dependent if and only if J( x;‘:) =0
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o o
Ox oy 0zl 9 _q 3 11 3
Now J( 222 = ZZ 2l 1 21 1 =1| =(2)0)=0
x 0Ody 0z
2 -1 1 11 1

ow Jdw Jdw
dx Ody 0z

~ u,v,w are functionally dependent
Nowu+v-2w=(2x-y+32) +(2x—-y-2)-2(2x—-y+2z)
=@4x-2y+2z)—(4x -2y +22) =0
Hence u + v -2w = 0 is the functional relationship between u, v and w.
5. Show that the functions u = x+y+z, v = x’+y?+z2-2xy-2yz-2zx and w = x>+y>+z’-3xyz are

functionally related.

Sol. Given u = x+y+z, v = x> +y*+7°-2xy-2yz-2zx and w = X>+y*+73-3xyz
ou ou o
dx Jdy 0z 1 1 1
Now Jwrad _ |22 22 Z|_la(x—y—2) 2(y-x-2) 2(z-y-2)
a(x,y,2) ox 0Jdy 0z 5 2 2
ow ow aw| |3(x"—yz) 3(y"-xz)  3(z°—xy)

ax 9y 0z
1 1 1
=6|(x—y—2) (y—x—2z) (z—y—x)
(x*—yz) (y*—=xz) (2*—xy)
0 0 1
=6 2(x—y) 2(y — z) z—y—x)|Ci=>C,—C,and C»
x=—Nx+y+2) —2)x+y+2z) (2*—xy)
- C, —C3
Co(urw) x=y

" axy.2) _lzl(x y)(x+y+z) (y—Z)(x+y+Z)|

= 12 (ey)(y-2) (x+y+2) (x+y+z)
=12 (x-y)(y-z) (0) [Ci and C; are identical]
=0

Hence the functional relationship exists between u, v, w.

6. Prove that u = ;y v= Zg > are functionally dependent and find the relation between

y2 22
them.
. x%— y? 2xy

Sol. We are givenu = iy VT x2+y

ou _ (x2+y?)2x—(x2-y?)2x _ 2x(x +y2-x2+y?)  4xy?

C9x (x2+ y2)2 (x2+y2)2 (x2+y2)2
20052 (o) (32— 2 - 2 -

u _ (x2+y?).(c2y)-(¥*-y?H)2y _ (-2p)(x2+y?-x2+y?) _ —4yx?
ay (x2+ y2)2 (x2+y?)2 T (x24y2)2
v (x2+y2).1—x.2x] 2y(y%-x2)
ox (x2+ y?2)? (x2+ y?)? d
v - (x2+y2).1—y.2y] _ 2x(x%-y?)
9y (x2+y?)? (x2+y%)?
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ou du 4xy? —4xy?
a(u,v ox 0 x2+y2)2 x2+y2)2
Thus 282 _ y| | @ Gy
axy) [9v 9v| [2y(rP-x*) 2x(x*-y?)
ax ady (x2+ y2)2 (x2+ y2)2
_ 8x?y?(x?-y?) | sx?y?(y?-x?)
(x2+y2)* (x2+y2)%
_ 8x2y2(x2—y2)— 8x2y2(y2—x2) _ 0
(x2+y2)*
~ u,v are functionally dependent.
xZ_ 2 4x2 2 .X'2+ 252
u2+V2=( ) yo o _(xT+yT)T _

(2+y2)2 | (x2+y2)2  (x2+y2)2
Hence u? + v2 = 1 is the functional relation between u and v.

Maxima & Minima for functions of two Variables:
Definition : Let f(x,y) be a function of two variables x and y.
Atx=a;y=b, f(x ,y)is said to have maximum or minimum value , if f (a ,b) > f(a +h,
b +k) or f (a ,b) <f( a +h, b +k) respectively where h and k are small values.
Extremum : A function which have a maximum or minimum or both is called
‘extremum’
Extreme value :- The maximum value or minimum value or both of a function is

Extreme value.

. . . . ! ar
Stationary points: - To get stationary points we solve the equations Pl 0 and

a—{ = 0 i.e the pairs (a1, b1), (a2, b2) ..evvvvnnn.n. are called

Stationary.

Working procedure:

. i ar . .
1. Find Z—l and - Equate each to zero. Solve these equations for x & y we get the pair

of values (a1,b1) (az,b2) (a3 ,b3) ..c.oevviiinin.
2.  Find /= azf,m s n= or

o?’ Bx oy ’ oy’

3 9)If In-m?>>0and/ <0at (a1,bi) then f(x ,y) is maximum at (a;,b;) and maximum
value is f(ai,b1)
ii) If /In—-m?>>0and / >0 at (a;,bi) then f(x ,y) is minimum at (a;,b1) and minimum
value is f(ai,b1) .

iii) If /n —-m? < 0 and at (ai, b1) then f(x, y) is neither maximum nor minimum at (a1, by).

In this case (ai, b1) is saddle point.
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iii) If /n -m?> =0 and at (a1, bi) , no conclusion can be drawn about maximum or

minimum and needs further investigation. Similarly we do this for other stationary
points.

Solved Problems:

1. Locate the stationary points & examine their nature of the following functions.

u =x*+y* -2x? +4xy -2y%, (x>0,y>0)
Sol: Given u(x ,y) = x* + y* -2x2 +4xy -2y?

. .. ou ou
For maxima & minima — =0, =

—=0
ox oy
Z—4x} Ax+4y=0 = X~ x+y=0 > (1)
=4y Hax-4y=0 > Y +x-y=0 >(2)
Adding (1) & (2),
x3+y3=O
S S L — >(3)
1 = X3—2X:>X:O,\/§,—\/§
Hence (3) = y=0, /2,V2
2 2 . 2
1 a_Z=12x2—4,m=—a“ =2 =4&n=a—f = 12y° —4
ox oxoy 9% @y oy

In—m?=(12x2—4)(12y>~4)-16

At(—v2, V2),In—m?=(24-4)(24 -4)-16 =(20) (20)— 16 > 0 and [=20>0
The function has minimum value at (— V2, 2)
At (0,0),In—m? = (0-4)(0-4)-16 =0

(0,0) is not a extreme value.

2. Investigate the maxima & minima, if any, of the function f(x) = x3y? (1-x-y).

Sol: Given fx)=xy* (1-x-y) =x’y*-x*? —x%y
% = 3x2y2 - 4x3y2 -3X2y3 ? = 2X3y - 2X4y -3)(3’y2

) . . aF
For maxima & minima E—J =0 and
"

Bt

£
C—

0

ol

2 3%y —4x%y?-3x%y = 0 = x*y’(3—4x-3y)=0

2 2%y —2x'y -3x%y? = 0 = xX’y(2-2x-3y) =0 -mmmmeemee- >(2)
From (1) & (2) 4x +3y-3=0

2x+3y-2=0
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2x=1=>x=%
4(%)+3y-3=0 =>3y=3-2,y=(1/3)
_ o 2.2 3
1= - = 6xy°-12x7y” -6xy

2
[a A J(1/2,1/3) = 6(1/2)(1/3)* -12 (1/2)2(1/3)* -6(1/2)(1/3)* =1/3 ~1/3-1/9=-1/9

ox’

2

m =—§ ;y =§(%} = 6x2y -8 x3y - 9x2}3
X X

2 o
o7 an s = 6(1/2)%(1/3) -8 (1/2)3(1/3) -9(1/2)¥(1/3)} ====—==2
Ox0Oy 12 12

2
n :aﬁy_{ =2x3 -2x* -6x%y

1
4 2

2
(‘Z f: ] azim = 2(1/2)° -2(12)* -6(1/2)}(1/3) =7 - 2 - -
y :

laa 142 las

In-m?=(-1/9)(-1/8) ~(-1/12 == - — === =— >0andl= %1<0

The function has a maximum value at (1/2, 1/3)

- Maximum value is l,l = l><l l—l—l _Afrn_ v
23 8 9 2 3) 72\2 3) 432

3. Find three positive numbers whose sum is 100 and whose product is maximum.
Sol: Let x ,y ,z be three +ve numbers.
Then x+y+z=100
= z=100—-x-y
Let f (x,y) = xyz =xy(100 — x — y) =100xy —x*y-xy>

-

0 .. a aF
For maxima or minima -~ =0 and E—J =0

B
zj =100y 2xy-y*> =0 =>y(100-2X ~y) =0 --oeeeemmmmmeeev > (1)
2L = 100x —x? -2xy = 0 => X(100 X -2y) =0 =-mrmrmememememees > (2)

From (1) & (2)
100 -2x -y =0
200 -2x -4y =0

100 +3y =0 =>3y=100 => y=100/3
100—x <(200/3)=0  => x=100/3
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_of _
- - 2y
2
[%J (100/3 ,100/3 ) =-200/3
X

2
= 8]2” =-2x
Oy

n

2
(Z {j (100/3,100/3 ) =-200/3
y

In -m? = (-200/3) (-200/3) - (-100/3)*> =(100)? /3
The function has a maximum value at (100/3 , 100/3)

L.e.at x =100/3, y =100/3 Oz = 100—120 _100 = 120

The required numbers are x = 100/3, y = 100/3, z=100/3

4. Find the maxima & minima of the function f(x) = 2(x* —y?) —x* +y*
Sol: Given f(x) = 2(x> —y?) —x* +y* =2x? 2y —<x* +y*
dr

. .. aF
For maxima & minima Z= =0and == =0

2 4x-40=0 S dx(1a) =0 >x=0 x=%]

+

Tedy+ay =0 =4y(1y)=0 =y=0,y=%1

2
1= (a {j = 4-12x
ox

2
m=| 2L - 2(2)=0
oxoy ox\ 9y

n= (aﬁ:j: -4 +12y?

oy
we have In — m? = (4-12x%)( -4 +12y* ) - 0
= -16 +48x> +48y” -144x%y*
= 48x? +48y? -144x°y? -16
i) At(0,+1)
In-m?>=0+48-0-16=32>0
1=4-0=4>0
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f has minimum value at (0 ,+ 1)
f(x,y)=2(x>—y) x*+y*
f(0,£1)=0-2-0+1 = -1
The minimum value is ‘-1 °.
i) At(+1,0)
In-m?>=48+0-0-16=32>0
1=4-12=-8<0
f has maximum value at (£ 1,0)
f(x,y)=2(x* -y ~x* +y*
f(£1,0)=2-0-1+0=1
The maximum value is ‘1 °.
i) At (0,0),(x1,£1)
In-m?<0
1=4-12x2
(0,0) & (£1,+1) are saddle points.

f has no max & min values at (0,0), (£1,+1).

Lagrange’s method of undetermined multipliers

Suppose it is required to find the extremum for the function f(x , y, z) subject to condition

Step 1 : Form lagrangean function F(x ,y,z)=1f(x,y,z)+¥ @(x,y,z) where ¥ is called
Lagrange’s constant, which is determined by the following conditions.
Step 2: Obtain the equations

F o et

TN L SN
e 0=>-"+y--=0 2
%on i - | E— 3)
Z =0 =L 4y 2= @)

Step 3: Solving the equations (1) (2) (3) & (4) we get the stationary point (X, y, z).

Step 4 : Substitute the value of x , y, z so obtained in equation (1) we get the extremum.
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Solved Problems:
1. Find the minimum value of x* +y? +22, given x +y + z =3a
Sol: u = x% +y* +7°
O=x+y+z-3a=0
Using Lagrange’s function
Fx,y,z)=ux,y,z)+¥ 9(x,y,2)

For maxima or minima

OF _éu | 80 _ o

o o= Ty o= 2X 4y =0 - (D
oF du 2

—_— :E_ +Fﬂ_‘.':2y+?:0 ———————————— (2)
OF _8u __80_. . _

5 o= tyoo=2247=0-mmmes (3)

From (1), (2) & (3)
y=-2x=-2y=-2z

¥x=y =z

O=x+x+x-3a=0

r=a

t=y=z=a

Minimum value of u = a® + a® + a> =3 a?

2. Find the minimum value of x? + y% + z2 , given that xyz = a3

Sol: Letu=x®+y?+z% ... (1)
And @ =xyz-a3=0 ... (2)
Consider the lagrangean function F(x,y,z) =u(x,y,z)+ A $(x,y,z)
ie, F(x,y,2)= x2+y?+z2+A(xyz— a3 ... (3)
OoF ou a9 _
NOW&—Oﬂ&‘I‘ }\E—2X+)LYZ—O ...... 4)
OF_ (0 500 _ _
a—y—0=>ay+ Aay 2y +Axz=0 ... (5)
F oy 900 _ _
E—O=>6Z+ }\62 2z +Ayx=0 ... (6)
X _ Yy _z2_ _2A
From (4), (5) and (6) ,we have e s T2z e (7
From the first two members , we have yiz = é =>x2=y%2 ..(8)
From the last members , we have é = Xz—y >y2=z2 ... 9)

From (8) and (9), we havex? =y? = z2 =5 x=y=z ... (10)
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on solving (2) and (10) ,we get , x =y =z=a
~ Minimum value of u=a? + a? = 3a2

3. Find the maximum value of u = x?y3z* if 2x + 3y +4z=a

Sol: Given u = x2y3z* e (D)
Let d(x,y,z)= 2x +3y+4z-a=0 ... ()
Consider the lagrangean function F(x,y,z) =u(x,y,z) + A d(X,y,2)
ie,, F(x,y,z)= x?y3z*+A(2x+3y+4z—-a) ... 3)
for maxima or minima % =0, z—; =0, % =
Now%=0:2xy3z4+27\ =0 =>xy3zt*=—-12 ... 4)
z—; =0> 3x%y?z* +30=0 =>x%y%z* = — X ... (5)
and g =0= 4x%y3z3 +40=0 > x%y323=—-2 ... (6)
From (4) and (5) , we havex=y ... (7)
From (5) and (6) , we havey=2 ... (®)
Hence from (7) and (8) , we getx=y=2z ... 9)

a

On solving (2) and (9) ,we getx=y=z= 5
3 g\ 4

~ Maximum value of u = (3)2 (g) (g) = (%)9

4. Show that the rectangular solid of maximum volume that can be inscribed in a

sphere is a cube.
Sol: Let 2x ,2y, 2z are the length , breadth and height of rectangular solid

Then its volume V=8xyz ... (1)

Let the sphere have a radius of ‘r’ so that x* + y% +z> = r2 ... )
Consider the lagrangean function F(x,y,z) =u(x,y,z) + A (X, y,z)

ie, F(x,y,2) =V +21(x%+y?+1z%—r?)

=8&yz+A(x*+y*+z*2-r> . 3)

Formaximaorminimaﬁzo ,§=O, ﬂ=0
ox ady 0z

oF
EZO = 8yz+2Ax=0 4)
oF
a—y=0 = 8zx 2 Ay=0 (5)
OF
—=0=>8z+2Az=0 L (6)

0z
From (4) ,(5) and (6) we have 2x%1 = - 8xyz = - 2y%A =-2z%1

S>X=y=2z
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Thus for a maximum value x =y =z which shows that the rectangular solid is a cube.

Taylor’s series for a function of two variables:

Consider a function f(x,y) defined in a region enclosing (a,b) and having successive
partial derivatives ,then taylor’s series gives an expansion of f(x,y) in powers of (x-a) and
(y-b) and partial derivatives of f at (a,b) and is expressed in ascending powers of (x-a) and
(y-b).

f(x,y) = f(a,b) + (x-a) fx(a,b) + (y — b)f,(a,b) + % [ (x —a)%f(a,b) + 2(x — a)

(y - b)fxy(a» b) + (y - b)zfyy(a- b)] + % [ (X - a)3fxxx(a' b) +3 (X - a)Z(y -

b)fexy(a,b) + 3(x — a)(y — b)?fyyy(a,b) + (y — b)3fyy(a,b)] +.......
Note: The above expansion is called the expansion of f(x,y) at (a,b) or in the
neighbouhood of (a,b) or in powers of (x-a) and (y-b) .

Solved Problems:

1. Expand e* cosy near (1, %)

Sol: Let f(x,y) = e*cosy = f(1,7) == Then
f.(x,y) = eXcosy = f(LE) :%
— _ X3 E :—_e
fy(xy) = —e*siny = f(1,3) =%

fXX(le) = —eXCOSY = f(l,g) :_F:

fy(xy) = —€*siny = f(1,7) =%

fy(xy) = —e*cosy = f(l, g) - _TZ
By substituting above values in taylor's series , we get

e

vz 1+(X_1)_(Y_E)+ﬂ—(x—1)(y—g)_@2+...

X B
e cosy = 4 2! 2!

2. Expand x%y + 3y — 2 in powers of (x — 1)and (y + 2) using taylor’s thorem.

Sol: Let f(x,y)=x?y +3y—2,a=1,b=-2
Now f(a,b) = f(1,-2) =-10
f.(a,b) =2xy=> f,(1,-2)= —10
f(ab) = x*+3 = f,(1,-2)=4
fix(@b) =2y = fx(1,-2)=-4
fy(ab)=2x = fy,(1,-2)—4
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fry(@a,b) =0 = f,,(1,-2)=0
fixx(a,b) =0 = frux(1,-2) =0
fuxy(@b) =2 = fi,,(1,-2) =2
feyy(@b) =0 = f,,(1,-2)=0
fryy(@,b) =0 = f,,(1,-2)=0
All other partial derivatives of higher order will vanish
By substituting above values in taylor’s series , we get

X2y +3y =2 =10+ [(x— D(—4) + (y + 2)4] + ; [x— D2+ 2 x - Dy +

2)(2)+ (y+2)%(0) + % [(x—1)30)+3(x — D*(y + 2)(2) + 3(x— ) (y + 2)%(0) +
(v +2)°(0)]
=10-4(x-D+4(y+ 2) -2x—1D*+2x-1)(y+2)+(x—1D3(y+2)
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UNIT — 111

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) (I}




ORDINARY DIFFERENTIAL EQUATIONS

I.Differential equations of first order and first degree

Definition: An equation involving variables and its differentials is called a Differential
equation.

They are of two types

1. Ordinary differential equations

2. Partial differential equations

Ordinary differential equation: An equation is said to be ordinary if one or more

variables are differentiated w.r.to only one independent variable.

2
d y+3d—y+2y=eX

dy 2
Ex.(1) Z+7xy= 2) —
X()dx =X ()dx2 dx

Partial Differential equation: A Differential equation is said to be partial if the

derivatives in the equation have reference to two or more independent variables.

E.g: 1. (%T +(%J =4z
ox oy

2. X%+y%:2z
ox -0y

Order of a Differential equation: It is the order of the highest derivative occurring in

the Differential equation. Differential equation is said to be of order ‘n’ if the ="

derivative is the highest derivative in that equation.
E.g: (1). (x*+1). j—y +2xy = 4x?
X

Order of this Differential equation is 1.

dzy dy X
) X3 —(2X—1)d—X+(x—1)y:e

Order of this Differential equation is 2.

d’y dyjz
3) —+5|—| +2y=0.
) dx? (dx Y
Order=2
2 2
@) %+%:0. Order is 2.
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Degree of a Differential equation:  Degree of a differential Equation is the highest
degree of the highest derivative in the equation, after the equation is made free from
radicals and fractions in its derivations.

2
Eg :1) y=x.ﬂ+ 1+[gj on solving we get
dx dx

2\( dy ’ dy 2 _
(l—x ) ™ +2xy.d—x+(l—y )=0. Degree =2

5 5732
2) a. %:{1+(ﬂj :l on solving . we get
X

dx
2. \? 2P
a{(%j :{1+(j—y] } . Degree =2
X X
dy

The general form of first order, first degree differential equation is i f(x,y) or
X

f(x,y,y") =0[i.e Mdx + Ndy = 0 Where M and N are functions of x and y]. There
is no general method to solve any first order differential equation The equation which
belong to one of the following types can be easily solved.
In general the first order first degree differential equation can be classified as:
(1) Exact equations
(2) Non exact equations (reducible to exact equations).
Exact Differential Equations
Def: Let M(x, y) dx +N(x, y) dy =0 be a first order and first degree Differential Equation
where M & N are real valued functions of x, y . Then the equation M dx + N dy =0 is said to

be an exact Differential equation if 3 a functionf >.
d| f(x == dx + — d
[f(x)]-Laxs 2
Eg:d(x*y)=2xydx+x’dy

Condition for Exactness: If M(x,y) & N (x,y) are two real functions which have
continuous partial derivatives then the necessary and sufficient condition for the Differential
equation M dx + N dy = 0 is to be exact if

oM ON

oy 0Ox
Hence solution of the exact equation M(x,y) dx + N(x,y)dy =0 is
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_[de + INdyzc.

(y is taken as constant) (terms free from x are taken).

Solved Problems :

d_y+ycosx+siny+y _0
dx sinx+xcosy-+x '

1. Solve

Sol : Given equation can be written as
(vcosx+sin y+ y)dx+(sinx+xcosy+x)dy=0...(1)
It is of the form Mdx + Ndy = 0.

Here
M =ycosx+siny+y
N =sinx+xcosy+x

oM
——=cosx+cosy+1

ON
—=cosx+cosy+1
ox

Clearly M = N
oy 0x

—Equation is exact.
The general solution is given by I Mdx + INdy =c

(y constant) (terms independent of x)
= J.(ycosx+siny+y)dx+J.(O)dy =c

= ysinx+(siny+y)x=c.

2. Solve (1+edex+ey [l—ijdy=0
y

Sol : Here M =1+¢’ &N=eY(1—§j
y

5_M=ey[gJ&ﬁ_Nzey(—_lJ{l_i]ey(lj
oy y Ox y y y
M

:>a—=e; _—)2( &a—N—e§ _—)2(
oy y ) o y
oM ON .

— —— =— ¢quation 1s exact

oy 0x

General solution is
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IMdX + INdy =cC.

(y constant) (terms free from x)
:I(1+ey]dx+jo dy =c.

X
e)’
=X+—=c¢C
1
y

X

=X+ ye§ =c
3. Solve the D.E (x+y-1) dy-(x-y+2) dx=0

Sol : Here M =—(x-y+2);
N:(X+y—l)

M_ N _,

oy  ox

Clearlya—M = N
dy 0Ox

Thus the equation is exact.

General solution is _[ Mdx + _[ Ndy =c.

(y constant) (terms free from x)

= j—(x—y+2)dx+f(y—1)dy=c

2 2

X y
=>-—+xy-2x+—-y=c

Y 2

= x' =y’ —2xy+4x+2y=c
4. Solve(ey +1).cos xdx +e’sinxdx =0.
Sol. M= (ey +1)cos,N =e”sinx
M ON |
—=¢’ cosXx;— =¢e” cosx
oy
oM _oN

—=¢e’cosx
oy

Equation is exact.

Gen Sol. is _[de + INdy =cC.
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(y constant) (terms free from x)
J-(ey +1)cosxdx+j0dy: c
=e’sinx=c¢

5. Solve[y(1+lj+cosy}dx+[x+logx—xsiny]dy:O.
X

Sol : Here M=y(1+lj+cosy,N=x+logx—xsiny
X

oM 1 . ON 1 .
—=l+——-siny—=1+—-siny
oy X Ox X

oM ON .

E =——so the equation is exact

General sol I Mdx + _[ Ndy =c.

(y constant) (terms free from x)
:>J. y+X+cosy dX+J.0.dy:c.
X

= y(x+logx)+xcosy=c.

6. Solve (cosx-xcosy)dy — (siny+ysinx)dx =0
Sol: N=cosx—xcosy&M =—siny —ysinx

ON . .
— =-sinX—-Ccosy —— =-Cosy—sinx

oM ON L
—— =— = the equation is exact.

oy
General sol Ide + J.Ndy =cC.

(y constant) (terms free from x)
= I(—siny—ysin x)dx + IO.dy =c
= —Xsiny+ycosx=c
=> YCOSX - Xsiny = ¢
7. Solve (r+sin®—cos0)dr+r(sin6+cos0)do=0
Sol : Given equation is(r+sin®—cos0)dr+r(sin®+cos0)do=0............ (1)

This is of the form MdO+ Ndr =0
Where M =r(sin0+cos6);N=r+sin6—cos®
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We have 8ﬂzsint9+cos¢9;g—];[:cos¢9+sin6?
A

Clearly oM _ON
or 00

.. The given equation is exact.

The general solution is given by jMd 0+ INdr =c

(r constant) (terms independent of 6)

= [r(sin6+cosO)dO + [rdr=c
2
:>r(sinl9—cos@)+%:c

The general solution is 7> + 27 (sin 0— cos) =c.

REDUCTION OF NON-EXACT DIFFERENTIAL EQUATIONS TO EXACT
FORM USING INTEGRATING FACTORS

Definition: If the Differential Equation M(x,y) dx + N (x,y ) dy = 0 be not an exact
differential equation it can be made exact by multiplying with a suitable function
u (x,y)[40 called an Integrating factor(L.F).

Note: There may exits several integrating factors.

Some methods to find an L.F to a non-exact Differential Equation Mdx+N dy =0

Case -1: Integrating factor by inspection/ (Grouping of terms).

Some useful exact differentials

1. d(xy) =xdy +y dx
yd fj ¥ ydx—zxdy

y y
3. d f] _ Y xdy

y X

2 2
4. d x;yj =xdx +ydy
5. d log(zn _ Xdy—ydx
y Xy
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6. d 10g(fD _ ydx —xdy
y Xy
7. df tan” [zn _ ydr—xdy
y X +y
8. d tanl(fj] _ xdy—ydy
y X +y
xdy + ydx
9. d(lo —
(log (x)) -
2(xdx+ydy)
10. dlog(x*+y*)) = — -~/
(7)) - 2ty
11 d[e_j _ ye dx;e dy
y Yy

Solved Problems

1) Solve 2¥*€ )fx_e .

y

(xy* + ye )dx—edy _o.

Sol : It can be written as >

Y
2 X X
:>xy2 a,ereydxzedy:O
y y
= xdp+ 22T CY dxzedyzo
y
eX
:>xdx+d(—j=0
Y
x2 X
On integrating, we get—+ —=¢
2y

This is the required solution.
2) Solve the differential equation ( y—x )dx + (x2 coty— x) dy=0
Sol : Given equation can be written as ydx —xdy = x’dx—x" cot y dy

Dividing with x° , we get

M=dx—cotydy(or)—(mly;—2y6b6)=dx—c0tya’y
. v
e ,—d(—j— dx—cotydy

X
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Integrating, we get —2 = x +cosec’y +cos y = —x (x +cos eczy) +ox
X
which is the required solution.

xdy — ydx

x>+’

3) Solve xdx+ ydy + 0

xdy — ydx

Sol : Given equation is xdx+ ydy + ————=0
X +y
X'+ y
d( 5 J+ d(tan_l (—D =0 on Integrating we get
X

2 2
u+tan’1 (X] =c.
2 X

4) Solvey(x3.exy —y)dx+x(y+x3.exy)dy =0.

Sol : Given equation is on regrouping
We get yx’e”dx—y’dx+xydy +x"e”dy =0
x’e” (ydx+xdy) +y(xdx—ydx) =0
Dividing by x*

exy(ydmdy){gj.(wjzo

X
d(eXY)+(1j.d(Zj =0
X X
on Integrating
2
e” + %(%j =c is required G.S.

5) Solve (1+xy) xdy + (1-yx ) ydx =0
Sol: Given equation is (1+xy) xdy + (1-yx) y dx =0.
(xdy +ydx ) + xy ( xdy — ydx ) =0.

Divided by x’y? = (Xdy i ydx) 4 ( xdy - ydxj )

X2y2 Xy

:>d(—Lj+ldy—ldx=0.

Xy y X

. . 1
On integrating we get —— +logy—logx =logc
Xy
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—i—logx+logy =logc.
Xy
6) Solve : ydx —xdy =a(x’ +y”)dx
Sol : Given equation is ydx ydx —xdy=a (x2 +y’ )dx

ydx —xdy

(x2 +y2) adx

=adxj

On Integrating tan™

= d[‘[an_1

<™

X
1 . .
— =ax +c¢ where c is an arbitrary constant.

y
Method -2: If M(x,y)dx+N(x,y)dy =0 is a homogeneous differential equation and

Mx + Ny # 0 then _ is an integrating factor of M dx+ N dy =0.
Mx + Ny

Solved Problems :
1. Solve x*ydx —(X3 + y3)dy =0
Sol : Given equation is x”ydx —(x*+y’)dy = 0 ----mmreeeeneee (1)

Where M =x’y & N:(—X3—y3)

Consider MY x> & g, —3x?
ox
oM , N
oy 0Ox

equation is not exact .
But given equation (1) is homogeneous differential equation then
Mx+Ny:X(xzy)—y(x3 +y3) :—y4 #0.

N

- Mx+Ny: y*

Multiplying equation (1) by —L4
y

2 3 3
=X Y g2 gy @)
-y -y
2 3 3
=X x-Z Ty dy=0
3 4
y -y
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This is of the form M,dx+N,dy =0

2 3,3
For M,=—~ & N,=>Y
y y

oM, 3x° ON, 3x’
= =—F & =—
dy y ox y

% = % equation (2) is an exact D.E.

ay
General sol J.Mldx + J.Nldy =c

(terms free from x in Ny)

(y constant)
—x’ 1

= I—3dx+j—dy =c.
y y

= 3—3+10g|y| =c

N

. Solve y(y2 —2)(2)dx+x(2y2 —xz)dy =0
Sol : Given equation is y(y2 —2);2)dx+x(2y2 —xz) =
It 1s the form Mdx + Ndy =0

Where M = y(y2 —2)(2),N:x(2y2 —X2)

N =2y’ -3x’

Ox

Consider i N 3y’ —2x &
oy

oM ON .
equation 1s not exact .

_—

ay

Since equation(1) is Homogeneous differential equation then
Consider Mx+ Ny =x [y(y2 -2x* )] + y[x (2y2 -x’ )}

:3xy(y2—x2)¢0.

Multiplying equation (1) by —————~ we get
3xy(y -X )

y(y2—2X2) bt X(2y2—X2) dy =0

:>3xy(y2—x2) 3xy(y2—xz)
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_ Yy -2x?) o x@2y*-xP)
3xy(y’-x*)" 1 3xy(y’-x7)

oM, _ 2xy _ ON,
oy 3(y’-x’)"  ox
Now it is exact
(yz_xz)_xz y2+x(y2—x2)
3X(y2—x2) der 3y(y2—x2)

dx  xdx ydy dy
— = ats o5t =0
X y—-Xx y—X y

dx dy 2ydy  2xdx _
(X i y]+2(y2—x2) 2(y2—x2) 0

On integrating we get

dy=0

l 2 2 1 2 2\ _ -
logx+logy+§log(y -X )—Elog(y —-X )—logc:>xy—c
Method- 3: If the equation Mdx + Ndy =0 is of the form

yf(xy)dx +x.g(xy)dy =0 & Mx —Ny # 0 then ﬁ is an integrating factor of
X — Ny

Mdx+ Ndy =0.

Problems :

1. Solve (xysinxy +cosxy)ydx +(xysinxy —cosxy)xdy =0.
Sol : Given equation (xysinxy +cosxy)ydx +(xysin xy —cos xy ) xdy = 0------- (D).

Equation (1) is of the form y. f(xy)dx+x.g(xy)dy=0.

Where M =(xysinxy+cosxy)y

N = (xysinxy —cosxy)x
oM ON
— equation (1) is not exact

Now consider Mx-Ny
Mx-Ny =2xycosxy # 0

1

Integrating factor = ——
2Xy cos Xy
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So equation (1) x LF gives

- (xysinxy)y b (xysinxy —cosxy)x dy =0
2Xy Ccos Xy 2Xy COS Xy

= (ytanxy+ljdxJ{ytanxy—ljdy=O
X y

= M,dx+N,dy =0

1

M
M, _ tanxy + xysec’xy =

Now the equation is exact.

. General solution is I M, dx + I Ndy=c..

(y constant) (terms free from x in Ni)

:>J. ytanxy+l dx+I_—1dy=c.
X y

:M+1ogx+(—log3’):1°gc
y

= log ‘sec(xy)‘ +log X =logc.
y

X
= —.secXy =cC.
y

2. Solve (1+xy)ydx+(1-xy)xdy =0
Sol : Here M=(1+xy)y: N=(I-xy)x

oM ON
i xy s =1-2x
¥i y

oy

Hence, the equation is not exact
Also Mx - Ny=2x"y* #0

1 1
= =—#0
Mx—-Ny 2x%y

LF
Multiply the given equation by L.F, we get

= 12 +L dx+_—1dy=0
2x°y  2x 2y

oM, -1 0N
oy 2xX’y°  0x

=Equation is exact.
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On integrating, we get

J(ny P X+I—dy c

:—+llo x—llo C.
dxy 2 BT OBV

= -1 +log (EJ =c, where c; =2c.
Xy y

Method 4: If there exists a continuous single variable function f(x) such that
oM  ON

oy Ox

- =£(x). then LE. of Mdx +Ndy =0 is ok

Solved Problems :
1. Solve (3xy —2ay” ) dx + (X2 - 2axy) dy=0

Sol : Given equation is (3xy —2ay’ )dx + (x2 - 2axy)dy =0
This is of the form Mdx+ Ndy = 0
=M=3xy-2ay’ & N=x"-2axy
a—M:3x—4ay & a—N:2x—2ay
oy Ox

oM ON ..
—F & equation 1S not exact .

ay

oM_oN
Now consider Oy ox _ (3x —4ay)—(2x —2ay)
x(x —2ay)

= e * =x isan Integrating factor of (1)

Multiplying equation (1) with L.LF we get

:>(3xy—2ay2) d (X2—2axy)

Xdx + Xdy:O

(3X2y - 2ay2x)dx + (X3 - 2ax2y)dy =0

It is the form Midx + Nidy =0
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M, =3x’y—2ay’x, N,=x3-2ax’y

M, _ 3x” —4daxy, N, _ 3x” —daxy
ox
oM, ON, L
=— .. Equation 1s exact
oy  0x
General sol ledx + INldy =cC.

(terms free from x in Ny)

(y constant)
= j(3x2y—2ayzx)dx + .[Ody =c
=>xy-ax'y’ =c..
2. Solve ydx + xdy + (1+ x’ )dx +x’sinydy =0
Sol: Given equation is (y+1+ xz)dx + (x2 siny — x)dy =0.

M=y+1+x’ & N=x’siny-x

a—M=1, a—N—2xsiny—1|E

dy ox
oM ON \ .
—_—F 8_ = the equation is not exact.
X
M _oN
1-2xsiny+1) —2xsi —2(xsiny-1) —
So consider &y o :( . Y ): 22x§1ny+2: ( : Y ):_2
N x’siny —x x’siny—x  x(xsiny-1) x
LF = ej.f(x)dx _ e—Z.I‘édx — e—210gx 4 L
XZ
. . y+1+x° x*siny—x
Equation (1) x L.F gives = —dx + > dy=0
X X

It is the form of Midx+ Nidy =0.

oy X ox
.. Equation is exact

Gen. sol. is thus = J.(lz + Lz + ljdx + Isin ydy =0
X X

—y 1
= ——-—+X—-COSy=C.
X X

=x’—y-1-xcosy=cx.
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3. Solve 2xy dy — (x2>+y*+1) dx =0

Sol. Given equation is 2xy dy — (x*+y*+1)dx=0 ... (1)
This is of the form M dx + N dy = 0, where N =2xy, M = -x*> - y* — 1
oM _ an _ oM N
We have P -2y and " 2y, so that 3y * o
=~ The given equation is not exact.

We have = (‘;—’;’ -2 = % (-2y-2y) = = = f(x)
A LF. = el fdx — 52 Jdx _ e—2logx — logx™% _ xiz
Multiplying (1) with &, we get 2 dy — (1+ L+ ) dx )
This is of the form M; dx + N; dy = 0, where M;=—1 — z—j - xiz and N; :273/
We have %:‘x_z;’ and %:—x_zzy
Since aa—l\;[/l = % , ~(2)1s exact.

General solution is given by
ledx + ledy =c

(y constant)  (terms free from x in Ny)

= f(—l—y—z—i)dx+ Jody=c

x? x?
(y constant)
y:i o1
= -X+ 7 + ; =C
This is the general solution o (2) and hence of (1)
oM ON

Method -5: For the equation Mdx + Ndy = 0 if % =g(») (is a function of y alone)

then "¢ js an integrating factor of M dx + N dy =0.

Solved Problems :

1. Solve (3x?y*+2xy)dx +(2x3y*-x?) dy = 0

Sol :  Given equation (3x*y*+2xy)dx +(2x’y>-x?) dy =0 -----m--mm-emmmm- (1).
Equation is of the form Mdx + Ndy =0.
where M =3x’y*+2xy & N =2x%y’-x?

8_M =12x’y’ +2x ; a—N =6x"y’ —2x
oy ox

oM ON . .
—— # — = equation(1) is not exact.
Oy Ox
oM oN
So consider ﬁyM Ox =g(y)=—-= g(y)
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1
—2[—dy
JF_d8Wdy _ Ty :e—2bgy:_%n
y

2 4 3.3 2
Bquation (1) x LF [M]dﬁ[%‘f_"jdy:o

2 2

y
2
[3){ y +—jdx+(2x y——dezO
y y

It is the form M,dx+N,dy =0

oM,

—6X2y—21=%

y, o

.. Equation is exact
General sol. is ledx + INldy =c

(y constant)  (terms free from x in Ny)

“ky+ ]@+W@ c.

3.2
N X’y 2x
3 2y

2
X

=Xy +—=c.
y

2. Solve (xy3+y) dx + 2(x2y>+x+y*) dy =0

=C.

Sol: Here M=xy’ y ; N=2(x2y2+x+y4)

aﬂ:3xy2 +1; a—N:4xy2 +2
oy OX
We see equation is not exact.
oM ©oN
—_— ¢ —_
dy 0Ox
M N
oy 0Ox
Also ——=
el
—xy’ -1 1
== =g(y)
y(xy’+1) y

B Ig(y)dy eJ%dy

Thus I.F = = .
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oM

L= 4xy’ +2y= % where M, = xy”* +y*; N, = 2x’y’ +2xy + 2y’

Gen Sol: J(xy“ +y° )dx +I(2y5)dy =C

2_4 6
Xy +y2X+2l=c.
2 6

3. Solve (y4 +2y)dx +(Xy3 +2y* —4X)dy =0

Sol: The given equation is not exact.

oM ON ( ) ( )

- T 3 3

dy ox y —4)=(4y"+2)| -3
Also ——— = = -2 _

— g(») [ 2y . g(»)
—3fldy
I.F:ejg(y)dy:e Y =3
Yy
HereM]=y+%;N1=x+2y-4—§
y y

oM, _, 2 _0N,
& Yy &

~Equation is exact.

Gen sol is J(y+%}dx+12ydy:c.

y+—|x+y =c.
y

APPLICATIONS OF DIFFERENTIAL EQUATIONS OF FIRST ORDER FIRST
DEGREE

ORTHOGONAL TRAJECTORIES (0O.T)
Def: A curve which cuts every member of a given family of curves at a right angle is an
orthogonal trajectory of the given family.
Orthogonal trajectories in Cartesian co-ordinates:
Working rule: To find the family of O.T in Cartesian form : Let f(x,y,c) =0
be the given equation of family of curves in Cartesian form.
1) Differentiate (1) with respect to ‘x’ and obtain F(x,y,y’)=0 ---------- 2)

of the given family of curves.
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2) Replace — dy by —dx in (2)
dx dy

Then the Differential Equation of family of O.T is

F(x, y. _va )=0 3).

3) Solve equation (3) to get the equation of family of O.T’s of equation(1).

Solved Problems
1. Find the O.T’s of family of semi-cubical parabolas ay?=x> where a is a parameter.

Sol : The given family of semi-cubical parabola is ay?=x> --------------- (1)

Differentiating with respect to ‘x> = a Zyd—y D R —— 2)

dx
Eliminating ‘a’ from (1) and (2) = ? dx

3
y dx

3
Replace Yy 2 dx =3x’
dx dy y dy

3dy

x ¥
3 2
2 2
3¢ 2c

2. Find the O.T of the family of circles x*+y?*+2gx+c =0, Where g is the parameter
Sol : x>4+y*+2gx+c =0. --------- (1)
represents a system of co- axial circles with g as parameter.

Differentiating with respect to ‘x* = 2x+ ZyZ—y—i- Py | — )
x
Substituting equation from (2) in (1)

=x>y? -2x+ 2yZ—y)x +c =0.
X
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=y?-x2-2xy % +¢c=0

Replace 4 by _dx
dx dy

=y?-x2-2xy (— ?J +¢c=0
y

=>y2-x2+2xy% +¢=0
dy
This can be written as
dr 1o Aety)
dy 'y y

This is a Bernoulli’s equation in x

So put x2=u:2xd—x= du

dy dy

2x

«(c+v2
_du 1 _Acty)

dy y y

which is a linear equation in ‘u’

-[;ldy —lo 1
= LF=€¢’ =e ™=

y
General solution is u(L.F) = I Q(y).L.LFdy +k

(c+v*
y y

y
=_C[£]_y+k
y
2
= X—Zg-y-i-k
y y

2 2 2
3. Find orthogonal trajectories of the family of curves x3 +y3 =a?

2 2 2
Sol : The equation of the given family of curves is x* +y3 =a?...(1)
1

PN 3
Differentiating (1) w.r.t x, we get zx S+—y? dy _ 0= dy_ y_ ...(2)
3 37 dx dx

WL

X
This is the differential equation of the given family of curves.
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-1 -1
3 3
Changing gto-d—x in (2), we get _d_X:_y__l:dx —y—_l ...(3)
dx dy dy O dy O
1 1

Separating the variables in (3), we get x*dx = y3dy

1 1
Integrating, we get Ix3dx = Iy3dy +c
4 4 4 4

:>—X5=—y§+c or Xg—y5 =C
4 4 :

This is the orthogonal equation.
4.Find the O.T’s of the family of parabolas through origin and foci on y —axis.

Sol : The equation of the family of parabolas through the origin and foci on y-axis is

x*=4ay where ‘a’ is parameter.

Differentiating with respective ‘x’= 2x =4aj—y
x
dy_ x
dx 2a
or—.&H_x
y 2a
Ox _dy
X 2a

On integrating, we get -logx = ZL +c
a

=> y +2alogx = ¢, is the equation of required O.T.
5.Find the O.T of the one parameter family of curves e¢* +e” =c.
Sol : Given equation is €* +e” =c.
: <, s x oy Ay
Differentiating with respective ‘x’= e* +e (-d—) =0
X

Its O.T =>¢* +e'y(j—x) =0= e’'dx+e’dy=0
Y

On integrating, we get, -¢~ +e” = cwhich is the required O.T
g g g q

ORTHOGONAL TRAJECTORIES IN POLAR FORM
Working Rule: To find the O.T of a given family of curves in polar-co ordinates.

Let f{(r, 6, c)=0-----(1) be the given family of curves in polar form.
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1.) Differentiating (1) with respect to & and obtain F [r, 6,2—;] =0 by eliminating the

parameter c.

2.) Replace j—; by — rzj—e then the Differential Equation of family of O.T is
r

F[r,@,-rzﬁ 1=0
dr

3.) Solve the above equation to get the equation of O.T of (1)

Self-orthogonal

A family of curves is said to be self orthogonal when the differential equation of the
family of O.T is same as that of the original family.

Solved Problems

1. Find the orthogonal trajectories of the family of curves r’cosf =a".

Sol : Given family of curves is r"cosf = a"

Taking logarithms on both sides,
nlogr +logcos = nloga

Differentiating w.r.t 0, we get

ndr, 1 in0y=0
r do cosO
Eg—tan9=0 ...(2)
r do

is the differential equation of family of curves.

To get the differential equation of orthogonal trajectories, replace g—g with 1’ ?
r

Now, we have E(-rz @j -tan0 =0
r dr

:nr@-i-tanG:O ...(3)
dr

This is differential equation of orthogonal trajectories.
Separating variables, we get

ncot6do + ﬁ =0
r

Integrating, we get

nlogsin® +logr = log = logsin"0 +logr = logc
or log(rsin"0) = logc

= c =1sin"0 which is the required O.T.

2. Find the Orthogonal trajectories of the family of cardioids r = a(1-cos0) where

‘a’ is the parameter.
Sol : Given r =a(1-cos0) ..(D)
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Differentiating the given equation w.r.t ‘0’, we get

ﬂ=asin6:>a=,LE (2)
do sinf dO
. L 1-cos6 dr
Eliminating a from (D) and (2) we get =— —
sin® dO

2rsin 9 cos 9
dr _ rsinf _ 2 2

) ' 0
1-cos 2sin? (2j

= dr_ rcot(gj ...(3)
de 2

The differential equation of required O.T is obtained by replacing% with -1’ ? in (3)
r

ool @ = rcot 9 b ﬁ = -tan 9 do
dr 2 r 2

On integrating, we get
logr = 2log | cos(0/2) | +log(2¢c) = log(2ccos’ (0 / 2))

or r=2ccos’(0/2) = r=c(1+cosH)
This is the equation of family of orthogonal trajectories.

3. Prove that the system of parabolas y2 = 4a(x +a)is self orthogonal.
Sol : Given parabola is
y’ =4a(x +a)
= y'=4ax+4a’ (1)

Differentiating (1) with respect to x,we get 2yy, =4a=a = % ...(2)

2.2
Substituting (2) in (1), y* = 4% X+ 4%

or y> =2xyy, +y’y,’ R )
Equation (3) is the differential equation of the given system of parabolas. Replacing

-, il ) . )
y; with oo we get equation of the orthogonal trajectories as
1

2 2
y2=2xy{__l}+y2|:i:| :)yzzzﬂ—{—y_z
Y Yi Yi

LYy = 2xyy, +yoor Y =2xyy, Hyy, L (4)
which is differential equation of the orthogonal trajectories of the given family.

Equations (3) and (4) are same, hence the given system is self orthogonal.
2 2
y

+

=1 where A is a
a’+A b+

4. Show that the system of confocal conics

parameter,
is self orthogonal.
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2 2

y
+ =1...(1
a’+A bi+A M

Sol : Given equation of family of confocal conics is

Differentiating (1) w.r.t X, we get

2 2 . .
> L > y dy_ 0. For convenience, we write o p
a’+A b +Adx ax

X y 2 2
+ =0 b2+ 1)+ +2)=0
jazﬂ 7 3 P = x( ) Tpy(a” +21)

= -(b’x +a’yp)

X+yp
2 2 2 _(az-bz)yp
a2 @ -bHx and b* +A=—-""— ...(2)
X +yp X+yp

Eliminating A from (1) and (2), we get
X(x+yp) y(x+yp) :1:(x+yp)( yj_

2 1.2 o
a -b

p

a’-b>  (a’-b’)p of

:>(x+yp)(x-zj=a2-b2
p

This is the differential equation of the family of curves (1). We get the differential

equation of the family of orthogonal trajectories by replacing

Hence the differential equation of orthogonal trajectories is
y _ .2 12

(x——j(erpy) =a"-b" ...(4)
p

which is same as (3). Thus we see that the differential equation of the family of
orthogonal trajectories is same as that of the original family. Hence the given family of
curves is orthogonal to itself. Hence it is a self orthogonal family of curves.

NEWTON’S LAW OF COOLING

STATEMENT: The rate of change of the temperature of a body is proportional to the

difference of the temperature of the body and that of the surrounding medium.

Let '8' be the temperature of the body at time ‘t’ and 0,be the temperature of its

surrounding medium(usually air). By the Newton’s law of cooling , we have

%a(@ -0,) = % =-k(0-0,) k is +ve constant
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do
=Gy e

= log(0-0,)=-kt +c.

If initially 6=0, is the temperature of the body at time t=0 then
c =log(8, -9,)

—1log(0-0,) = -kt+1og(®, -0,)

= log b-9, = -kt.
61'90
N 0-0, :e-kt
e1'90

0=0,+(0,-0,)=¢™

which gives the temperature of the body at time‘t’.

Solved Problems

1. A pot of boiling water 100°C is removed from the fire and allowed to cool at
30°C room temperature. 2 mins later, the temperature of the water in the pot is

90°C .What will be the temperature of water after 5 mins?

Sol : We have 0-30=ce™ ..(1)
When t=0,0=100
from (1), we get c=70
5.0-30° =70e™
When t=2,0=90

...(2)

From (2), 90-30 = 70e™

— 60 = 70
6
= 2k =1 —
Og(7)
=0.1542
=k=0.0771

When t=5,0-30=70e™"

= 0=77.46"
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2. A body is originally at 80°C and cools down to60°C in 20 min . If the

temperature of the air is 40° C find the temperature of body after 40 min.

Sol : By Newton’s law of cooling we have

%= -k (0-0,) where 0, is the temperature of the air.
= Ii = _kjdt = log(0-6,) = -kt +logc
(9 '90)

Here 0, =40°C
= log(6-40)= -kt +logc

C
- [e-4oj _
C
=0=40+ce™ ——ommmeeemmm (1)
When t=0,0 = 80°C
= 80 =40 +c=>¢ =40 -=-rmemmmmev Q).

When t=20,0 = 60°C = 60 = 40+ce”™™ ---mmmeem- (3).
Solving (2) & (3) = ce™™ =20

= 40e =20

= k =-20log2

- LlO 2 140
When t =40°C then equation (1) is 6 =40+ 40e (20 ) j
=40 +40¢”°¥

=40 +[40X 1)
4

= 0=50"C

3. An object whose temperature is 75°C cools in an atmosphere of constant
temperature C, at the rate of kO, being the excess temperature of the body over
that of the temperature. If after 10min, the temperature of the object falls to 65°
C, find its temperature after 20 min. Also find the time required to cool down to
55°C.

Sol : We will take one minute as unit of time.
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It is given that 9 -kt
dt

Initially when t=0 = 0 =75 -25" = 50"
= ¢c= 50"

Hence ¢ =50= 0 =50e™ ----mmeemmeeemmm- (2)

When t= 10 min = 0 =65"-25° = 40°

=40=50¢e"*
= el = % (3).

The value of 0 when t=20 = 0 =ce™
0 =750e™
6=50(c"™ )’

2
0= 5o(i]
5

Hence the temperature after 20min =32°C +25°C = 57°C

When t=20 =0=32°C.

When the temperature of the object = 55°C
0=55C-25"C=30°C

Let t, be the corresponding time from equation (2)

1

From equation (3) e™®" = % iee™ = [%)10

g
From equation (4), we get 30 =50 4 B:>t—110 ﬂ=10 3
q »We g 5 10 gS g5

5
log 3
10 =22.9min

g 2]

4. A body kept in air with temperature 25°C cools from 140°C to 80°C in 20 min.
Find when the body cools down in 35°C.

=t =
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do

0

= -kdt

Sol : By Newton’s law of cooling % =-k(0-9,) =

= log(0-6,) =kt +c. Here, 6, =25"C

= log(0-25)=kt+¢ ---n-mmmmeem- (1).
When t=0, 6 =140°C

=log (115) =c

=c =log (115).

=kt =-1log(0-25)+log 115---—---- )

When t=20,0=80"C

= log (80-25)=-20k + log 115

= 20 k=log (115) - log(55) --------- 3)

kt _ logll5-log(6-25)
20k logl15-log55

Divide equation (2) by (3), we get

R t _logll5-log(6-25)
20 log115-log55

t _logll5-log(10)
20  logll5-log55

When 6=35"C

:i:log(ll.S) 331

=)
11
= temperature =20 x 3.31 =66.2
The temp will be 35°C after 66.2 min.
5. The temperature of the body drops from 100°C to 75°C in 10 min. When the
surrounding air is at 20°C temperature. What will be its temp after half an

hour. When will the temperature be 25°C .

do
Sol: —=-k(0-0
" 0-9,)

log(6-20) = -kt +logc
when t=0,0 =100’ =¢=80

when t=10,0 =75"=¢'%* = %

when t =30min=>0 =20+80 1331 46°C
4096
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log5-10g80

when 0=25C =>t=10—=—2"—
(logl1-logl8)

= T74.86min

6. If the air is maintained at 15°C and the temperature of the body drops from
70°C to 40°C in 10 minutes. What will be its temperature after 30 minutes?

Sol : If 6 be the temperature of the body at time t, then %Z—k(@—lS), where k is
constant
Integrating, J.i = -kJ. dt +logc

0-15

i.e log(0-15)=-kt+logc i.e, O-15=ce™ ..(1)
When ¢ =0,0=70°C and when r=10,0=40°C
270=15=ce® = ¢=55 40—15=ce "

and

jé — el op o0k = i
55 11

Then (1) becomes 0-15=55¢™
When t=30 min, 6 =15+55¢>*

Q)

3
S 0=15+55(0"") =15 +55(15—J using (2)

=15+@=%=20.160C.

121 121
7. In a pot of boiling water 100°C is removed from the fire and allowed to cool at

30°C room temperature. Two minutes later, the temperature of the water in the pot

is 90°C. What will be the temperature of the water after 5 minutes?

Sol : We have 0-30°C = ce™ (D)
when t=0,0=100=c=70
-.0-30°C = 70e™ )

when, t=2,0=90"
from (2), 60 =70e™

= -2k = log(gj =-0.1542

=k=0.0771
when t=35,0-30°=70e”*
—=0="77.46"

8. The temperature of a cup of coffee is 92°C when freshly poured, the room
temperature being 24°C. In one min it was cooled to 80°C. How long a period must

elapse, before the temperature of the cup becomes 65°C.

Sol : By Newton’s Law of cooling,
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do
— =k(0-0,) k>0
5 K-8

0, =24"C = log(0-24) = -kt + log c-----=-===---- (1).
When t=0; 6 = 92= ¢ =68
When t =1; 0=80°C = ¢* = &
56
56
=>k=log—.
268

When 0= 65'C,t = 62’8‘f1 - 0.576min

LAW OF NATURAL GROWTH OR DECAY

Statement : Let x(t) or x be the amount of a substance at time ‘ t’ and let the substance be

getting converted chemically . A law of chemical conversion states that the rate of change

of amount x(t) of a chemically changed substance is proportional to the amount of the

substance available at that time

Note: a) In case of Natural growth we take

dx
—=k k>0
o & ( )

b) In case of Natural decay, we take i—): = -kx (k>0)

where k is a constant of proportionality
RATE OF DECAY OF RADIO ACTIVE MATERIALS

Statement : The disintegration at any instant is proportional to the amount of material

present in it.

. ) ) du .
If u is the amount of the material at any time ‘t’ , then az - ku , where k is any

constant (k >0). i.e Law of Natural Decay is applied.
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Solved Problems

1. The number N of bacteria in a culture grew at a rate proportional to N . The

value of N was initially 100 and increased to 332 in one hour. What was the value

of N after I%hrs .

Sol : The differential equation to be solved is (ii—lj =kN

:d—Nzkdt
N

:JdWNZ.[kdt

=logN =kt + logc

When t= 0sec, N =100 =100 =c=¢ =100

When t =3600sec, N =332=332 =100 ¢’

3600k _ 332
100

Now when t= %hours = 5400 sec then N=100¢>***
3
=N =100[ ™ |

s
—N=100] 222 [ = 60s.
100

=N = 605.

2. A bacterial culture, growing exponentially, increases from 100 to 400 gms in 10
hrs. How much was present after 3 hrs, from the initial instant?

Sol : Let N be the weight of bacteria culture at any t > 0.

Then N=ce™ ..(1)
By data, when t=0,N =100g
~.100=c

Substituting in (1), we get N=100e™ ...(2)
When t=100,N =400g

from (2), 400 =100e"*
=4=¢'%
= -10k =log4
1 1
=k =-—Ilog2* =-=log(2
1098 5 g(2)

..(3)
When t=3,N=100¢e>*
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1 3
100615 _ 1pever
3 1

=100X(2)° =100X85 =100X1.414
=141.4gms

3.If a radioactive Carbon-14 has a half life of 5750 years, what will remain of one
gram after 3000years?
Sol : Let mass of radioactive Carbon-14 at any time be denoted by x(t).

. d )
Then it is known that d_)t( = -kt where k is a constant

= x = Ae™ where A is also a constant.

It is known that at t=0, we have 1gm of Carbon-14

=A== A=1

x=e™

However when t=5750 years, we have 1/2gm of Carbon-14.
1

A log2
750
Suppose t=3000years, we have to find x.
3000, 007
X = e-kt — e-3000k =e 5750

3000
-——gms

4. If 30% of a radioactive substance disappears in 10 days, how long will it take for
90% of it to disappear?

Sol : The differential equation of the diffusing radioactive material is,

dm
o N .
dt (1)
Separating the variables and integrating, we get
m = ce™ ..(2)
When t=0, let m=m,
=m =C
...(3)
By data, when t=10,m = 70_m
100
= m =celk = mle—IOk
100
= e-lOk — l =k= _ilog(lj
10 10 10

1 (10
.'.k=—log(—j
10 7\7 (4
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Required time at ¢ is

1
=t=—1log(10
m g(10)

10log(10)

=———=———=04.5 days.
log10—1log7

II.LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER
dn—2y

an—Z

n n-1
Definition: An equation of the form j Y 4P (x) "y | P,(x)—=+..+P (x)y = Q(x)

n dxn—l
where P,(x),P,(x),P;(x)...P (x)and Q(x) (functions of x) are continuous is called a linear

differential equation of order n.

LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS

n n-1 n-2

Def: An equation of the form dy+P1d _}1]+P2d }2’
dx" dx" dx"

+...+ P y=Q(x)where

P,P,,P;...P , are real constants and Q(x) is a continuous function of x is called an linear

differential equation of order ‘ n’ with constant coefficients.

Note:
2 n
l.OperatorDZi;D2=d—2; ........................ D"= d
dx d dx"
dy . d’y dy
Dy=——;Dy=—" i, D" y=—=
Y dx X2 y dx"

2. Operator %Q = Ide ie D'Q is called the integral of Q.

To find the general solution of f(D).y=0 :

Here f(D)=D"+PD"' +P,D"* +...+P, is a polynomial in D.
Now consider the auxiliary equation: f(m) =0

ie flm)=m"+Pm"' +P,m"* +...+P =0
where P,P,,P,...P are real constants.

Let the roots of f(m) =0 be m,,m,,m,...m _.
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MATHEMATICS -1

as follows:

Consider the following table

Depending on the nature of the roots we write the complementary function

S.No

Roots of A.E
f(m) =0

Complementary function(C.F)

mj, mp, ..My are

real and distinct.

m, X

— m;x m;X 0
y.=¢ce " te,et tlc e

mi, my, ..My and
two roots are
equal i.e., my,
m; are equal and
real (i.e repeated
twice) &the rest
are real and

different.

y. =(c, +c,)e™ +c,e™ +...c e™

mi, my, ..My are
real and three
roots are equal
1.e., mj, my , m3
are equal and
real (i.e repeated
thrice) &the rest
are real and
different.

y. = (c, o,x +e,x7)e™ +c,e™ +...ce™

Two roots of
AE are
complex say &+i
[ @ -iff and rest
are real and
distinct.

y. =e™(c,cosPx +c,sinPx) +c,e™ +...c e™

n

If a+if are
repeated twice
& rest are real
and distinct

y, =e™ [(c1 +c,x)cosPx +(c; +c¢ 4X)sin[3x] +c.e

msx

+..ce™

X

If a+ifS are
repeated thrice
& rest are real
and distinct

y, =e™ [(c1 +c,x +¢,x7)cosPx +(c, +ex + céxz)sian]

+c,e™ +...c,e™

If roots of A.E.

y, =e” [Clcosh\/ﬁx +c,sinh \/EX} o™+

m, X

tce
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MATHEMATICS -1

irrational say
ax,/f and rest

are real and
distinct.

Solved Problems
3
1.Solve 1Y 3% 19y —g
dx dx

Sol : Given equation is of the form f(D).y =0
Where f(D)=(D’-3D+2)y=0
Now consider the auxiliary equation f (m) =0
f(m) = (m’ -3m+2)y=0 = (m-1) (m-1) (m+2) =0
=>m=1,1,-2
Since m; and m,are equal and m, is -2
We have y_ = (c, +¢,)e* +c,e™
2. Solve (D*-2D3-3D*+4D+4)y = 0
Sol : Given f(D) =(D*-2D*-3D? +4D+4)y=0 ...(1)
Auxiliary equation is f(m)=0
=m'-2m’-3m’ +4m+4=0 ..(2)
By inspection m+1 is its factor.
(m~+1)(m’-3m’+4)=0 ...3)
By inspection m+1 is factor of (m’-3m*+4).

2. (3) is (m+1)(m+1)(m’-4m+4)=0

= (m+1)’(m-2)"=0
=>m=-1,-1,2,2

Hence general solution of (1) is
y=(c, tcx)e” +(cy + C4X)e2x

3.Solve (D* +8D? + 16) y = 0
Sol : Given f(D) = (D*+8D*+16)y=0

Auxiliary equation f(m) = (m*+8 m?>+16) =0
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MATHEMATICS -1

= (m?>+4)*=0
= (m+2i)? (m+2i)> =0
= m=2i,2i,-2i,-2i
Here roots are complex and repeated

Hence general solution is

ye = [(c1+cax)cos2x + (c3t+cax) sinx)]

4.Solve y''4+6y'+9y = 0 ; y(0) = -4, y'(0) = 14
Sol :  Given equation is y''+6y'+9y = 0
Auxiliary equation f(D)y=0 = (D?+6D +9)y=0
A.equation f(m) =0 = (m?>+6m +9) =0
=> m=-3,-3

ye = (crteax)e™ > ()

Differentiate of (1) w.r.to x = y! =(ci+cax)(-3e*) + ca(e™)
Giveny; (0)=14 = c1=4&c2=2
Hence we get y =(-4 + 2x) (%)
5.Solve 4y''! + 4yl +yl =0
Sol : Given equation is 4y!!! + 4y'! +y! =0
That is (4D3+4D*+D)y=0
Auxiliary equation f(m) =0
4m’ +4m?> +m =0
m(4m? +4m+ 1) =0
m(2m+1)’=0
m=0,-1/2,-1/2
y=c1+ (c2+ c3x) e*?
6.Solve (D*-3D +4) y =0

Sol : Given equation (D?*-3D +4) y=0
AE. fim)=0
m?-3m+4=0
__3+\0-16 _3+iV7
2 2
V7
2

) 3
oty =—=i
b 2

2 7 7
y=¢? (clcoij +c,sin TX)

To Find General solution of f(D) v = Q(x)
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MATHEMATICS -1
Itis given by y=yc+ yp
ie.y=C.F+P.I

Where the P.I consists of no arbitrary constants and P.I of f (D) y = Q(x)

Is evaluated as  P.I __L Q(x)
f(D)

Depending on the type of function of Q(x) , P.I is evaluated .

1
1. Find —(x’
D( )

3

1 X
Sol : —(x?)=|x%dx=—
S (<) | 3

2. Find Particular value of D1+1 (x)
Sol : D1+1 () =¢" [xe'dx (By definition)
= e (xe" -¢e")
=x-1

General methods of finding Particular integral :

P.I of f(D)y=Q(x), when % is expressed as partial fractions.
Q.Solve (D* +a°)y = secax
Sol : Given equation is ...(1)

Let f(D)=D’ +a’

The AE is f(m) =0i.e m*+a’ =0 ..(2)

The roots are m= -ai , -ai
y, = ¢,cosax +c,sinax

=—secax=L 1 secax ...(3)
D ral 2ai| D-ai D+ai

1

D-a1

- _rCcOsax -isinax
i [secaxdx = e [ —— """ dx

cosax

secax = e
=e™ [(1-itanax)dx = ™ {X - logcosaX} G
a
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MATHEMATICS -1

Similarly we get secax = e ™™ [x - llogcosax} ...(5)

a

+ai

From (3),(4) and (5), we get

1 iax 1 -iax 1
y,=—]|e {x += logcosax} -e {x -— logcosax}
2ai a a

_ X(eiax _e—iax) (eiax +e—iaX)

+—(logcosax
2ai az( 5 )

X . 1
= —sinax +— cosaxlog(cosax)
a a

.. The general solution of (1) is

. X . 1
y=Yy.ty, =ccosax +c,smax + gsmax + —zcosaxlog(cosax)

RULES FOR FINDING P.I IN SOME SPECIAL CASES;

Type 1. P.I of f (D)y=Q(x) where Q(x) =e¢** , where ‘a’ is constant.

VPR SIS S
Casel.P.I1= D) Q) D) e ) e

provided f(a) # 0
1.e In f(D), put D=a and Particular integral will be calculated.

Case 2: If f(a)=0 then the above method fails. Then if f(D)I(D-a)k¢(D) (i.e ‘a’ is

repeated root k times).

Then P.I= Leax . 9 x* provided ¢(a) =0
#(a) k!

Type 2. P.I of f(D)y = Q(x) where Q(x) = sinax or Q(x) = cosax where ‘a’ is constant

then P.I= % Qx).

sinax
f(-a)’

Case 1: In f(D) put D> =-a*> 5f(-a’) # 0 then P.I=

Case 2: If f(-a%)=0 then D? + a” is a factor of ¢(D*) and hence it is a factor of f(D). Then
let f(D)=(D? + a?) f(D) = (D*+a*)¢(D?).

sinax _ sinax _ 1 sinax _ 1 -xcosax
fD) (D'+a)$(D’) g(2")D'+a’ g(a’) 2a

Then

cosax cosax 1 cosax 1  xsinax

D) (D'+a)f(D") gD +a’ g(-a’) 2a
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MATHEMATICS -1

1.

Type 3.P.I for f(D)y=Q(x) where Q(x)=x* where k is a positive integer .f(D) can be
expressed as f(D)=[1=¢(D)]

1 1
f(D) [1+4(D)]
_ 1
[1£¢(D)]
=[1+¢(D)]"'x"

=[1£4(D)]"

Express

Hence P.1

Q)

Type 4.P.1 of f(D)y=Q(x) when Q(x)=e¢*™* V where ‘a’ is a constant and V is function of

x. where V =sinax or cosax or Xk

L
Then P.I= D) Qx)
1
=——¢
f(D)

ax

=e" ! V& ! V is evaluated depending on V.
f(D+a) f(D+a)

Type 5. P.I of f(D)y=Q(x) when Q(x)=xV where V is a function of x.

__1
Then P.I= D) Qx)
1y
f(D)
:|:X ! f(D)} 1 A%
f(D) f(D)

Type 6. P.L. of f(D)y = Q(x) where Q(x)= x" v where v is a function of x.

1 1 .
x Q(x) = ——x"v, where v = cosax or sinax

When P.I. =
f(D) f(D)
. 1 m _: 1 m _iax
1. PI =——x"sinax = [.P.of —x"¢
(D f(D)
.. 1 m 1 m _iax
1. PI =——x"cosax = R.P.of —x"e
f(D) f(D)
Formulae

1 aq_ 2 3
= =(1-D)' =1+ D+ D+ D # rommreremeeeeeee

1
2. —=(1+D)'=1-D+D?*-D* + moommem-

1+D
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MATHEMATICS -1

1
{(1—D)?

1
{(1+D)?

1
" (1-D)3

1

=(1-D)2=1+2D +3D>+4D3 +
=(1+D)2=1-2D +3D?*-4D* +

=(1-D)3=1+3D+6D*+10D° +

=(1+D)3*=1-3D+6D*-10D* +

(1+D) 2
Solved Problems

1. Solve (4D’ -4D+1)y =100

Sol : AEis 4m*-4m+1=0=(2m-1)>’=0=>m= ,_31

1
2
C.F=(c, +c,x)e?

100 100e™ _ 100
4D’ -4D+1 (2D-1) (0-1)°

Now P.I= =100 { since 100e™ =100}

Hence the general solutionis y=C.F+P.F=(c, + czx)eE +100

2. Solve the differential equation (D* +4)y =sinh2x+7.

Sol : Auxillary equation is m” +4 =0
=>m’ =-4=>m==+2i
~.CFisy, =c,cos2x +c,sin2x ...(1)

To find P.I:
Y, = D +4(sinh2x+7)
2x+ -2x
_ 21 e te 4760
D" +4 2
:l e2x l e-2x eO
2'D’+4 2D’+4 (D*+4)
er e—2x 7
= + +
2(4+4) 24+4) (0+4)
2x+ -2X
e e 7 L nox+ L e
16 4
y=y.ty,

= C,c082x *+c,sin2x + ésinh2x + %

3. Solve (D+2)(D-1)’y =e™ +2sinhx

Sol : The given equation is

(D+2)(D-1)’y =e™ +2sinhx (1)
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MATHEMATICS -1

This is of the form f(D)y =e™ + 2sinhx
AEis f{m)=0=m+2)(m-1)>=0..m=-2,1,1
The roots are real and one root is repeated twice.
- CFisy_ =ce™ +(c, +c,x)e".
_ e™+2sinhx e +e*-e™
T D+2)(D-1¢ (D+2)D-1)’

e -2x

(D+2)D-1)*
Hence f(-2)=0. Let fiD)=(D-1)". Then ¢(2)#0 and m=1

- yp1 + ypz + yP3

Now y, =

) _ =X _ Xe 2
LYy = 5 o
eX
d =————  Here f(1)=0
e (D+2)(D-1)* )
_ exXZ _ X2€x
(3)2! 6
e—x
d = - @
e (D+2)(D-1)
Putting D=-1, we get y, = (1;_2)2 = %

~. The general solutionis y=y, +y, +y, *y,
-2x 2 X

Xe xe" e

+

-X

6 4

ie y=ce™ +(c, +c,x)e +

4. Solve the differential equation (D’ +D+1)y =sin2x.

Sol: AEis m*+m+1=0

L AEVI-4 1243

2 2
sy, =e? clcosx—\/ngczsinﬁ ...(1)
2 2
To find P.I:
sin2x ~_ sin2x

T D?iD+1 4+D+I
_sin2x _ (D+3)sin2x _ (D +3)sin2x

D-3 D*-9 -4-9
_ Dsin2x +3sin2x _ 2c0s2x +3sin2x
-13 -13

x\3

= . 1 )
Ly=y . ty,=e? (cpos% +c,sin TJ - E(2COSZX + 3sin2x)
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MATHEMATICS -1
5. Solve (D’ -4)y = 2cos’x

Sol : Given equation is (D’ -4)y = 2cos’x (D
Let fiD)=D?-4 A.Eis f(lm)=0 i.c m>-4=0

The roots are m=2,-2. The roots are real and different.

~CF=y, =ce” +c,e™

PI=y, = D74 (2cos’x) = 04 (1+cos2x)
0x
- ﬁ + ‘g’fﬁ =PI, +PlI,
er er 1
PL =y, = Dl [Put D=0] = ) = w

_ cos2x _ cos2x
YT D s g
~. The general solution of (1) is y=y +y, ty,

PI, = [Put D* =-2> =4]

1 cos2x
— 2 2
y=ce’ +c,e” -—-

4 8

6. Solve (D* +1)y =sinxsin2x

Sol : Given D.E is (D” +1)y = sinxsin2x
AEis m*+1=0=m=i
The roots are complex conjugate numbers.
C.Fis y_, =c,cosx +c,sinx
w.k.t 2sinAsinB=cos(A-B)—cos(A+B)
_ sinxsin2x 1 cosx - cos3x
D+ 2 (D +))
I cosx
2D%+1
Put D?=-1 weget D’ +1=0

=PI, +Pl,

Now P.I, =

S P = RO I "+ Case of failure: C(;SEIX = = sinax
2 2 4 D" +a 2a
and P.I, = _lcozﬂ
2D +1

Put D*> =-9, we get
P.I, = _l co0s3x _ cos3x
2 -9+1 16

General solution is

xsinx  cos3x
16
7. Solve the differential equation (D’ -3D*-10D+24)y =x+3.

Y=Y Y, Ty, =CCosx+ c,sinx +

Sol : The given D.Eis (D’-3D”-10D+24)y =x+3
AEis m’-3m’-10m+24=0

=m=2 is a root.
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MATHEMATICS -1

The other two roots are given by m*-m-2=0
= (m-2)(m+1)=0

=m=2 (or) m = -1
One root is real and repeated, other root is real.
CFis y, =e”(c, +¢,x)+c,e™

_ X+3 :L x> +3
(D’ -3D*-10D +24) 241+(D3-3D2-10D]
24

Yy

BER S s L |
_1[1+D’-3D IOD} (x+3)

24 24

3 2
_ 1 L D’ -3D°-10D (x+3)
24

1[ 10 | 24x+82

=— | x+3+—|=———
24| 24 576

General solutionis y=y +y,

24x +82
576

8. Solve the differential equation (D* -4D+4)y =™ +x” +sin3x.

= y=¢e"(c, tc,x)+ee™ +

Sol : The AEis (m*-4m+4)=0=(m-2)’=0=>m=2,2

2y, =(c, +¢,x)e™ ..(1)

Tofind y, : y, = m(e2x +x” +sin3x)

e x’ sin3x

= +
(D-2)> (D-2)> D?-4D+4

2 2 .
X X sin3x
x4 +

20 ° 2 9-4D+4
) 4[1 D)

2

2 1 (1- 2]'2 > _(4D-5)sin3x
2 (5+4D)
2 2 .
X e2X+l 1+2—D+3D X2_(4D-5)sm3x
4 16D -25

2 4
5 X° X 3 (12cos3x -5sin3x)
=2 42 4242

4 2 8 -144-25

2 2 :

ZX_GZX+X_+§+§+(l2cos3x—551n3x) Q)
2 2 8 169

x’ x> x 3 (12c083x - 5sin3x)
=y +y =(c, +c,x)e+="—e+—+=++
Y=Yy, T (G rex) 2 4 2 8 169

9. Solve the differential equation (D* +4)y = xsinx.
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Sol : Auxiliary equation is m® +4-0=m" = (2i)’
..m==2i. The roots are complex and conjugate.
Hence Complementary Function, y, = c,cos2x +c,sin2x

Particular integral, y, = D714 Xsinx
=LPof 21 xe™
D> +4
ix 1 ix 1
=LPofe” ————x=1Pof " ——7—x
(D+i)" +4 D*+2Di+3
ix 2 a7y -1
=LP ofe— 1+M X
3 3
ix 2 + :
—rporS |1 22D,y
3 3
zlpofeix l—gDijx[Dz(x)=0 etc]
3003 ’

=LP of%(cosx +1sinx) (x -1 %)

(2 .
= —| -—COSX * XSInx
303
Hence the general solution is
. 1 \ 2
y=y,ty,=ccos2x +c,sin2x + 3 XSInx - 3 COSX
where ¢, and ¢, are constants.

Xsinx

Other Method (using type 5): y, =

D’ +4

2D sinx
—_— X -
D’ +4] D’ +4

_xsinx  2(Dsinx)

3 3(D’+4)
:xsinx 2c0osx
3 9

Hence the general solution is

. 1 ) 2
y=Y,ty, =ccos2x +c,sin2x + g(xsmx 3 cosxj

10. Solve the Differential equation(D?*+5D+6)y=e*
Sol : Given equation is (D*+5D+6)y=¢*
Here Q(x) =¢ *
Auxiliary equation is f(m)=m?*+5m+6=0
m*+3m+2m+6=0

m(m+3)+2(m+3)=0
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m=-2 or m=-3
The roots are real and distinct

C.F=y=ce™ +c,e™

1
Particular Integral=y,= ——Q(x
gral=y, D) Q(x)

1
— 5 1 eX: eX
D*+5D+6  (D+2)(D+3)

PutD = 1 in f(D)

P.I= 1 e*
(3)(4)

Particular Integral =y, = % e’

General solutionis y=y, +y,

} €
y=ce? +c e +—
12

11. Solve y''-4y'+3y =4e>,y(0) =-1,y'(0) =3
Sol : Given equation is y"-4y'+3y = 4e™

2
e d_}2/_4ﬂ
dx dx

+3y=4e™ it can be expressed as
D’y-4Dy+3y = 4™
(D?-4D +3)y = 4
Here Q(x) = 4¢€*%; f(D)= D>-4D+3
Auxiliary equation is f(lm)=m?*-4m+3 = 0
m?- 3m - m+3=0
m(m-3) -1(m-3)=0=m=3 or 1
The roots are real and distinct.
C.F=y, =ce” +c,e*
PIy, = Q)
f(D)

B ——— ! 4e™
D -4D+3

:;463)(
(D-1)(D-3)

Put D=3
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4™ 4 e X

%= G)D3) 203 U

e =2xe™

General solution is y = yc+yp

y=ce” +c,e* +2xe™ ..(3)
Equation (3) differentiating with respect to ‘x’
y'=3ce™ +c,e* +2e™ +6xe™ (4

By data, y(0) = -1, y'(0)=3

From (3), -1=citc2 ...(5)
From (4), 3=3citcat2
3citer=1 ...(6)

Solving (5) and (6) we get c1=1 and c2=-2
y=-2e* + (142x) e*
12. Solve y''+4y'+4y =4cosx + 3sinx, y(0) = 0,y'(0) =0

Sol : Given differential equation in operator for
(D* +4D +4)y = 4cosx + 3sinx
A.E is m*+4m+4 = 0
(m+2)*>=0 then m=-2, -2
S CFis y, =(c, +c,x)e™

_ 4cosx +3sinx

- JCOXTISIX it D2 =1
¥~ (D +4D+4)

P.lis=
_ 4cosx +3sinx _ (4D -3)(4cosx +3sinx)
YT 4D +3) (4D-3)(4D +3)
_ (4D -3)(4cosx +3sinx)
16D° -9
_ (4D -3)(4cosx +3sinx)
b -16-9

-16sinx +12cosx -12cosx -9sinx  -25sinx .
= = = sinx
-25 -25

.. General equation is y=yc+yp
y =(c, +¢,x)e™ +sinx (D
By given data y(0) =0, c1 = 0 and
Differentiating (1) w.r.t ‘x’,y'= (¢, +¢,x)(-2)e™ +e™*(c,) +cosx .. (2)

given y'(0)=0
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Substitute in (2) = -2¢1 + c2+1=0 Se=-1
. Required solution is y = -xe™ +sinx

13. Solve (D*+9)y = cos3x

Sol : Given equation is (D*+9)y = cos3x
AEism?+9=0

Som==23i

y. = C.F=c,cos3x +c,sin3x

_cos3x _ cos3x

=PI= =
yp D2 +9 D2 +32
= X sin3x = Zsin3x
2(3) 6

General equation is y=yc+yp

y = ¢,c083x +¢,sin3x + %sin3x
14. Solve y'"'+2y"-y'-2y =1-4x’

Sol : Given equation can be written as
(D’ +2D°-D-2)y =1-4x’
A.Eis m’+2m’-m-2=0
(m*-1)(m+2)=0
m’=lorm=-2
m=1,-1,-2

C.F=c,e* +c,e™ +c,e™

PN D3+2D12 D-2 (1-4x - D3+2D-21 D
( -D-2) 2{1-( - )}(1-4;;3)
2
r 3 2 -l
_ 1_@} (1-4x*)
2| 2
B 3 2 3 2 2 3 2 3
:g .0 +22D -D), (D +241‘) -D)’ , (D +2:g) -D) +”}(1_4x3)

A1 1 1
= l+5(D3+2D2-D)+Z(D2-4D3)+§(-D3)}(1-4x3)
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=i[1-§D3+§D2-lD}(1-4X3)
21 8 4 2

-1 5 5 1
=20 (1-4x%) -2 (224) + 2 (-24x) - — (-12x>
2[( X)8( ) 4( X) 2( X)}
:'_1[_4X3 +6x>-30x +16 ]
2

=[2x*-3x* +15x - 8]
The general solution is
y=CF+P.I

y=ce" +ce™ +ee” +[2x7 -3x7 +15x - 8]

15. Solve (D’ -7D* +14D- 8)y =e*cos2x

Sol : Given equation is
(D’ -7D* +14D -8)y = e*cos2x
AEis (m’-7m’*+14m-8)=0
(m-1)(m-2)(m-4)=0
Then m=1,2,4
C.F=c,e* +c,e™ +c,e™

P = e*cos2x
"~ (D*-7D*+14D-8)

1

e* s ! c0s2x
(D+1)"-7(D+1)"+14(D+1)-8

e 5 5 co
(D*-4D’ +3D)

. 1

e 5 > co
(D*-4D’ +3D)

S2X

S2x

=¢" ! cos2x (Replacing D? with -2?)
(-4D+3D+16)

COS2Xx

=e*
(16-D)

N 16+D
€ C0S2X
(16-D)(16+D)
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© _(16c0s2x - 2sin2x)
260

X

_2e (8cos2x -sin2x )
260

X

=° (8cos2x -sin2x)
30

General solution is y = yc + yp

X

y=c,e* +c,e™ +c,e” + 16;—0(8005274 -sin2x )

16. Solve (D* -4D+4)y = x’sinx +e™ +3

Sol : Given (D*-4D+4)y =x’sinx +e** +3
AEis (m*-4m+4)=0
(m-2)>=0 then m=2,2
C.F=(c, +c,x)e™

_ X’sinx+e” +3
D @2
1
(D-2)°

(XZ)eix

1 L 1
2 e+ 2
(D-2) (D-2)

€)

(x’sinx) +

(x*)  (LPofe™)

Now (x’sinx) =

(D-2)°

=L.Pof >
(D-2)

1
(D+i-2)
1

2
—(x
(D+i-2) &)
On simplification, we get

=LP of (%) (x*)

LP of (e™)

D27 (x?sinx) = é [(220x +244)cosx + (40x +33)sinx |
1 -
2
nd ! 2ez"zx—ez",
(D-2) 2
e
(D-2) 4

2
L [(220x +244)cosx +(40x +33)sinx | + Xemy3
625 2 4
Y=Yetyp
2 3

y=(c, +c,x)e™ + é [(220X +244)cosx + (40x + 33)sinx] + X? e™ + 7
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Linear equations of second order with variable coefficients

2
An equation of the form ¥+P(x)g—y+Q(x)y = R (x), where P(x), Q(x), R(x) are real
X X

2

valued functions of ‘x’is called linear equation of second order with variable coefficients.

Variation of Parameters :
This method is applied when P,Q in above equation are either functions of ‘x’ or real
constants but R is a function of ‘x’.

Working Rule :
1. Find C.F. Let C.F=y_ =c,u(x)+c,u(x)
Rd Rd
2. Take P.I=y,=Au+Bv where A= - V' X -and B =] u' X‘
uv'-vu uv'-vu

3. Write the G.S. of the given equation y=y +y,

2

1. Apply the method of variation of parameters to solve g—}; +y = cosecx
X
Sol : Given equation in the operator form is (D +1)y = cosecx ..(1)
AEis (m*+1)=0
Som=Hi

The roots are complex conjugate numbers.
C.Fis y, =c,cosx +c,sinx
Let yp= A cosx+ B sinx be P.I. of (1)
dv du 2 ©
u—-v—=cos’x tsin“x =1
dx dx
A and B are given by

A - I vRdx - I SINXCOSecX

- dx=-jdx=-x

uRdx .
B= _[ T Icosx.cosecxdx = Icotxdx = log(sinx)

.Y, = -Xcosx +sinx.log(sinx)
. General solution is y= yc + yp.

y = C,C08X +C,sinx - xcosx +sinx.log(sinx)

2. Solve (D*-2D+2)y =e*tanx by method of variation of parameters.

Sol: AEis m*-2m+2=0

m= 2++/4-8 _2+12 _

2 2

I1+i
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We have y, =e*(c,cosx +c,sinx) = ¢,e*cosx +c,e"sinx
=c,(w)+c,(w

where u = e*cosx, v = e*sinx

du . dv .
— =¢"(-sinx) + e*cosx,— = e“cosx + e*sinx
dx dx
dv du
d_ - Vd— = e"cosx(e"cosx + e*sinx) - e*sinx(e*cosx - " sinx)
X X

=e™ (Coszx + COSXSINX - SINXCOSX + sinzx) e
Using Variation of parameters,

e*tanx
,[ =- (e*sinx)dx
dV v d7u .[
dX dx
2
= -I tanxsinxdx = I(Sm Xd j J‘ (I-cos x)
CcOSX COSX
= J. (secx - cosx)dx = log(secx + tanx) - sinx
= m dx
dX dx

_ j e*cosx.e"tanx

er

General solution is given by y = y. + Au + Bv

dx = Isinxdx = -COSX

1.e y =c,e"cosx +c,e"sinx +[log(secx + tanx) - sinx]e*cosx - e*cosxsinx

or y =c,e"cosx +c,e sinx +[log(secx + tanx) - 2sinxJe*cosx

3. Solve the differential equation (D? + 4) y = sec2x by the method of variation of
parameters.

Sol. Given equation is (D? + 4) y = sec2x (D)
~AEism*+4=0=>m=4 2i

The roots are complex conjugate numbers.

= ye = C.F = ¢1 cos2x + ¢z sin2x

Let yp=P.I = A cos2x + B sin2x

Here u = cos2x, v = s1n2x and R = sec2x.

L -2 sin2x and — =2 c0S2x
dx dx

uZ_ v— = (cos 2x) (2 cos2x) — (sin2x) (-2sin2x)

dx
=2 c0s?2x + 2 sin’2x = 2(cos?2x + sin?2x) = 2
A and B are given by :

sin2x sec2x 1 1 log|cos2x|
A= f dudx—-ffdxz—gftaandxz EgT
dx dx
log|cos2x
o A= gl I
cos2x sec2x 1 x
B=[—r dudx—f—dx=—fdx=—
_p 2 2 2 2
dx dx | |
log|cos2x x , .
Syp=P.1= Ll (cos2x) + 5 (sin2x)

=~ The general solution is given by :
y=Ye+yp= CF.+PlI

. . log|cos2x
1.e., y =C1 cos2x + ¢z sin2x + logicos2x]

(cos2x) + ;—C (sin2x)
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UNIT-1V
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PARTIAL DIFFERENTIAL EQUATIONS

Definition:

A Differential equation involves a dependent variable and its derivatives with respect to two
or more independent variables is called partial differential equation.

Ex: xz—; + 4y$ = 2z + 3xy

Linear & non linear p.d.e:

If the partial derivatives of the dependent variable occur in first degree only and
separately, Such a P.D.E is said to the linear P.D.E, otherwise it is said as non —linear P.D.E
Homogeneous & non homogeneous p.d.e:

A P.D.E is said to the Homogeneous if each term of the equation contains either the
dependent variable or one of its derivatives. Otherwise it is said to be Non - Homogeneous
Formation & partial differential equations:

Partial Differential equations can be formed by two methods

1.By the elimination of arbitrary constants

2.By the elimination of arbitrary functions

1.By elimination of arbitrary constants
Let the given function be f(x,y,z,a,b) =0 ..........(1) where a and b are arbitrary
constants.

To eliminate a and b, differentiating (1) partially w.r.t. x’ and ‘y’

g{.%%:():gq.gpzo ................... (Z)al’ld
ox 0z Ox ox Oz

F A E G F T g 3)

oy 0z oy oy o0z

Now eliminate the constants a and b from (1), (2) and (3). We get a partial differential

equation of the first order of the form. ¢(x, vz, p,q) =0

Note : 1. If the number of arbitrary constants is equal to the number of variables, a partial
differential equation of first order can be obtained.

2.If the number of arbitrary constants is greater than the number of variables, a partial
differential equation of order higher than one can be obtained.

Solved Problems
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1. Form the partial differential equation by eliminating the arbitrary constants
aand b from (i) z= ax + by + ab

Sol: wehave z = ax + by + ab....... (D

Differentiating (1) partially w.r.t. x’ and ‘y’, we get

Putting the values of a and b from equation (2) and (3) in (1), we get

z=px +qy + pq

This is the required partial differential equation

2. Form the partial differential equation by eliminating the arbitrary constants a and b
from (a) z=ax+by+a’ +b* (b) z= ax+by+%—b

Sol. (a) we have z=ax+by+a’ +b" ....... (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

Putting the values of a and b from equation (2) and (3) in (1), we get

z=px+qy+p’+q°

This is the required partial differential equations
(a) We have Z=ax+by+%—b ............... (1)

Differentiating (1) partially w.r.t. °x’ and ‘y’, we get

Putting the values of a and b from equation (2) and (3) in (1), we get

z=prrgy+L—g
q

This is the required partial differential equation.
3. Form the partial differential equation by eliminating the arbitrary constants from
(x—a)2 +(y—b)2 +z8 =77
(OR)
Find the differential equation of all spheres of fixed radius having their centre on the
xy-plane.

Sol. The equation of sphere of radius r having their centers on xy-plane is
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(x—a)2+(y—b)2+22:r2 .......... (1)
Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get.

2(x—a)+2z.2—z:0:(x—a)+zp:00rx—a:—zp—> 2)
X

And 2(y—b)+2z.§—z=Oor(y—b)+zq=00ry—b:—zq—> 3)
y

Putting the values of (x-a) and (y-b) from (2) and (3) in (1), we get

(—Zp)2 +(—ZQ)2 +22 = 1”2

is the required partial differential equation.

4. Form the partial differential equation by eliminating the arbitrary constants a and b
from z= (x+a)(y+b)

Sol:-The given equationz = (x +a)(y+b)———————— — — (D
Differentiating (1) w.r.t., x

=% (VA D) e
P== l.(y + b) (2)
Differentiating (1) w.r.t., x
a
q=£=1.(x+a) ————————— (3)
from (2) P = (y + b)

from(@3)q = (x + a)
Substituting in (1) we get

Z=prq

This is the required partial differential equations

5. Form the partial differential by eliminating the arbitrary constants from

log(az—1)=x+ay+b
Sol. We have log(az—1)=x+ay+b............. (1)

Differentiating (1) partially w.r.t. x’ and ‘y’, we get

! .a.@zlor ! ap=lorap=az—1................ (2)
(az—-1)  ox (az-1)
and ! a.%=a:>aq:(az—l)a ............. 3)
(az—l) oy
(3)+(2),gives1=a:>ap=q .............. (4)
p

Putting (4) in (2), we get
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q:%z—lorpq:qz—porp(q+1):q2

is the required partial differential equation.

1 1
6.Form the differential equation by eliminating a and b from 2z=(x+a)2 +(y—a)2 +b

Sol: We have 2Z:(x+a)%+(y—a)%+b .............. (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we have,

0z 1 1
ox P 2\/x+a \/x+a
or \/x+a=L
4p
or x+a= == (2)
And 2%— ! or2q= or{y—-a=—
2\y—a y—a 4
—g=— ()
y—q Tog®

Adding (2) and (3), we get

siy=af Ll
Y 16 p2 q2

0}’16(x+y)p2q2 =p2 +q2

is the required partial differential equation.

7.Form the partial differential equation by eliminating the arbitrary constants a and b
from z=ax’ + by’

Sol. We have z =ax’ +by’ — (1)

Differentiating (1) partially w.r.t. ‘x’ and ‘y’, we get

§:3ax20rp:3ax2:>a:%_) )
ox 3x

And Z =36y or g = 3y =b=-1_ (3)
oy 3y

Putting the values of ‘a’ and ‘b’ from (2) and (3) in (1), we get

z=£x+1y

3 3
Or
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3z=px+qy

8.Form the partial differential equation by eliminating the arbitrary constants a and b

from z = (x* +a) (y*>+b)

Sol:-The given equation z = (x?+a) (y*+b) —————— —— — — (1)
Differentiating (1) w.r.t., x
=%z _ 2 ) e
P= P 2x(y“ + b) (2)
p
2 ==
0" +b) =

Substituting in (1) we get z = % implies that

pq —4xyz =0

is the required partial differential equation.

9.Form the partial differential equation by eliminating the arbitrary constants from
(x—a)?+ (y—b)? =z*cot’a
Sol:Given
(x —a)? + (y — b)? = 22 cot? a........(1)
Differentiating (1) w.r.t., x
(x—a) =zpcot’a
Differentiating (1) w.r.t., y
(y—b) =zqcot?’a
Substituting (2),(3) in (1),we get
(zp cot? @)? + (zq cot? a)? = z? cot? a

~The required Partial differential equation is

p?+q? =tan’a

Formation of the partial differential equation by the elimination of arbitrary functions:
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Derive a p.diff.eqn by the elimination of the arbitrary functiong from ¢(u,v)=0 where u,
v are functions of X, y and z.

P(u,v)=0 ....(1)

Differentaite partially equation (1) w.r.to. x,y

(30, 0 2, 2400, 00 )
oulox oz ox ov

ox Oz Ox
e 6¢(0u+pa_”)+%(@+ avj 0.....2)

Ou \ Ox oz ov \ Ox Oz
and % %_*_q% —|—% @-‘-q@ :O ...... (3)
od\oy "~ 0z) ov\oy oz

Eliminating Z¢ and Z;ﬁ from (2) and (3)
u

ou Ou ov Ov ou Ou (6\/ ov ]
—+—pl||—+—¢q|=| —+¢q +—p
oy 0Oz oy Oz oy 82 ox 0Oz
T ), (s H), i
vor oz oy)F ox oy Oy ox

0z Ox Ox Oz 7=
is the P.D.E after the elimination of ¢ from ¢(u,v)=0. Written in a simpler form

ﬁ(u,v) 8(u,v) G(u,v)

P+ q=

8(y,z) a(z,x) a(x,y)
Above equation is generally written as pP+qQ=R where

_udv_udv , udv udv .., oudv udv

Oy oz 0zdy ~ @zox oxoz ox y Oy ox
Solved Problems
x2 y2 ZZ

1.Form the partial differential equation by eliminating a,b,c from ?+b_2+c_2 =1

2 2 2

: y
Sol. Given —+=+—=1 ..... (1
¢ o 1

Differentiating (1) partially w.r.t. ‘x” and ‘y’

2x 2z
—+—p Oor—+—p 0 (2)
a a

And z—y+2—q 0 or b—+—q 0> (3)

Since it is not possible to eliminate a, b,c from eqn (1), (2) and (3). We require one more

relation.
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Differentiating (2), partially w.r.t. ‘x’, we get

L+L(Za_p+ @j—oori+lza_zz+i
@t A\ ox p'6x & &t 2P

2
.'.Lz+L2.zr+p—2=0—> (4)
a C C

Multiplying (4) by ‘x’ and then subtracting (2) from it, we get

2
1
x—f.r+%—iz.p:0 or —z(xzr+xp2 —zp)zO
c ¢ c c

s pz=xp’ +xzr

is the required partial differential equation.
2. Form a partial differential equation by eliminating the arbitrary
functiong(x? + y%,z—xy) = 0
Sol:-Given @(x? + y%,z—xy) =0
This can be written as z — xy = f(x? + y?2)--m--m--m--—- (1)
Now we have to eliminate f from (1)

Differentiating (1) w.r.t., x
0z

> V= f(x% 4+ y?)(2x)

p—y = f O +y)(2x)—(2)
Differentiating (2) w.r.t., y
q—x = +yH)@y)---(3)
Dividing (2) by (3)

py-qx=y%—x?

is the required partial differential equation.

3. Form a partial differential equation by eliminating the arbitrary function
from Z=f(x2 —yz)
Sol. We have z = f(x2 —y2) - (1)
Put u =x*—y?, we have z= f(u) > (2)

Differentiating (2) partially w.r.t. ‘x” and ‘y’,

0z | ou |
azf (u)a:f (u).2x

p=f (u)2x—> 3)
Similarly we get

q=—f"(2y4)
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. . veg B = X
~(3)+(4), gives =5

~px+qy=0

is the required partial differential equation.

4. Form the partial differential equation by eliminating the arbitrary functions from
xyz=f(x2+y2 +zz)
Sol. We have xyz = f(x*+* +2°) > (1)

Differentiating (1) partially w.r.t. x and y

yz+xy.p=f" (x2 +y° +22)'(2x+2z'2_i)

(or) yz+xyp=f'(x* + 3" +27).(2x+22p) > (2)
And xz+xy.q=f" (x2+y2+zz).(2y+2z.q)—) (3)
- (2)+(3), gives

yz+xyp 2x+2zp

xz+xyq 2y+2zq
(yvz+xp)(v+2zq)=(xz+xvq)(x+2p)

Vz+2'yqg+xy° p+xyzpg = X2+ X 2p + X" yq + Xy2Pq

x(yz—zz)p+y(zz—xz)qz(x2—y2)z

is the required partial differential equation.
5. Form the partial differential equation by eliminating the arbitrary functions

From xyz = f(x+y+ z)

Sol: Given equations xyz = f(x + y + z)---—------ (1)
Differentiating (1) partially w.r.t. ‘x’
Yop+2) = f G+ Y+ 2)(L 4 p)-re(2)
Differentiating (1) partially w.r.t. ‘x’
x(yq+z)=f(x+y+2)(1+q)--mmmmv 3)

R + 1+
Dividing (2) by (3) % = ﬁ

Yxp+2)(1+q) = x(yq+2)(1+p)
(xy —zx)p+ (yz—xy)q = zx — yz

xy—2)p+y(z—x)q=z(x—-y)
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This is the required partial differential equation.

6. Form the partial differential equation by eliminating the arbitrary function

z
from xy+yz+zx:f( J
xX+y

Sol. We have xy+yz+zx=f(ij—> (1)
X+y

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

z (x+»).p-z] N
x+yj (x+y)2 @

y+y.p+z+x.p:f][

z }[(x+y)q2—Z]_)(3)

And x+z+yq+xq=f](
xX+y (x—l—y)

Dividing (2) by (3), we get

(x+y)p+y+z (x+y)p-z

(x+y)g+x+z (x+y)q—z

is the required partial differential equation.

7 Form the partial differential equation by eliminating the arbitrary function
from 2= f(x)+e’.g(x)

Sol. We haveZZf<x>+ey-g(x) = (1

Differentiating (1) partially w.r.t. ‘x” and y, we get

%:fl(x)+ey.gl(x) or p:fl(x)-key.gl(x)—) ©)
J aZ J
And ¢=¢€ .g(x) or 8_ =e .g(x) = (3)
Y
Differentiating (3), partially w.r.t. ‘y’, we get
8_22 0z

e ¢’ g(x)= o [ising G
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Loz e,
o oy

S t—q=0

Which is the required P.D.E.

8.Form a partial differential equation by eliminating the arbitrary function
z = f(x* +y%)
Sol. We have
z=f(x*+y%)....(D
Put u =x*—y?, wehave z= f(u) > (2)

Differentiating (2) partially w.r.t. ‘x” and ‘y’,
oz | ou |

— = u)—= u).2x

ox fi{u) ox S (w)

p=f (u)2x—> 3)

0z : ou .
nd —= u).—= u).2
And == (u)- 0= () 2y
.‘.q=f1(u)2y—> 4)
. s P _ 1(u).2x X
~(3)+(4). g ¢ W)

Sopy—gx=0

This is the required partial differential equation.
9.Form a partial differential equation by eliminating the arbitrary
function @(x? + y* + z%,ax + by + cz) = 0
Sol:Given function can be written as

X*+y*+z22=f(ax+ by +¢€z) oo ceece e e e (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’,we get
2x +2zp = (a+cp)fi(ax + by +cz) ....(2)
and

2y +2zq = (b+cq)f*(ax + by +cz) ....(3)

~

2)
3

implies
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x+zp _ (a+cp
y+zq - (b+cq)

Which is the required complete solution of given Partial differential equation.

SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS :

Complete integral:

A solution in which the number of arbitrary constants is equal to the number of independent
variables is called complete integral or complete solution of the given equation.

Particular integral :

A solution obtained by giving particular values to the arbitrary constants in the complete
integral is called a particular integral or particular solution.

Singular integral:

Let f(x,y,z, p,q)=0— (1) be the partial differential equation.
Let ¢(x,y,z,a,b)=0— (2)
Be the complete integral of (1). Where a and b are arbitrary constants.

Now find %:O—> 3) %:O—> (4)
Oa ob

Eliminate a and b between the equations(2), (3) & (4) When it exists is called the singular
integral of (1).

General integral : In the complete integral (2). Assume that one of the constant is a function
of the other i.e. b=f(a) Then (2), becomes ¢(x, v, z, a,f(a)) =0—> (5)

% + % S

Eliminate ‘a’ between (5) and (6), when it exists is called the general integral or general

Differentiating (5) partially w.r.t. ‘a’, we get (a) =0—> (6)

solution of (1).

LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER:

A differential equation involving partial derivatives p and q only and no higher order
derivatives is called a first order equation. If p and q occur in the first degree, it is called a
linear partial differential equation of first order; otherwise it is called a non-linear partial

differential equation of the first order.

For example: px+qy” =z is a linear p.d.e of first order and p° +¢° =1 is non-linear
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MATHEMATICS -1

Lagrange’s linear equation:
A linear partial differential equation of order one involving a dependent variable z and two

independent variables x and y of the form Pp+ Qg =R

Where P, Q, R are functions of x, y, z is called Lagrange’s linear equation.
Lagrange’s auxiliary equations or Lagrange’s subsidiary equations

. dx dy d . .
The equations ?x =2 _ EZ are called Lagrange’s auxiliary equations.

Q
WORKING RULE TO SOLVE LAGRANGE’S LINEAR EQUATION Pp + Qq =R
Step 1: Write down the auxiliary equations ax = @ = 4z
P O R
Step 2 : Solve the auxiliary equations by the method of grouping or the method of multipliers
or both to get two independent solutions u=a and v=b where a,b are arbitrary constants
Step 3: Then Q(u,v) =0 or u=f(v) is the general solution of the equation Pp + Qq = R
dx _ dy _ dz (1)
P(x,y,z) O(x,y,2) R(x,y,2)

(i) Method of grouping : In some problems, it is possible that two of the equations %= @ or
roQ

To solve

dy_dz or dx=4dz  gre directly solvable to get solutions u(x,y) = constant or v(y,z)=constant
0O R P R

or w(x,z)=constant. These give the complete solutions of (1)

Sometimes one of them, say %X _ 4’ may give rise to solution u(x,y)=ci

From this we may express y, as a function of x. Using this in % _ % and integrating we get

QO R
v(y,z) = c2.These two relations u = cl,v = c2 give the complete solution of (1)
2. Method of multipliers: This is base on the following elementary result.
Lha,+La, +...+1 a,

b b, b b Lo +Lb, +...+1Db,

n

Ifh_%_%_  _% then each ratio is equal to

Consider ﬂzﬂzﬁ
P O R

If possible identity multipliers 1, m, n, not necessarily constant, so that each ratio

_ ldx+mdy+ndz
IP+mQ+nR

Where LP + mQ + nR = 0 Then ldx + mdy + ndz = 0
Integrating this we get u(x,y,z) = cl.
Similarly we get another solution v(x,y,z) = c2 independent of the earlier one.

We have the complete solution of (1) constituted by u = ¢l and v = c2
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MATHEMATICS -1

Linear Partial P.D.E:
Solved Problems
1. Solveptanx +qtany = tanz

Sol.  The given equations can be written as tan xp + tan yg = tanz — (1)

Comparing with Pp + Qq = R, we have P=tanx,Q =tany,R=tanz

.. The auxiliary equations are = b = dz
tanx tany tanz
dx dy

Taking the first two members, we have =
tanx tany

Integrating logsinx =/logsiny+/ogc,

A )

sin
=logc, or

sin x
or log

sin y

Taking the last two members, we have by = L
tany tanz

Integrating, log siny = log sinz + logc2

sin y

Sin z

=logc, or Slny=c2 - (3)

or log

From (2) and (3). The general solution of (1) is
¢ (Cl Gy ) =0

ie'¢[s?nx951'ny}:0
siny sinz

is the required Complete Solution.

2. Find the general solution of 1’zp +x°zg = y’x
Sol.  Wehave y’zp+x’zqg=y’x— (1)

Comparing with Pp + Qq = R, we have
P=y’2,0=x"z, R=y’x

. The auxiliary equations are d_zx = dTy = d—ZZ
Yz xz yx

Taking the first two members, we have

d—f=d—3}:>d—f=d—forx2dx=y2dy
Yz xz y X
3 3 3

x 3 x oy
Y yA+c1 or?—?—cl—> 2)
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MATHEMATICS -1

Taking the first and last two members, we have

& _d

=——or xdx = zdz

yzz VX
x2 ZZ x2 ZZ

Integrating =—— ="—+¢, or =——"—=¢> > (3

grating —-=—-+¢, or —-—= (3)

From (2) and (3) The general solution of (1) is
¢(cl,cz) =0ie.

is the required Complete Solution.

3. Solve p\/;+ q\/; =z

Sol.  The given equation can be written as
Vxp+yg =z =)
Comparing with Pp+Qqg=R, we have

P=x,0=\ly.R=Vz

. The auxiliary equations are dx = 4 dz
X

o _ 4y _ a2
NN

d d
From the first two members, we have o4

N
Integrating, 2/x=2 y+c or 2\/)_c—2\/;=c1 or \/;—\/;=a—> (2)

From the last two members, we have ﬂ = ﬂ

N
Integrating, 2\/; =2z +c, or 2\/; —2z = c,
or \/; —Jz=b-> (3)

From (2) and (3). The general solution of (1) is
#(a,b)=0 ie.,

#(Vx=yly—z)=0

is the required Complete Solution.

4. Solve x(y—z)p+y(z—x)g=z(x—y)
Sol. We have x(y—z)p+y(z—x)g=z(x—y)—> (1)

Comparing with Pp + Qq = R, we have
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MATHEMATICS -1

P:x(y—z),Q:y(z—x),R:Z(x—y)

.. The auxiliary equations are dx = dy __ dz

x(y—z) y(z—x) B z(x—y)

Using I=1,m=1, n=1 as multipliers, we get

dx dy dz dx+dy+dz .
= = = Sx(y—z)+ylz—x)+z(x—y)=0
e T [l e =0]
sdx+dy+dz=0

Integrating, x+y+z=a— (2)

1 -
,n=— as multipliers, we get

o 1
Againusing [ =—,m=—
y V4

1
X

la’erla’erldz

Each fraction =2 u 5 z =k(say)

.'.ldx+ldy+ldz=0
X y z

Integrating, logx+logy+logz=logb. or xyz=b....... 3)
From (2) and (3). The general solution of (1) is

¢(a,b) =0 ie.,

¢(x+y+z,xyz)=0

is the required Complete Solution.

5. Solve x*(y—z)p+)*(z—x)g=2"(x—y)

Sol.  Given x*(y—z) p+)*(z=x)g=2"(x—y) > (1)
Comparing with Pp + Qq = R, we have

P=x'(y-z2),0=y"(z-x),R=2"(x~y)

~. The auxiliary equations are — dx =— b =— dz
*(y-z) y(z—x) Z(x-y)
. 1 1 -
Using [ =—,m=—,n=— as multipliers, we get
X y
1 1

Each fraction == i z =k(say)

.‘.%dx+idy+zizd220

y2
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MATHEMATICS -1

Integrating , —l—l—l:a or l+l+l:c1 —>(2)
X z z

Xy
L 1 1 L
Again using [ =—,m=—,n=— as multipliers, we get
X y z
1 dx + 1 dy + 1 dz
Each fraction =2~ Y z =k(say)

0

.'.ldx+ldy+ld2=0
X y z

Integrating logx+logy+logz=logc,
orxyz=c, > (3)
From (2) and (3), The general solution of (1) is .

I 1 1
¢[—+—+—,xyz]20
X y z

is the required Complete Solution.

6. Solve (mz—ny)p+(nx—lz)q:ly—mx

Sol.  Giveneqnis (mz—ny) p+(nx—Iz)g=ly—mx— (1)
Comparing with Pp + Qq = R, we have
P=mz—ny,Q=nx—1z,R=1ly—mx
.. The auxiliary equations are

dx dy dz

mz —ny Comx—lz ly —mx
Using I=x, m=y, n=z as multipliers, we get

xdx + ydy + zdz
0

Each fraction =

coxdx + ydy+zdz =0

2 2 2

Integrating, % + 24 % =aorx’+y’+z =c, —>(2)

Again using [, m, n as multipliers, we get

ldx +mdy + nz
0

Each fraction = =k(say)
- ldx+mdy+ndz=0

Integrating, [X+my+nz=c, = (3)
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MATHEMATICS -1

From (2) and (3), the general solution of (1) is

¢(x2 +y? +zz,lx+my+nz)=0

is the required Complete Solution.
7. Solve xp—yg =y’ —x’
Sol. Here P=x,0=y,R=)"—-x"

. The auxiliary eqn’s are dx = & = dz

X 4 y2 —X2

From the first two members, ax = @
X Yy

Integrating, logx-+logy=1logc, orxy=c, — (1)
Using I=x, m=y, n=1 as multipliers, we get

xdx+ ydy +dz
0

Each fraction =
Soxdx+ ydy+dz=0

1 1
Integrating, Exz + Eyz tz=corx’+y’ +2z=c, > (2)

From (1) and (2), The general solution is

¢5(xy,x2 +y? +2z) =0

is the required Complete Solution.
8. Find the integral surface of x(y2 + z)p —y(x2 + Z)q = (x2 -y’ )z
Which contains the straight line x+y=0, z=1
Sol. Given that x(y2+z)p—y(x2+z)q=(x2—y2)z ........ (1)
Comparing with Pp + Qq = R, we have
P=)c(y2 +z),Q =—y(x2 +z),R :(x2 —y2)z
.. The auxiliary equations are

dx dy dz
(P +2) () (P-r)z

. 1 1 1 Lo
Using [ =—,m =—,n=—as multipliers, we get
X y z
1 dx+ 1 dy+ 1 dz
Each fraction =X y z
0

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) B8 (%}




MATHEMATICS -1

.‘.ldx+ldy+le:O
X y z

Integrating, logx+logy+logz=loga
or xyz=a— (2)
Again using I=x, m=y, n=-1 as multipliers, we get

xdx + ydy —dz
0

.. Each fraction = =k(say)

soxdx+ydy—dz=0

2 2

Integrating, x?er?_Z =corx’+y’—2z=b—> (3)

Given that z=1, using this (2) and (3), we get
xy=aand x* +)>—2=bh
Now b+2a=x +y* =2+ 2xy = (x+»)’ —2=0-2 [.x+y=0]=-2

S2a+b+2=0

Hence the required surface is

x* 4y’ —2z4+2xpz+2=0

is the required Complete Solution.
9.Solve px +qy =z
Sol:Given
px + qy = z is a Lagrange’s linear equation

The Auxillary equations are

dx_dy_ds
X y z
By Consider first group, we get
[ENE
x y
logx =logy + logcl
q=§m4U

By Consider second group, we get

fdz_ dy
z )y

logy = logz + log c2
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c, = g.....(z)

£(3)=0

is the required solution.

10. Solve (x> —y?> —yz)p+ (x> —y?> —xz)q = z(x — y)

Sol: The auxiliary equations are

dx _ dy _  dz
(x2—y?—yz) (x*-y?—xz) z(x-Y)

Taking 1,-1-1 multipliers,we get

dx—dy-dz _ dx
(x2-y2—yz-x2+y2+xz-xz+yz) (x2-y2-yz)

dx—dy—-—dz=0

Integrating,we get
Taking x, —y, 0 as multipliers,we get

xdx — ydy _ dz
(x3 —xy?2 —xyz—yx2 +y3 + xyz) z(x—Yy)

xdx—ydy dz
(2 —yH(x-y) z(x-y)

1
Elog(x2 —y?) =logz

x2_y2 _

72

X2 — 2
~ Complete solution of given pde is ¢ (x -y—z Zzy ) =0

11. Solve x(y? — z*)p — y(x* + z%)q = z(x* + y?)

Sol: The auxiliary equations are

dx B dy _ dz
x(y2 —z2)  —y(x?+22)  z(x® +y?)
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Taking x, y, z, multipliers, we get

xdx+ydy+zdz _dx
(xzyz_xzzz —y2x2—72y2 4 x272 +yzzz) x(yz_zz)

xdx + ydy +zdz =0
X+ Y2+ 22 =C1 e (1)

. 111 L
Taking — 257 multipliers, we get
-ldx+1dy+ldz =0

x y z

Integrating, we get

From (1),(2),

Z
=~ Complete solution of given pde is ¢ (yy ,x2 +y? + zz) =0

12.Solve (y*)p — xyq = x(z — 2y)
Sol:Comparing with Pp+Qqg=R, we have

The auxiliary equations are
dx _dy dz
y2 o -yx x(z-2y)

From the first two members, we have Type equation here.

dx dy

Integrating,we get

From the last two members, we have
dy  dz
-y (z-2y)
—ydz = zdy — 2ydy
d(yz) —2ydy =0

From (2) and (3). The general solution of (1) is
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MATHEMATICS -1
ie, D(yz — y* x* + y*)=0
12.Solve (y+2)p+ (z+x)g=(x+y)

Sol:Comparing with Pp+Qg=R, we have

The auxiliary equations are

dx _ dy _ dz
(y+2) ~ (z+x)  (x+y)

dx+dy+dz _ dx-dy _ dy-dz
2x+y+z)  O—x)  (z-y)

Taking 1,1,1 and 1,-1,0 and 0,1,-1 as multipliers , we have

From the last two members, we have
dx—dy dy-—-dz
y-x) (z-y)

Integrating,we get

y—x)
lo =logC
g z—y) gl
(y—x) _
_(z—y) Cz.....(l)

From the first two members, we have
dx+dy+dz dx—dy
2x+y+z) (y—x)

Integrating,we get

1
Elog(x +y+2z) =log(y —x)+logc,

x+y+2)(y—x)?%=Cqueun...... Q)

From (2) and (1). The general solution of given pde is

e, O( 25, (X +y + D)y~ =0

13. Solve x’p —y?q=z(x—y)
Sol:Comparing with Pp + Qq = R, we have

The auxiliary equations are

dx _dy _ dz
X2 —y2 (z(x-y)

From the first two members, we have
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dx dy
2 —y2

Integrating,we get

R | =

+-= C1.....(1)

< Im

Taking 1,1,0 as multipliers,we get
dx+dy= dz
x2-y?  (z(x-y)
dx+dy _ dz
(x+y)(x-y) (z(x-Y)

dx+dy dz
(x+y) =z

Integrating,we get
x+y
z

=C .

From (2) and (1). The general solution is

ie., @(ﬂ i+ %)ZO

)
z

14. Solve (x* —yz)p + (y* — xz)q = (2% — xy)

Sol: The auxiliary equations are

dx  dy _  dz
(x2-yz) T (y2-xz)  (22-xy)

Taking 1,-1,0 and 0,-1,-1 as multipliers,we get

dx—-dy dy—dz
(x2-yz)—(y?—xz) ((—zz+yx)+(yz—xz))
dx—dy dy—dz

(x2—yz)—(y?—xz) ~ ((—zz+yx)+(y2—xz))

d(x-y) \_ dy—dz
(x-y)(x+y+z)  (y-2)(x+y+2))

solving it,we get

(x=y)_
_y—z =Cq.. ...(1)

Taking x,y,z and 1,1,1 as multipliers,we get

(xdx+ydy+zdz) _ (dx+dy+dz)
x3+y3+23-3xyz x2+y2+z2-xy-yz—zx

(xdx+ydy+zdz) _ (dx+dy+dz)
(x+y+z)(x%+y2+z22-xy-yz—2zx) x%+y%+z22-Xy-yZ—2X

(x+y+2z)(dx+dy+dz) = (xdx+ ydy + zdz)
(x+y+2)dx+y+2z)=(xdx + ydy + zdz)
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Integrating,we get
(x+y+2? x*2+y*+2°
2 B 2
cx+y+z)i=x+y*+ 2%+ ¢

+c

Xy +yz+zx = Cc3.....(2)

Y —
=~ Complete solution of given pde is ¢ <xy T Yz +zx, (y _ }z])> =0

NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER

A partial differential equation which involves first order partial derivatives p and q with
degree higher than one and the products of p and q is called a non-linear partial differential
equations.

CHARPIT’S METHOD

In this method give D.E of the form f (x, y, z, p, ¢) = 0 to find another relation of the form
@(x,y,z,p,q) = 0 which is compatible with the f(x,y,z, p,q) = 0 the we solve for p, q and substitut

A9

these values in the relation dz = p dx + q dy.
Which on integration gives the required solution of f(x,y,z,p,q) =0
Charpit’s equation :

dx dy dz dp dq

~fo  ~fa —Ph—dfs Uk+pfl [ +af]
Solved Problems
1.Solve px + qy = pq
Sol: Given f = px+ qy — pq
The auxillary equations are
dx dy dz dp dq

~f, ~fa —Ph—dfy Uk+pfl [ +afd]
Here fp =x; fa =¥ fx =0 =05 =0
Substituting them in above ,we get
dx dy  dz  dp dq
-x -y px+qy p q

By considering first and last groups,

dx dy
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Integrating,we get log x = logy + logc

y=cx....(1)
dp dq
P aq
Integrating,we get logp = logq + loga
“p=aq....(2)
Substitute (1),(2) in given pde ,we get
ax +y
p=ax+y;q= 2

But we have

dz = pdx + qdy

ax +y
dz = (ax +y)dx +

dy

Integrating it we get required solution as

1 2
Z=E(ax+y) +c

2.Solve z? = pqxy
Sol: Given f = z? — pqxy
dx dy dz dp dq

~fo ~f; —ph—afy Uzt+pfl [y +afd
Here f, = —qxy; fq = —pxy; fx = —qxy; f, = —pxy; f, =2z

Substituting them in above ,we get
dx dy dz dp B dq
qxy pxy 2pqxy —pqy +2pz —pqx+2qz

Considering

dx d d d
__ 4 q Gy ___da
axy -pqy+2pz pxy —-pqx+2qz

Taking

p,x as multipliers for first and q,y for second group, then equating them we get

xdp+pdx B ydq+qdy
—Xpqy+2xpz+pqxy —-ypqx+2qz+pgxy
Solving ,
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d(px) _ d(qy)
px qy

Integrating,we get
logpx = logqy +logc
px = qyc

Substituting in given pde,we get

Z Z
“4=37 ,P—;\/E
But we have

dz = pdx + qdy

=—\/_dx+y—\/_

f\/—dx+fy\/_

Integrating,we get,

= Required solution is

1
zZ= x‘/Ey\/Ea

Now let us start solving some standard forms of first order partial differential equations by

using Charpit’s method

STANDARD FORM I:
Equation of the form f(p.q)=0

i.e., equations containing p and q only.
Given partial differential equation is f(p,q) =0 ... ... (1)

The auxillary equations are
dx dy dz dp dq

_fp a _fq a _pfp - Qﬁz a [fx + pfz] - [fy + CIfz]
Here f, =0; f, =0; f, =0
Substituting above and considering last group, we get

dx dy dz _dp dq

~fo ~ha “ph—afy 0 0
~ dp = 0,integrating we getp = a
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Putp = ain (1), then we get q value in terms of a,say @(a).

But we have
0z 0z
dz = Py dx + 3y dy
dz = pdx+qdy
dz = adx + @(a)dy...... 2)

Integrating (2),we get required complete solution of (1) is

z:ax+¢(a)y+c

Which contains two arbitrary constants a and c.

PROCEDURE:

Given partial differential equation is f(p,q) =0 ... ... (1)
STEP1:Put p = ain (1), then we get q value in terms of a ..then we can obtain ‘p’

value.

STEP2:Sub p,q values indz = 3—; dx + Z—; dy

i.edz = pdx+qdy
STEP3:Integrating it ,we get required complete solution of (1) .
Solved Problems
1.Solve pq = k, where Kk is a constant.
Sol. Given that pg = k .... (1)
Since (1) is of the form f(p,q) =0

Put p=ain (1),we get q = S

But we have

dz = pdx+qdy
dz=adx + S dy

Integrating,we get ,

k
z=ax+—y+c
a

which contains two arbitrary constants a and c.
2.Solve p? + q* = npq
Sol : Given that p? + q®> = npq ... ... ... .... (1)
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Since (1) is of the form f(p,q) = 0

Put p=a in (1),then we get q = %[n + m]
But we have

dz = pdx+qdy

dz =adx +§[nim]dy

Integrating,we get, dz = a [ dx + % [n+vVn2—4][dy

z:ax+g[ni\/n2—4jy+c

This is the complete integral of (1), which contains. two arbitrary constants a and c.

3.Find the complete integral of p? + q? = m?
Sol. Given that p? + g2 =m? .........(1)
Since (1) is of the form f(p,q) = 0
Putp = a in (1), we get ¢ = Vm? — a?

But we have

Put the values of p,q in (2), we get

z:ax+(\/m2—a2)y+c

Which is the complete integral of (1)

STANDARD FORM I :

Equation of the form f(p,q, z) = 0(i.e., not containing x and y)

PROCEDURE
Given partial differential equation is f(p,q,z) =0 ... ... (1)
STEP1:Put p = aq in (1), then we get q value in terms of a, z .then
STEP2:Sub p,q values indz = % dx + z—; dy
i.edz = pdx+qdy
STEP3:Integrating it ,we get required complete solution of (1) .
Solved Problems :
Solve the following partial differential equations

1. z=p*+q? 2.p%z*+q*=p*q 3.zpq=p+q
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Sol. 1.Wehavez=p2+q2.....(1)
Since (1) is of the form f(z,p,q) =0

VA
1+a?

. _ zZ
P Tr e

Putting the values of pand qindz = pdx + qdy , we get

Putp = aqin (1),then we get q =

1 1
ﬁdz cTne (adx + dy) ,

Integrating ,we get

1 1
| G = ar s
"2z =——(ax +7y)
1+a?
This is the required solution of (1)
2. Given that p°z’ +¢°> = p’q— (1)
Since (1) is of the form f(z,p,q) =0
. (a?z?+1)
Putp = aq in (1), then we get q = 2 W
(@22 +1)

a

Putting the values of pand qindz = pdx + q dy ,we get

dz
(a%z2+1)

= (adx + dy)
Integrating,we get

[ o == [(adx + dy)

(a?2z2+1)
catanl(az) =ax+y+c
which is the required complete solution of (1)
3. Given that zpqg =p + q.....(1)
Since (1) is of the form f(z,p,q) =0

Putp = aq in (1), then we get q = aa_+zl

a+1
z

o p =
Putting the values of pand qindz = pdx + qdy , we get

zdz =%1 (adx + dy) ,
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Integrating ,we get

a+1
fzdz =Tf(adx+ dy)

az?

2(a+1)

=ax+y+c

This is the required solution of (1)

STANDARD FORM III :

Equation of the form fl(x, p)= fz(y,q) i.e. Equations not involving z and the terms

containing x and p can be separated from those containing y and q.

We assume that these two functions should be equal to a constant say k.
~Si(np)=1(r.9)=k

Solve for p and q from the resulting equations

A (x,p) =kand f, (y,q) =k

Solve for p and q, we obtain

p=F(x,k)andq=F,(y.k)

Since z is a function of x and y

dz = oz dx+ oz dy [By total differentiation]
ox oy
dz = pdx+qdy
sdz=F (x,k)dx+F, (y,k)dy
Integrating on both sides

z=|F (x,k)dx+‘|.F2 (v.k)dy+c
Which is the complete solution of given equation
Solved Problems:
1. Solve p*+g*=x+y
Sol ;. Given that p* +g”> =x+y ........... (1)
Separating p and x from q and y, the given equation can be written as
P -x=—q"+y
Let p* —x=—g" +y =k (constant)
wpi—x=kand —q*+y=k

=p’=k+xand ¢ =y—k
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.'.p=\/m and q=\/ka
Since dz:%dx+2—;dy:pdx+qdy
.‘.dz=\/k+xdx+\/y—kdy

Integrating on both sides

Z=J.(k+x)%dx+f(y—k)%dy+c

3 3

.'.Zz%(k+x)2+§(y—k)2+c

Which is the complet solution of (1)

2. Solve xp—yqg=y"—x"
Sol: Given that xp—yg =y’ —x" —(1)
Separating p and x from g and y. The given equation can be written as
xp+x’=yq+y’
Let xp+x” = yg+y* =k (arbitrary constant)
Lxp+xi=kand yg+y' =k
k—x°

X

2

k—y
y

=p=

and q =

We have dz :%dx+@dy = pdx +qdy
ox oy

dz=(£—xjdx+(£—yjdy
X y

Integrating on both sides

zzf(é—xjdxﬁ(%—deerc

2 2

X Y
=klogx——+klogy—=—+c
g 5 gy 5

Sz :klog(xy)—%(x2 +y2)+c

Which is the complete integral of (1)
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2 2
3. Solve [£+x) +(1+yj =1
2 2
Sol: Separating p and x from q and y, the given equation can be written as.
p ’ q ’
—+ =1-| =+
(2 xj (2 g J
2 2
Let (% - x) =1- (% + yJ =k’ (arbitrary constant)
2 2
(£+xj =k* and 1—(1+yj =k’
2 2
2
:>§+x:k and (%+yj =1-k’or %+y:\/1—k2
=>p =2(k—x) and q = 2[\/1-1{2 —y}
We have dz :%dx+%dy = pdx + qdy
ox oy

v dz = 2(k - x)dx + 2[\/1 i - y} af
Integrating on both sides

z:2j(k—x)dx+2j[\/1—k2 —y}dy+c
z=2(loc—%2)+2[(\/1—k2)y—y?z}c

.'.z=2lc>c—)c2+2(\/1—k2)y—y2 +c

This is the complete solution of (1)
4.Solvep — x* = q + y*?
Sol:Let p — x2 = q + y? = k?(say)
Then p —x2 = k? and q + y? = k?
~p=k?+x%and q = k? + y?

But we have
oz 0

dz:—dx+—2dy:pdx+qdy
ox oy
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Integrating,we get

3 3
z ="+ kPx + k*y + %+

is the required complete solution.

5. Solve g> —p=y—x
Sol: Letp — x = q%-y = k(say)

Thenp=k+xandq=.k+y

But
Oz

ox

dz = dx+@dy=pdx+qdy
oy

Integrating,we get

x? 2 3
z=7+kx+§(k+y)2 +C

is the required complete solution.
6.Solve q = px + p?
Sol:Let g = px + p? = k(say)
Then we get
p’P+px—k=0andq=k
Solving,we get

p:—xi ;x2+4k andq=k

But

dz = & dx+%dy:pdx+qdy

ox Integrating,we get

z 1 -
zZ= —%+E[§w/(x2 + 4k + 2k sinh 1(Zi\m)+ky+C

is the required complete solution.

STANDARD FORM 1V:Z = px+ qy + f (p,q)

An equation analogous to the clairaut’s equation it is complete solutionis Z = ax + by + f (a,b)
which is obtained by writing a for p and b for q The differential equation which satisfies some
specified conditions known as the boundary conditions.The differential equation together with these

boundary conditions, constitute a boundary value problem
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Solved Problems:
1. Solve z = px + qy + pq
Sol : The given PDE is form IV
Therefore complete solution is given by
z=ax+ by +ab
2. Find the solution of (p+¢)(z—px—qy)=1

Sol. The given equation can be written as

1
z-px—qy=—or0
ptq

.'.Z:px+qy+L—>(l)
r+q

Hence the complete solution of (1) is given by

z=ax+by+
a+b

3. Solve pqz=p2(qx+p2)+q2(py+q2)

Sol. The given equation can be written as

2 2
pqzzpzq(x+p—j+q2p(y+q—J
q p
2 2
.-.Z:p(ﬁp_}q(yﬂ_j
q p

3 3
.'.z=px+qy+(p—+q—j—> (1
q9 P

Since it is in the form z=px+qy+f(p,q)

Hence the complete solution of (1) is given by

3 3

z=ax+by+—+—
b a

4.Solve z = px + qy + pq + q*

Sol. Wehave z = px + qy + pq + g% e s cee e . (1)

Since (1) is of the form z = px + qy + f(p, q).

Hence the complete solution of (1) is given by
z=ax+by+ab+b?.....(2)

For singular solution, differentiating (2) partially w.r.t. a and b, we get
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02_062_0
da 'ob
Implies that
0O=x+b...3) and O0=y+a+2b.......(4)

Eliminating a, b between (2), (3) and (4), we get
z=x2x—y) —xy — (2x — y)x + x?

nz = x?

is the singular solution
EQUATIONS REDUCIBLE TO STANDARD FORMS:

EQUATIONS OF THE FORMF (x™p,y"q) = 0 where m and n are constants

The above form of the equation of the type can be transformed to an equation of the form f(p,q)=0
By substitutions given below.

Case (1):-whenm # landn # 1

PutX =x"™andy = y1™" thenp=Z—Z=Z—)Z(g—§=P(1—m)x_mwhereP=Z—)Z(
my = p(1 ) p 0z 0zZoY (1 —n)y-"wh 0Z (1-
x"p = m) an q_ay_ayay_Q n)y wereQ—aY y*q=Q n

Now the given equation reduces to f[(1 — m)P, (1 —n)Q] = 0 which is of the form f(P,Q) =0
Case(ii):-whenm =1,n=1

Put X = logx and Y = logy then

Oz _ 029X _ 071 implies px = P= whereP—a—Z
“ox  oxox oxx WP px = ax

0Z
similarly qy = Q whereQ = 37

now the given equation reduces to the form f(P,Q) = 0

EQUATIONS OF THE FORMF (x™p, y"q,z) = 0 where m and n are constants:
This can be reduced to an equation of the form f (P, Q,z) = 0 by the substitutions given for the equatign
F(x™p,y™q,z) = 0 as above.

Solved Problems:
2 2

1. Solve the partial differential equation — + A

JZC
Sol.  Given equation can be written as

)czgf1 +yzq’1 =z or(x’zp)_1 +(y’2q)_1 =z—> (1)
This is of the form f(x"p,y"q,z)=0withm = —2,and n = —2.

3

Put X=x"=x"P=x and Y=y =" =y

Then p=%=£ 8£—P3x where P—2
ox 0X ox oX
S x°p=3P
0z
and q—%:%g—Qh; where 0 =—
oy oY oy oY
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-2
Y q=30

Now equation (1), becomes.
(3P) ' +(30) ' =z (2)
Since (2) is of the form f(P,0,z)=0

(a+1)
3az

Put P = aQ in (1), then we get Q =
_(a+1)
3z

Putting the values of Pand Qindz = P dX + Q dY ,we get
22 dz = (adX + dY)
Integratmg,we get

[Z2dz=(a[dX + [ dY)

302 _ ax+v)+
2@+ ¢ ¢
2 a+1), ;5 3
3z =2 — (x +ay )—i—c1
a
jtaking ¢; = Z(a—ﬂ)
Which is the required solution of (1)
2. Solve the partial differential equation % + % =z
Xy

Sol.  The given equation can be written as
px gy =z— (1)
Since (1) is of the form f(x" p,y"q,z)=0Withm = —2,and n = —2

Put X=x"=x,and Y=)" =)’

Now pz%zﬁaﬁ—P&c where P—2
ox 00X Ox oX
S x°p=3P
and q—%=g a—Y—Q3y where Q—a—
oy oY oy oY
y7q=30

Equation (1) becomes, 3P+30 =z —>(2)
Since (2) is of the form f(P,Q,z)=
Put P = aQ in (1), then we get Q =

3(a+ 1)

P =

az
3(a+1)

Putting the values of Pand Qindz = P dX + Q dY ,we get
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dz _
z 3 (a+ 1)
Inte gratm g,we get

L_ (a[dX + [ dY)

z 3(a+1)

(adX + dY)

logz = (aX+Y)+C

1
3(a+1)

1
=logz= 3(1+a)(x3+ay3)+c

This is the complete solution of (1)

3. Solve ¢°y* =z(z— px)

Sol.  Given equation can be written as

g’y =z’ —szor(xp)z + (qy)2 =22 >()

Since (1) is of the form f(x"’p,y”q,z) =0 withm=1landn=1
Put X =logx and Y =logy

Now p = 82 Q%—P.lwhere P:Q
o oX ox X oX

Sxp=P

andf]—%=za—Y—Q wheeQ_—
oy 0Y oy y oY

Lqy=0

. Equation (1), becomes, Pz+Q> =z" —>(2)
Since (2) is of the form f(P, Q,z) =0

Put P = aQ in (1), then we get Q = g[—a + Va2 + 4]
aZ

WP =— 5 [—at+/a? +4]

Putting the values of Pand Qindz = P dX + Q dY ,we get
dz 1

% =>[-a+Va? + 4|(adX + d)

z
Integrating,we get

%— l[ atVaZ+4|(afdX + [dy)
logz = E[—aix/T](aX+Y)+c
#logz = ;[-a+VaZ + 4](ax® +y%) + ¢

is the complete integeral of (1)
4. Solve the partial differential equation p°x*+)’zg =2z

Sol.  Given that p°x*+y’zg=22"

Then given equation can be written as
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(px2 )2 +(qy2)z =2z" - (1)

Since (1) is of the form f(x’"p,y"q,z) =0 with m=2 and n=2

Put X =x"=x""=x zl and Y=y ' =~

X
Now P—azzgal—f) —1 where P:%
ox O0X Ox x? oX
x’p=—P
and q=%:ﬁ.a—y 0. _21 , Where Qza—
oy 0Y Oy y
Viq=-0

Now equation (1) becomes, P’ —Qz =2z or P> ~Qz=2z" —(2)
Since (2) is of the form f(P,Q,z) = 0
Put P = aQ in (1),then we get Q = [1 +V8a? + 1]

Z
~P=—[14++8a%2+1
Za[ +/8a% + 1]
Putting the values of Pand Qindz = P dX + Q dY ,we get
———[1+\/ 8a2 + 1](adX + dY)

Z
Integrating,we get

7——1+\/8a2 1](a [dX + [ dY)

logz=—[1+\/ 8a2+ 1] (aX+Y)+c
~logz=— [1+\/8a2+ 1](ax3 +y3) + ¢

Which is the complete integral of (1).
5. Solve x*p” +xpg=z"
Sol. The given equation can be written as
2
(xp) +(xp)q =z" > (1)
Since (1) is of the form f(x’”p.y”q,z) =0 with m=1 and n=0

Put X =logx
Now P=%=a—z aﬁ—Pl, where
ox 0X Ox X
_ 0Oz
Tox
Sxp=P

Equation (1) becomes, P>+ Pg=z"— (2)
Since (2) is of the form f(P,q,z) = 0
Put P = aq in (2),we get
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z VA
1= @y T @
But we have
dz = PdX +qdy
Substuting P,q ,we get

d 1
72 = — (adX + dy)

Integrating on both sides

fdz/ a(a+ (ade+dy)

Ja(a+1logz=(aX +y)+C

be the complete integral of (1)

6.Solve z = p2x+q2y
Sol.  Giventhat z= p’x+¢°y

The given equation can be written as
2 2
2 2 L 1
(p\/;) +(q\/)_/> = zor{psz +(qy2J =z—>(1)

1
This is of the form f(x'”p,y”q, z) =0withm=n= 5

1 1 1

1
Put X =x"" —x l=x?andY = y 22

-1
Now p:@:2 aﬁ—P l)c2 whereP:2
ox o0X ox 2 oxX
oz o0z Y 1 2 oz
and g=—=——=0|—y?2 |,wh =—
T T m Q(zy JwereQ oY

! 1

P
o px? =Eana’qy2 =

IS

2 2
Then equation (1) becomes, (gj +(%) =zieP’+Q’ =4z > (2)

This if of the form f(P, Q,z)

Put P = aQ in (2),we get
a?Q? + Q% = 4z

Q=

But we have
dz = PdX+Qady
Substuting P,Q ,we get

=a
a?+1’ a?+1’
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dz = |=—(adX + dY)
+1
2 __ 2 adX+ dv)
_— a
Vz az+1
Integrating on both sides
2
dz/\z = afdx+de
Jasrts = ¢ )

J@+DVz=(aX+Y)+C
V(@ + DVz=(avx +y) + C

Which is the complete integral of (1)
7.S0lve x2p? + y2q? = z*
Sol: Given x?p? + y2q* =z*.......(1)
(xp)? + (yq)? = z°
Since (1) is of the form f(x’"p,y"q,z) =0 withm=1landn=1

Put X =logx and Y =logy
0z 0z 0X 1 0z

Now p=—=—.—=P.— where p=2
ox 0X Ox X oX

“xp=P

and q:@=za—Y—Q whereQ—a—
oy 0Y oy oY

qy =0

z az
Put P = aQ in (2),we get Q = ;P =
a?+1 a?+1

But we have
dz = PdX+Qady
Substuting P,Q ,we get

dz =
“z2__ 1 _ adx+ an
- = a
z Ya?+1

Integrating on both sides

fdz/zzx/%“(afdm de)

J@ +Dlogz=(aX+Y)+C
J(@?+ 1) logz=(alogx +logy) + C

is the Complete solution of (1)
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8. Solve x*p? + y*q?> =1

Sol: Given x?p? + y*q* =1......(1)
p)* + (vp)® =1

Since (1) is of the form f(x™p,y"q) = 0withm =1landn =1
Put X =logx and Y =logy

Now pz%zgag—P1 where P—a—
ox 0X Ox X oX
“xp=P
andq—%zga—Y—Q whereQ——
oy 0Y oy oY
Lqy=0

" Equation (1), becomes

PutP =ain (2),we get Q =+1—a?
But we have
dz = PdX+QdY
Substuting P,Q ,we get

- (adX +Vi-Zdy)

Integrating on both sides

jdz=(aJdX+\/1—7azde)

z=(aX +V1-a?Y)+C
z=(a logx + V1 - azlogy) +C

is the Complete solution of (1)

EQUATIONS OF THE FORMF (z"p,z"q) = 0 where nis a constant:

Use the following substitution to reduce the above form to an equation of the form f(P,Q)=0
oz ifn+-1

_{logz, ifn=-1

EQUATIONS OF THE FORMf (x,z"p) = g(y,z"q) where nis a constant:

An equation of the above form can be reduced to an equation of the form f(P,Q)=0

by the substitutions given for the equation F(z"p,z"q) = 0 as above

put

Solved Problems :

1. Solve zz(pz+qz):x2+y2

Sol. Given that z* (p2 + qz) =x"+y
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The given equation can be written as

2.2 2.2 2 2 2.2 2.2 2 2
Z°p +ziq =x"+yorz’pT—x" =y —z'q
Or (zp)2 —x’ =y2 —(zq)2 —>(1)

Since (1) is the of the form f(x, pz”) = g(y,qz” ) with n=1

cputZ = g 2
Then oz = 22.% = P=2zp where P= 2
ox ox ox
.. P
Lpz= 3
oz oz 0z 0

and —=2z.— = (0 =2zq where 0=— ..qz==
oy y

2 2

. Equation (1) becomes, 7 -x’=)’ e

ie,PP—4x" =4y —0° - (2)

This is of the form f,(x,P)=1,(»,0)
Let P°—4x" =4y" —Q* = 4k* (say)
PP —4x’ =4k and 4y — O =4k’
= P? =4x* +4k> and O° =4y* —4k*

P =2\x+ K ana’Q=2\/y2 —k*

We have dZ = a—Z.dx +a—Zdy
ox oy

= Pdx+ Qdy [By total differentiation]

dZ =2\X + kP dx+ 24y — Kk dy

Integrating on both sides

7 =20\ + Kdx+ 2 VA —Kdy
2 2
o 2 it 2| 2| 27— = cosh [ 2 ][+ ¢
2 2 k 2 2 k
= xa[x? + &% + & sinh” [%j+x«/y2 —J® + k% cosh™ (%)w
orz* = xJx* + i +y\/y2 —k* +k° {sinh1 (%j—cosh1 (%H+c

' 2 2
orz’ =X\/x2+k2 er\/yz—k2 +k*log XHNx tk +c
Yy =k

This is the complete solution of (1)
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2. Solve the partial differential equation. p’z”sin’ x+¢°z* cos’ y =1
Sol. Given that pz*sin® x+¢°z° cos’ y =1

The given equation can be written as
(pz)2 sin’ x+(qz)2 cos’ y = lor(pz)2 sin®x =1 —(qz)2 cos’ y = (1)
Since (1) is of the form f (¥, p2" )= g(7.42") with n=1.

Put Z=z"=2°
oz Oz

P az 0z
Now —=2z.—= P=2zporpz=— where P = —;Q = —
ox ox porpE=s x ¢ 4
and 8_2222.@:Q:22q0rq222
oy oy z

P 2 Q 2
Then equation (1) becomes, (Ej sin®x=1- (Ej cos’ y

2 Q2
je.— sin“x=1-= cos’y > (2
2 A y—>(2)

This is of the form f; (x, p) = f; (»,q)

2 2
Let 7 sinx=1- " cos’ y=k* (constant)

2 2
o= sin®x=k*and1-= cos’ y=k’
4 4

= P’sin’ x = 4k> and O’ cos’ y =4(1—k2)

2k 2\1-k*
—and Q=———
sin x cos y

We have dZ = Z—Z dx + % dy [By total differential]
X

=P=

~.dZ = Pdx + Qdy

2k 2\J1-k*

dz = dx +

sin x cosy

dy

Integrating on both sides

z=2k.[cscxdx+2\/1—k2Jsecydy

=2k log(cosecx —cot x)+2y/1—k* log(sec y +tan y)+c

oz =2klog(cos ecx —cot x)+241—k* log(sec y+tan y ) +c

This is the required complete solution of (1)
3.Solve (x + p2)? + (y +qz)? =1
Sol:Given (x + pz)? + (y + qz)? = 1....... €))
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since (1) is of the form F(z"p,z"q,x,y) =0 n=1
PutZ = z"*1 =22
Differentiating partially w.r.t ‘x’,we get g—j = 2z implies that g—; = 2—12
_az9z P 0L P _ i _e
Butp = 57 on 20 implies o =5 = Zb; Similarly we get qz = .
Substitute in (1),we get
(x+9*+ (v +
Separating P and x from Q and y, the given equation can be written as.
p 2 0.2
(x+3) =1-@+3) =K’

2 2
(x+2) =K2AND1-(y+%) =K?

(r+9)-x

Implies that

Q = 2(/(T—K2)-y)
P =2(K—x)

dz _8_de+8_Zdy
y

We have ox
o dz = 2(k - x)dx+ 2[\/1 i - y}dy

Integrating on both sides

=2 (k- x)dx+2_[[\/1 K-

v v+
Z:2(kx—x?2)+2{( - k2 —y?}

c

.'.z=2loc—xz+2(\/1—kz)y—y2 +c

This is the complete solution of (1).
4. Solvez(p*-q*)=x-y
Sol: Given

zZ(pP-q¢*)=x—y.oveu..()
(2p)* — (229)* = x — y.....(2)

1
since (2) is of the form F(z"p,z"q,x,y) =0 n= 3
3
PutZ = z"*1=z2

. o . i 1
Differentiating partially w.r.t ‘x’,we get a—j = %ZZ
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z
implies that 37" ;

1 1
Butp = Z—;Z—iZPimplies gP = z2p; Similarly we get 2 Q = zzq Substitute in (2),we get
2 P 2 2 2 _
GPP-GO=x-y
Separating P and x from Q and y, the given equation can be written as.
2 2 2 2
GPP-x=-y+ GO =k
Solving, we get

=3 k+x =37
P—2 k+xandQ—2 k+y

We have dZ = oz dx + oz dy [By total differential]
ox oy

~.dZ = Pdx + Qdy
3
dZ = E[‘/k + xdx + /k + ydy]

Integrating on both sides

Z=;[j\/mdx+j\/k_+ydy

N|w

3 3
z2=(k+x)2+(k+y)2+c

This is the required complete solution of (1)

Methods Of Separation Of Variables:

This method is used to reduce one partial differential equation to two or more ordinary
differential equations,each one involving one of the independent variables.This will be done
by separating these variables from the beginning. This method is explained through following
examples.

1. Solve by the method of separation of variables 3—: =2 Z—lt] + U where U(x,0)=6e~3*

Solution:- Given equation is ?)_Z =2 Z—lt] + U---—---- €))
Let U(x,t)= X(x) T(t) =XT --------------- )

be a solution of (1)

Differentiating (2) partially w.r.t x antt
ou , ou ,
P X'T , T T'X
Put these values in equation (1), we have
X'T=2T'X +XT Dividingby XT
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Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘t” where x and t are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x” and
‘t’ if and only if both sides are equal to a constant.

Therefore X; =2 T? + 1=k-------- (4) where k is a constant

Nowfrom () £ = kere(5) and 25 + 1kerrnnnn(6)

Now consider (5) X7’ -k > X'-kX=0 DX:CIekX
T! (K- (%}
Now consider (6) 2—+ 1=k = I~ R =0 =5T=Ce ~" ---(8)

Substituting the values of X and T in (2) we get
w7
U(x,t)=X =Ce“Cye* ?

k—1
Ux,)=X = Ael"‘e( 2 j (where A=C, C,)

Put t=0 in the above equation ,we have U(x,0) = A ekx ----- 9)
but given that U(x,0)=6e ~3%--—---—- (10)
from (9) and (10) we have A " =6e~3¥

A=6 and k=-3 the solution of the given equation becomes

U(x, t) =X = 6ef3xe(*2)t = 6 3*+20

2
2. Solve the equation by the method of separation of VariablesZlej = Z_Z +2U

. . . 9*u au
Sol: Given equation is = oy )  —— (1)
Let Ux,y)= X(X) Y(y) =X Y e )

be a solution of (1)
Differentiating (2) partially w.r.t x anty

6_U_ a—U—Y’X aZ—U—X”Y
ox dy 0x?
Put these values in equation (1), we have
X"Y =Y'X+2XY

X'y ,

Dividing by XY on both sides we have XT = Y7+2
XII Y”
—~ T 2= 3)

Since L.H.S is a function of ‘x” and the R.H.S is a function of ‘y’ where x and y are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x” and

‘y’ if and only if both sides are equal to a constant.
XII YII

— 2= = k(4

Now from (4)
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XII 2 B 5

2= 5
And —=k-—-—---- (6)
From (5) X" —2X = kX X' —Q2+kKX=0

Which is second order differential equation

Auxiliary equationism? —(2+k) =0 - m=%,/(2+k)
Solution of the given equation (5) is X = Cle‘/m

Now consider equation (6) Y' = kY - Y7’ =k

Integrating on both sides we get logy = ky + logC;

:log[clj:ky :>Y:C3eky———(8)

3
Substituting the values of X and Y in (2) we have

U= |:Cle’/(2+k)x 4 Cze—a/(2+k)x :| C,e®

U = [Aeﬁx + Be NG@+hx :| e

Where A=CC, and B=CC,
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UNIT V
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LAPLACE TRANSFORMS
INTRODUCTION

Laplace Transformations were introduced by Pierre Simmon Marquis De Laplace
(1749-1827), a French Mathematician known as a Newton of French. Laplace
Transformations is a powerful technique, it replaces operations of calculus by operations of
algebra. An Ordinary (or) Partial Differential Equation together with Initial conditions is

reduced to a problem of solving an Algebraic Equation by this method.

USES
e Particular Solution is obtained without first determining the general solution.
e Non-Homogeneous Equations are solved without obtaining the complementary
integral.
e L.T is applicable not only to continuous functions but also to piecewise continuous

functions, complicated periodic functions, step functions and impulse functions.

APPLICATIONS:

e L.T is very useful in obtaining solution of linear differential equations, both ordinary
and partial, solution of system of simultaneous differential equations, solution of
integral equations, solution of linear difference equations and in the evaluation of
definite integrals.

DEFINITION:
Let f (t) be a function of‘t’ defined for all positive values of t. Then Laplace
transforms of f (t) is denoted by L {f (t)} is defined by

o0

L{f () =[e s (=1 (s)—>®

0

provided that the integral exists. Here the parameter‘s’ is a real (or) complex number.

The relation (1) can also be written as f'(¢)=L"' {J_‘(s)}

In such a case the function f(t) is called the inverse Laplace transform of J_‘(S) .The

symbol ‘L’ which transform f(t) into j_”(s) is called the Laplace transform operator. The

symbol ‘L' which transforms f(s) to f (t) can be called the inverse Laplace transform

operator.
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Conditions for Laplace Transforms

Exponential order: A function f (t) is said to be of exponential order ‘a’ If Iz e f (t) a

t—o0
finite quantity.

Ex: (i). The function t?is of exponential order

(i1). The function ¢ is not of exponential order (which is not finite quantity)
Piece — wise Continuous function: A function f (t) is said to be piece-wise continuous over
the closed interval [a,b] if it is defined on that interval and is such that the interval can be
divided into a finite number of sub intervals, in each of which f (t) is continuous and has both
right and left hand limits at every end point of the subinterval.
Sufficient conditions for the existence of the Laplace transform of a function:
The function f (t) must satisfy the following conditions for the existence of the L.T.
(1).The function f(t) must be piece-wise continuous (or sectionally continuous) in any limited

interval 0<a <r<b_

(i1).The function f (t) is of exponential order.

Laplace Transforms of standard functions:

1. Prove that L{l} = 1
s

Proof: By definition

© —st 0 —o0 0
L{l}zjé‘”.ldtz[e } =e_——f—S=0+%ifs>0

0 —SO S

L{l} = % ( e’ = 0)

2. Prove that L{t} = %z

Proof: By definition

L{t}= Te‘”.tdt {t[e_st j—h.e_: dzT

0 0
e—st e—st * 1
=|t. s - (_S)2 = Az

3. Prove that L {t”} =

where n is a +ve integer
Sn+l

Proof: By definition L {t”} = j: o it = {t", e T —Tn_t"—l.ﬁdt

—S 0 0 —S
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—0-0+2 j Tt
Ky 0

no (o
=;L{t ‘}

Similarly L {t”‘l } = n—_lL {t"‘z}
s

Note: L {t"} can also be expressed in terms of Gamma function.

n! F(n+1)

ie,L{t"} == =—— (T (n+1)=n)
S S

Def: If n>0 then Gamma function is defined by I'(n) = j: e x"dx

We have L {t"} = I: e t'dt

Putting x=st on R.H.S, we get

" X =st
n _ ® X -
L{t }t—JOe .Sn.sdx ldx:dt
s
1 _[OO g When t=0,x=0
= e ".x"dx
g"tJo When t=o0,x=00

L{t"} = Snlﬂ T(n+1)

If 'n'is a +veinteger thenT"(n+1)=n!

S Lt =n
{t } Anﬂ
Note: The following are some important properties of the Gamma function.
1. F(n+l) = nF(n)lfn >0
2. T(n+1)=n!ifnis a +ve integer

3. r(1)=1,r(%)=\/;
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Note: Value of F(n) in terms of factorial

[(2)=1xC(1)=1!

~ 7" and so on.

In general I'(n+1)=n! provided ‘n’ is a +ve integer.

Taking n=0, it defined 0! = F(l) =1

4. Prove that L {e‘”} =
s—a

Proof: By definition,

L {e‘"} = ro e e”dt = I: e U gy

0

1 .
= + = if s>a
s—a s—a s-—a

Similarly L{e ™} =

if s>-a
S+a

5. Prove that L {sinhat} =

Proof: L{sinhat} :L{em _26_“[} :%I:L{e“t}—L{e_‘"}]
_1|: 1 B 1 }_l[s+a—s+a}_ 2a _a
" 2ls—a s+a| 2 s’ —a’ _2(sz—a2)_sz—a2

6. Prove that L {coshat}

:2 2
s*—a

at —at
Proof: L{coshat}= L{e J;e }

=%[L{e‘”}+L{e‘”}J=%{ - }

1|:s+a+s—a:| 2s Ky

2

2 2 2 2
s°—a 2(sz—a2) s —a

7. Prove that L{sin at} =

2 2
S"+a

Proof: By definition, L{sinat}= I: e sin atdt
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0

e .
=5 2(—ssmat—acosat)
s*+a

0

ax

- e .
{.’Ie s1nbxdx:m(asmbx—bcosbx)}

a

-2 2
s™+a

8. Prove that L{cosat} =

2 2
Ss"+a

1

Proof: We know that L {e‘” } =
s—a

Replace ‘a’ by ‘ia’ we get

4 1 s+ia
L 1at — —
{e } s—ia (s—ia)(s+ia)

s+ia

2

ie.,L {cosat +isin at} = 5
s +a

Equating the real and imaginary parts on both sides, we have

a
Licosat! = and Lisinat} =
feosar} = and L fsinar} =
Solved Problems :
1. Find the Laplace transforms of (t*+1)

Sol:  Here fit) = (> +1)> =1+ 22 +1
L{E+ D)= L{t"+ 2%+ 1} = L{t*}+ 2L{t"} + L{1}
4! 20 1 4! 2! 1

= +2.—+—=—+2.—5+—
st s$os 8 s s

=2—? i3+l=i5(24+4s2+s4)
s s s s

—at _1
2. Find the Laplace transform of L{e }
a

Sol: L{e_a;_l}= éL{e‘”’ -1} :é[L{e“”}—L{l}}

B l{ | l} _ 1
als+a s s(s+a)
3. Find the Laplace transform of Sin2tcost

. 1 . 1. .
Sol: W K. T sin2¢tcost = 5 [2sin2¢cost] = 5[s1n 3t +sint]
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o L{sin2tcost} =L {%[sin 3t +sin t]} = %[L {sin3¢}+ L{sin t}]

_1[ 3 1 }_ (s> +3)
2

2| 2+9  s2+1] (s2+D)(s2+9)

4. Find the Laplace transform of Cosh22t

Sol: w.k.t cosh?2¢ = %[l +cosh 4t]

L{cosh2 2t}= %[L(l) + L{cosh 4t}]

1 { 1 s } 57 -8
= —| —+4 =
2ls s7-16] s(s*—16)
5. Find the Laplace transform of Cos33t

Sol:  Since cos9t=cos3(3t)

cos9t=4cos’3t-3cos3t (or) cos’3t= i [cos 97 +3cos 3¢]

L{cos’ 3t} = %L{cos Ot} + %L{cos 3t}

l S E s
4's*+81 4 5°+9
s{ 1 3 } s(s2+63)

s2+81+sz+9 - (s2 +9)(S2+81)

4

6. Find the Laplace transforms of (sint +cos t)2
Sol:  Since (sint+cos t)2 =sin’t+cos’ t+2sintcost =1+sin2s
L{(sint+ cost)*}= L{l+ sin2¢}
= L{1} + L{sin2¢}

_1, 2 s +2s+4
s s7+4 s(sz+4)

7. Find the Laplace transforms of cost cos2t cos3t

1
Sol: costcos2tcos3t = E.cost[Z.cos 2t.cos 3t]

1 1
= —cost[cos5t+ cost]= 5 [costcos5t+ cos’ ]

1 1
= Z[2 costcos 5t + 2 cos? t] = Z[(COS 6 +cos 4t ) +(1+cos 2t)]
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%[1 + cos 2t + cos4t + cos 61|

. L{costcos2tcos3t} = %L{l + c0s 2t + cos 4t +cos 6t}

[L{1} + L{cos 2t} + L{cos 4t} + L{cos 6¢} ]

_1]1 s Ky Ky
B i + +
4ls s°+4 s +16 s°+36
8. Find L.T. of Sin%t

l—cos2t}

Sol: L{sin’t} = L{ 5

1 11 s
—E[L{l}—L{COSZt}]—E[—— }

s s*+4

9.  Find L(t)

1 F@ +1j
Sol: L {«/;} = L[té} =——"—<=where n is not an integer

S2
2la)
_2\2 —£’§ 2:T(n+1)=nI(n)
52 252

10. Find L {sin(wt + a)}, where « a constant is
Sol: L{sin(wt + a)} = L{sinwtcosa + coswtsina}

= cosa L{sinwt} + sina L{coswt}

= cOSA —— + sina
a s2+w? s2+w?

Properties of Laplace transform:
Linearity Property:

Theorem1: The Laplace transform operator is a Linear operator.
ie. (i).L{cf(t)} = c.L{f(t)} (ii).L{f(z‘)+g(t)} :L{f (z)} +L{g (t)} Where ‘¢’ s
constant

Proof: (i) By definition
L {cf(t)} = J.e_“cf(t)dt =cj e f(t)dt=cL {f(t)}

(i) By definition
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L{f(e)+g(o)p=]e {f () +e(r)d

S ey 8

Ie‘”f(t)dHIe‘”g(t)dt =L{f(1)}+L{g(?)}

Similarly the inverse transforms of the sum of two or more functions of ‘s’ is the sum of the

inverse transforms of the separate functions.
Thus, L™ {7(5) + g(s)} =L {]_”(s)} +L" {g(s)} =f(t)+g(¢)
Corollary: L{clf(t)+c2g(t)} =cL {f(t)}+ch {g (t)}, where ci, ¢ are constants

Theorem?2: If a, b, c be any constants and f, g, h any functions of t, then
Liaf (1) + bg(1)- ch()}= a.L{f ()} + b.L{g(®)}- cL{h(®)}
Proof: By the definition

o0

Liaf () +bg(t) —ch(t)} = I e " {af (1) + bg(t) — ch(1)}dt

0

0

= a.Te‘”f(t)dt + bTe‘”g (¢)dt- cJ.e’”h (¢)dt

0

=aL{f ()} +bLig(t); —cLin(t)}

Change of Scale Property:

If L{f(0)} = f(s) then L{ f(at)}:é,]_‘(gj

Proof: By the definition we have

o0

Lif(at)} = ™ f (at)dt

0

du
Put at=u=dt=—
a

when t—>o then u—>o© and t=0 thenu=0

o0

S L{f(at)} = ! oo f(u)% = é.Ie_(?}” f(u)du= é?( % )

Solved Problems :

1. Find L{sinh 3t}

Sol: L{sinht} = =— = £(s)

s2-1

o L{sinh 3t} = ij_”(s / 3)(Change of scale property)

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLRD) BoA(]




MATHEMATICS -1

1 3

1
s

2. Find L{cos 7t}

S

5= = f(s) (say)

L{cos 7t} = %]_‘(5 /7) (Change of scale property)

Sol: L{cost} =

_1 Sz s
L{cos 7t} = - G/t e

First shifting property:

If L{f(t)} = f(s)then L{e” f(1)}= f(s- a)
Proof: By the definition

o0

Lie f(t)} = j e e f(t)dt

0

e () dt

Il
S =y 8

.[e_'”f(t)dt whereu=s—a
0

= f)=7(s—a)
Note: Using the above property, we have L{e “ f(¢)}= ?(s+ a)

Applications of this property, we obtain the following results

n! n!
n+l

1. L{e“ tn}ZW['.'L(tn)ZS :'

b b
2. L{e“ sinbt} = ——+——| ** L(sinbt) = ———
¢ ; (S—a)2+b2{ ( ) s2+b2}
s—a s
3. L{e“ coshtt=———+——| - L(cosbt) =
{ j (S—a)2+b2|: ( ) S2+b2:|
at 2 b .. . b
4. L{e smhbl} = m [ . L(Slnhbt) = s2 _b2 :|
w s—a . S
5. L{e cosh bt} = m |: . L(COShbt) = S2 —b2 :|
Solved Problems :
1. Find the Laplace Transforms of ¢
. 3!
Sol: Since L{t*}= 3
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Now applying first shifting theorem, we get

3 -3 3!
Lte =3y

2. Find the L.T. of ¢ cos2t

s
s2+4

Sol:  Since L{cos 2t} =

Now applying first shifting theorem, we get

s+1 _ s+1
(s+1)24+4 s2425+5

L{e"tcos2t} =

3. Find L.T of e?*!cos’t

2t( 1+cosZt)]

Sol: - L [e?cos?t]=L][e .

=%{L[62t] + L[e?tcos2t]}

1,11
== ()5 {Lcos2t]}ss 2

1 1 s—2
Cary e rvss

1 1 s—2
(s—_z) 2 (s2-4s+8)

Second translation (or) second Shifting theorem:

If L{F(6)} = F(s)and g(8) = {/§~PZethen L{g(t)} = e~F (s)
Proof: By the definition
g} = [ et g®)dt=[ e g(t)dt+ [ e~ g(t)dt
= fooo e St odt + faoo e St f(t —a)dt = faoo e St f(t —a)dt
Let t-a = u so that dt = du And alsou =0 whent=aand u — o whent — «
2 L{gOY = [ e fu)du =e™ [ e f(u)du = e~ [ e~ f(D)dt
= e"SL{f ()} = e"*f(s)
Another Form of second shifting theorem:

If L{f(t)} = f(s) and a > 0 then L{F(t — Q)H(t — a)} = e "% f(s)

1, t>0
0,t<0

Proof: By the definition
L{F(t —a)H(t —a)} = [" e L F(t — a)H(t — a)dt - (1)

where H (t) = { and H(t) is called Heaviside unit step function.

Put t-a=u so that dt= du and also when t=0, u=-a whent — o, u— ©

Then L{F(t — a)H(t — a)} = faoo e S F(WH()du. [by eq(1)]
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0 )
= I e’s(””’)F(u)H(u)du +J.e’s(”“’)F(u)H(u)du
h 0
_ fO e—Swra®) F(y). 0du + fooo e—Swrad) p(y). 1du
—-a

[Since By the definition of H (t)]
— (® ,—s(u+ — 5 ® -
= fo e SWrd) F(y)du = e~ % fa e S* F(u)du

g J e "' F (t)dt by property of Definite Integrals
0

= e SL{F(t)} = e~ *f(s)
Note: H(t —a)is also denotedbyu(t—a)

Solved Problems

cos(t—=7 ift>7%
1. Find the L.T. of g (t) when g ()= ( A) A

0 ift< %
Sol.  Let f(¢)=cost
» LIF (D)} = L{cost} = 5= = f(s)
(F= M) = eos(e =), i £y
g(t)—{o ,ift<”/3

Now applying second shifting theorem, then we get

=TS

Sros se 3
L{g(t)} =e€:s (SZ+1) = s241
2. Find the L.T. of (ii)(t — 2)3u(t — 2) (ii) e 3'u(t — 2)
Sol:  (i). Comparing the given function with f(t-a) u(t-a), we have a=2 and f(t)=t’

LD} = L3 =2 =2 = F(s)

s s*

Now applying second shifting theorem, then we get
-2s

L{(t —2)2u(t—2)} = o256 _ 6e

s# s

(ii). L{e Stu(t —2)} = L{e ™52, e~bu(t — 2)} = e CL{e 3" Du(t — 2)}
£(t) = e73 then f(s) = —

s+3

Now applying second shifting theorem then, we get

L{e3tu(t—2)} = e b.e 25— = e
- ) s+3 s+3
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Multiplication by‘t’:

Theorem: If L{f(t)} = f(s) then L{tf(t)} = ;—jf(s)

Proof: By the definition 7(S)= je"”f(t)dt
0

ST E e rwa

By Leibnitz’s rule for differentiating under the integral sign,

= — [, e~sH{tf (D}dt = — L{tf (1)}
Thus L{tf (£)} = 5 £ (5)
FLEFO) = (DM = F(S)
Note: Leibnitz’s Rule

If f(x,a)and ai f(x,a) be continuous functions of x and « then
a

%{f:f(x, a)dx} = f:;—af(x, a)dx

Where a, b are constants independent of «
Solved Problems:

1. Find L.T of tcosat

S

Sol:  Since L{tcos at} =

s2+qa?
d S
L{tcos at} = % _Sz+az]
_-s?+a%-s2s _ s?-q?

(s2+a2)2 ~ (s2+a?)?

2. Find t?sin at
. L4 _a

Sol:  Since L{sin at} = 5—

L{t2.sin at} = (—1)? d—(L)

ds2 \s2+a?
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d ~2as | 2a(332 —az)

s\ (Prad) | (s+at)

3. Find L.T of te™ sin3t

3

Sol:  Since L{sin 3t} =

52432

. . _—d 3 _ 6s . cye

. L{tsin 3t} = = [sZ+32] = Grroz Now using the shifting property, we get
6(s+1) 6(s+1)

—t —_—
L{te™*sin 3t} = ((s+1)249)2  (s2+25+10)2

4. Find L{te*'sin 3t}

3
s2+9

3 3
(s=2)"+9 s*—4s+13

Sol:  Since L{sin 3t} =

~.L {ez’ sin St} =

, d 3 0-3(25-4)
L{tQZtSlTl 3t} = (—1)E[m] = (—1) [ o

(s2—4s+13)2

3(2s—4) 4 6(s—2)

_(s2—4s+13)2 (s —4s+13)

2
5. Find the L.T. of (1+te*’)
Sol: Since (1+te H)?=1+2te t+t2e %t

~L (1 +te )2 =L {1} +2L {te_’} ng {tze‘zf}

1 d( 1 2d? (1
=—+2(-1)—| — |+(-1) —
s+ ( )ds(s+l)+( ) ds’ £s+2j

1 2 2
=—+

STty (s+2)

6. Find the L.T of t3¢3t (already we have solved by another method)
3
Sol:  L{t*e3} = (-1)3 5 L{e™3)
_ (1) _ sy
T ds3 (s+3) T (s+3)4

3!
T (s+3)%

7. Find L{cosh at sin at}

eat+e—at

Sol. L{coshatsinat} =1L { .sin at}
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1

= [L{e% sinat} + L{e % sin at}]

2
8. Find the L.T of the function 7 ()=(=1)» >1
=0 O<r<l

Sol: By the definition
LFO} = [, e f(O)dt =[] e~ f()dt + [ e~ f(£)dt

= J'Ol e 0dt+[ e (¢ =1) dt
0 —st1® © -st
= [ e st (t - 1)%dt = [(t — 1)29_—5]1 - 2@t - 1)e_—sdt

=0+§J.1we_”(t—1)dt

:_—32(0—6“):3@”
s

9. Find the L.T of f (t) defined as /() =3, t>2
=0, 0<t<2
Sol:  L{f()} = J, et f(t)dt
_ 2 —st @ —st
= [ e (t)di+[ e s (t)dt
= [Je~st.0dt + [," et 3dt

—0+[ e 3t =2 () == (0-e)

s s
3 -2s
==e
s
10.  Find L{t cos(at + b)}
Sol: L{cos(at + b)} = L{cos at cos b — sin at sin b}

= cos b. L{cos at} — sin b L{sin at}

a
s2+a?

S .
= cosb.—— — sin b.
s2+a?
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-d .
L{t.cos(at + b)} = - [cos b. sZiaZ — sin b. staZ]
sSS+a’l-s2s | <s2+a2).0—a.2s
= —C08h.| ——————— |+sinb >
(s2+a2) (s2+a2)
1 2 2)\? .
:W[(s —a ) cosb—2ass1nb}
s +a
11.  Find L.T of L [te'sint]
Sol: - We know that L[sint] = —

s2+1
1 = (-1)2s
s2+1 (s2+1)2

int] = (-1 L 0sint] = - &
L[tsint] = (-1) dSL[smt] ds(
_2s
 (s2+1)2
By First Shifting Theorem

L[tetsint]z[ 2 ] __26-1) 201

(s2+1)2 C ((s-1)2+1)2  (s2-25+2)2

s—s—-1

Division by‘t’:
Theorem: If L{f (t)} = f(s) then L {%f(t)} = f:o f(s)ds
Proof: We have £ (s)= I:e_s’ (¢)dt

Now integrating both sides w.r.t s from s to o, we have
j F(s)ds = j { j e f(t)dt}rs
0 sLO
=" £(t)e "dsar ange the order of integration
N ‘dsdt (Change the order of integ )
= J.:f(t)Uwe_”ds}dt (- tis independent of*s’)
" e ®
:jo f(z)( » j‘dt

= et 1D qe(or)L £ (1))

Solved Problems:

1.  Find L {S'T“t}

— = £(s)

Sol:  Since L{sint} = -

Division by‘t’, we have

L{L?t} = f:o]_f(s)ds = f:o _ds

s2+1
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= [Tan"1s]¥ = Tan "l — Tan™1s
_ T _ -1, _ -1
= A Tan 's=cot™ s

2. Find the L.T of 224

. . a -
Sol:  Since L{sinat} = G f(s)
Division by t, we have

L{sinat} _ fsoo]—f(s)ds — f:oLdS

t s2+a?

= a.é[Tan_1 %IO =Tan'o—Tan™ %
:%—Tan_l(%):cot_l%

1-cosa t}

3. Evaluate L {

s
s2+a?

Sol:  Since L{1 —cosat} = L{1} — L{cos at} = % —
1-cosat © (1 S
L{ t } - fS (;_52+a2) ds
={logs—llog(s2 +a’ )T
2 S

o0 ? .
:%[mogs—log(s2 +a’)| :%{bg[sziaz H

o0

- / 241
Note: L {1 Ctos t} = log > (Putting a=1 in the above problem)
s

e—at_e—bt}

4.  FindL {

=[log(s+a)~log(s+b)] {log(ﬁaﬂj

s+b
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= 1t {log Z —log(“_aj

10g1—10g(s+a)+log(s+b)=log(s+bj

S+a
5. Find L{l_"f“}
t

Sol: L{l_;OSt}zL{%.l_(;OSt} ..... (1)

s 50 +1

1 s2+1 :
———+—+ —slo +2Tan's
HHOO s* 25t 3s° j s SZ} l

1 1 T 2o X
=—|Jd0=slog| 1+— |+2| ==Tan's cllog(l+x)=x——+———+.....
_ 1 1
=cot 1s—zslog[l+s—2j

—at_ ,—bt
6.Find L.T of &——=

s

1 1 s*+1 o ds
—| < It s.log|1+— |;—slo +2

2 li{sﬁoos g( S j} s g( S2 j L i|

Sol: WKT L[e®]=—

E , L [e—bt] — L
LEE2=[” f(s)ds

e~at — o~bt | 1
L [fl :fs ( - )ds

s+a s+b

= [log(s + @) — log(s + b)]?

s+a

(E) s
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1+%)oo
N
142

s

= log(

s+a

=log (1)-log (/)

s+b

=0- log (5) = log (=)

s+a

Laplace transforms of Derivatives:

If f'(¢) be continuous and L{f (£)} = f(s) then L{f1(t)} = sf(s) — £(0)

Proof: By the definition
L{f )} = [, et fL(Ddt

= [efstf (f )}: - I: (—S ) e’ f (f ) dt (Integrating by parts)
= [e’s’f(t)]: +SJ‘:e"”f(t)dt
_ 1t ¢ ()~ (0) +s.LIF(B))
Since f (t) is exponential order
w1 e [()=0

= L{FH(0)} = 0 — £(0) + sL{f (D)}
= sf(s) — £(0)
The Laplace Transform of the second derivative f!!(t) is similarly obtained.
= L{fH (O} =s. L{FH (O} = £1(0)
=< [5F(s) - (0)]-1'(0)
=5/ (s)-5(0)-1"(0)
= LFHHO)} = s L1 O} = f11(0)
= s[s’L{f ()} — sf(0) — £1(0)] — f1*(0)
= s L{f ()} —s*£(0) — sf*(0) — f11(0)
Proceeding similarly, we have

LF(®)} = s"LFO)} = "1 (0) = s™2F1(0) ... f77(0)

Note 1: L{f™(t)} = s"f(s) if f(0) = 0 and f1(0) = 0,1 (0) = 0... f*~1(0) = 0
Note 2: Now |f(t)| < M.e® for all t = 0 and for some constants a amd M.
We have |e St ()| = e S f(t)]| < e*. Me%

=M. e 6Dt 5 0ast > o ifs>a
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2 2 eTStf(t) =0 for s>a
Solved Problems:

Using the theorem on transforms of derivatives, find the Laplace Transform of the
following functions.

(i). et (ii). cosat (iii). t sin at

(i). Let f(t)=e"Then [ (t)=a.e" and f(0)=1
Now L{f*()} = s.L{ f ()} — £ (0)
i.e.,L{ae®*}=s.L{e*} -1
i.e.,L{e*}—s.L{e*}=-1
i.e.,(a—s)L{e*} = -1
~ L{e®} = ﬁ
(ii). Let f(t) = cosat then f1(t) = —asinat and f11(t) = —a’*cosat
S L)} = s2L{F(©)} — 5. f(0)—f1(0)
Now f(0)=cosO=1land f'(0)=—asin0=0
Then L{—a? cos at} = s?L{cosat} —s.1—0

= —a?L{cosat} — s’L{cosat} = —s
N

_(c2 2 - _
= —(s* 4+ a®)L{cos at} = —s = L{cosat} = i

(iii). Let f(t)=tsinatthen ' (¢)=sinat +at cosat
/" (t)=acosat +a[cosat —atsinat|=2acosat —a’tsinat
Also f(0) = 0 and f1(0) =0
Now L{ f*1()} = s’L{ f(©)} — sf(0)—f"(0)
i.e.,L{2a cos at — a*tsinat} = s?L{tsinat} —0—0

i.e.,2a L{cos at} — a’L{tsinat} — s?L{tsinat} = 0

—-2as
s2+a?

2as
(s2+a?)2

i.e.,—(s? +a?)L{tsinat} = = L{tsinat} =

Laplace Transform of Integrals:

It Lf(8)) = F(s) then L{J} f(x) dx} = 12

Proof: Lelg(t) = I;f(x)dx
Then g*(t) = % [fotf(x) dx] =f(t)and g(0) =0

Taking Laplace Transform on both sides

L{g"(t)} = L{f (t)}
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But L{g" ()} = sL{g(t)} — g(0) = sL{g(t)} — 0 [Since g(0) = 0]
~ L{g* (D} = L{F ()}
= sL{g(H)} = L{f ()} = L{g(®} = S L{f ()}
But g(t) = [ f(x) dx

{ f f(x) dx} (S)

Solved Problems:

1. Find the L.T of [ sinards

=f(s)

Using the theorem of Laplace transform of the integral, we have

L{f; £ G0 dx} =12
L{fotsinat} = ﬁ

t
2. Find the L.T of j ﬂdt

Sol: L{sinat} =

2+a2

1t sint
+1 t—0

~ L {Sm t} f L{sint}ds = fs

= [Tan_ls]j =Tan'o—Tan™"'s = % —Tan™'s = cot ' s(or)Tan™ (%)

Sol: L{sint} = = = 1 exists

ds

s2+1

i.e.,L{Slt t} Tan~'(1/s)(or)cot~1s

{fthtdt} = %Tan‘l(l/s) (or) %cot‘ls

3. FindL.Tof e~ [[=Xdt
Sol: L[e’® fotf?dt
We know that
L {sint} = = f(s)
t
L (= f Fls)ds =< ds
=(tan"1s)y
=tan"loo — tan~1s = g— tan~ls = cot7ls

sint

s L {T} = cot™1s
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t sint

Hence L {f ——dt}= cot"ls
By First Shifting Theorem
L[e™ [y ==dt] =f(s +1) = (*—

[ fsmt

cot™
)s—>s+1

1 cot™ (s + 1)

Laplace transform of Periodic functions:

If £ (t) is a periodic function with period ‘a’. i.e, f(z+a)= f(¢) then

I e
L {f(t)} = l_e—sa J.O € tf(t)dt
Eg: sin x is a periodic function with period 27
ie., sinx = sin(27r + x) = sin(472' + x) .............

Solved Problems:

1. A function f (t) is periodic in (0,2b) and is defined as f(r) =1if 0<r<b
=—1if b<t<2b

Find its Laplace Transform.

Sol: ~ L{f(r)}= ﬁ IOZbe"” f(r)de
_MU e f (1) dz+j e dt]
;% [ [ Ob e dt - Jjb e‘“dt}

=1—e

—st b —st 26
_ 1 e le
l_efzbs [[ —-s JO [ —-S Jb ]

L{f(1)}= _—Zb)[l —2e 4o ]

2. Find the L.T of the function f(¢)=sinwtif 0<t< z
w

2 2
=0if Tot< —”wheref(t)has period—7r
@ @ @
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Sol:  Since f (t) is a periodic function with period i
®

1
1 _ e—sa

L{f(t)}zl_e—sz%_[o/e £ (eyde

Lis ()=

J'Oa e f (¢)dt

_ 1 % —st 2”6() —st
= UO e sma)tdtJrI% e .Odt}

—2s77

l—e 7@

2 2
N )

B 1 e (—ssinwt —wcos wr) Vo
1— eizs%’

0

at

b at _*
J‘ e” sinbt =

e (asinbt—bcosbr)
a’+

1 1 7/
= _27[% 3 -le W+ o
l—e o| S +@

Laplace Transform of Some special functions:

1. The Unit step function or Heaviside’s Unit functions:

0 t<a
1 t>a

Laplace Transform of unit step function:

It is defined as u(t —a) = {

e—as

To prove that L{u(t — a)} =

S

0 t<a

Proof: Unit step function is defined as u(t — a) = {1 ‘>

Then L{u(t — a)} = [," e tu(t — a) dt
=J: e‘”u(t—a)dt+fe_“u (t—a)dt

= jo e 0dt + Jje’“.ldt

= J.we’”dt = {eﬁ T = —l.[e’w - e"”} _e
a s

) N

as

e—as

- Liu(t — @)} =

Laplace Transforms of Dirac Delta Function:

N

1
The Dirac delta function or Unit impulse functionfc (t) = { (/) e 0=st=se
t >€
1-e~5€

S€E

2. Prove that L{f-(t)} = hence show that L{6(t)} =1
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1
Proof: By the definition fc(t) = { {)E Ost=e
t >€

And Hence L{fc(t)} = fooo e Stf(t) dt
= foee_Stfe(t) dt + feoo e—stfe(t) dt

= [y et zdt + [T et 0dt

€

=] = - Ve glemse - et = 22
FL{fe ()} =5
Now L{8(0)} =1, L{fe(®)} = ", —1_:; -

~ L{&(t)} = 1 using L-Hospital rule.

Properties of Dirac Delta Function:

L J, 8 dt=0

2. 000 6(t)G(t) dt = G(0) where G(t) is some continuous function.

3. fooo 6(t —a)G(t) dt = G(a) where G(t) is some continuous function.
4. jG(t)&l (t-a)=-G'(a)
0

Solved Problems:
1. Prove that L{§(t —a)} = e™**
Sol: By Translation theorem

L{5(t —a)} = e " ®L{5(t)}

=e ¥ [sinceL{6(t)} =1]

2. Evaluate [ cos2t8(t —™/5)dt
Sol: By using property (3) then we get

J, 8t —a)G(Ddt = G(a)

Here a ="/, G(t) = cos 2t

.‘.G(a):G(%):cos2% :—%

fooo cos2at §(t —/3)dt = cos2™ /3 = "7/,

o0

3. Evaluate [e*5'(¢-2)at

0

Sol: By the 4" Property then we get
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[e’e]

[6'(t=a)G(t)dt =-G'(a)

Inverse Laplace Transforms:

If 7(5) is the Laplace transforms of a function of f (t) i.e. L{f(£)} = f(s) then f (t)

is called the inverse Laplace transform of 7(.9) and is written as f(t) = L_l{]_f(s)}

=~ L™1 is called the inverse L.T operator.

Table of Laplace Transforms and Inverse Laplace Transforms

S.No. L{F (0} = f(s) LHf ()} = f©)
L L{1} =1/g L {sh=1
> L{e%} = L5 —a} =e®
s—a
> L{e~"} = - L_l{l/s + al =e®
s+a
) y 1 t"
4 L{t"} = e nis a + ve integer L1 {Sn+1} =—
5. (n—1)! i1
n-1y — -1(1 — —
L{t"""} & LY/ n} = e 1,2,3..
6. - _ (1 L
L{sinat} = P Lt {52 = az} = —.sinat
7. _ -1 S _
L{cosat} = p L {52 n aZ} = cosat
8. . _ a _ 1 1
L{sinhat} = s L1 {52 — az} = Esmh at
9. _ S -1 S _
L{coshat} = g L {52 — az} = coshat
10 L{e%sinbt} = —————— L'l{ ! } = E e sin bt
’ (s —a)? + b2 (s—a)2+b2) b’
11. at __ sS—a _ (s—a)
L{e® cos bt} = G—a)7+ b2 11 {—(s — 7+ bz} = e™ cos bt
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12 L{e% sinh bt} = (s—a)—z—bz L1t {m} = % e® sinh bt
13. L{e® cosh bt} = (S_Sa;—za_bz Lt {(S_(Sa;—zazbz} = e cosh bt
14. _ _ 1 1 ..
L{e‘“tsmbt}=m L 1{m}=g.e tsin bt
15. —a s+a _ st+a —a
L{e ¢ Cos bt} = m 1 {m} =e t cos bt
16. L{e® f(©)} = f(s — @) LYf(s — a)} = e L™ {f(s)}
17. L{e™ f(t)} = f(s + a) L Hf(s + @)} = e7 f(t)e L™ {f (s)}

Solved Problems :

Sol:

Sol:

Sol:

s?—3s+4

3
S

Find the Inverse Laplace Transform of
_1 (s3-3s+4 -
I 1{5 535+}=L 1{1/5_3'1/52+4/S3}

—L" {%}—3L" {%2}+L" {%3}
=1—3t+4.t2—2'=1—3t+2t2

s+2
s2-4s+13

L {52—5:5113} =L {(s—s;)iw} =L {(ss—;%}
= 1 (o) T4 L )

4 )
=e* cos3t+ 3 e* sin 3t

Find the Inverse Laplace Transform of

2s—5

2

Find the Inverse Laplace Transform of

L {%} =L {Szz_il N 525—4}
=2L7" {525—4} —5L7 {521—4}

=2.cosh 2t—5.%sinh 2t

Find L~ {22}

s(s+1)
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. —1fsts+1} _ ,-1(1 |1
Sol: L {s(s+1)} =1L {s+1 + s}

e e

5.  Find L1 {43:2 5}

Sol: L1 {432135} =L {%} — 8Lt {4521+25}

3 S 8 1
==L 2z —-L1 2
) )

3 5, 82 .5
=—.C08S—f——.—sIn—¢
4 2 45 2

3 4 .5
=—cos—t——sin—t
4 2 5 2

6. Find the Inverse Laplace Transform of

(S+a)2

Sol: L™ {(s+sa)2} =L {Z:f_a_)(zl} =e ¥l {ﬂ}

s2

— eg-at]-1 {l _ i}

s s

= e~ [1 {{} ~ a1t ()]

= [1 — at]

7. Find L7{52

s2-2s5-3

3s+7 A B

2 & U
s —25s-3 s+1 s-3
A(s—3)+B(s+1)=3s+7
puts =3,4B=16=>B =4

Sol: Let

puts=-1,—4A=4=>A4=-1
3s+7 -1 4
Lo = +
s —2s—3 s+1 s5-3

L‘l{ 3s+7 }—L‘l{ -1 N 4 }_ 1L‘1{ 1 }+4L‘1{ 1 }
s2—2s—3) s+1 s—3) s+1 s—3

=—e ' +4.¢"
. -1 S
8.  FindL {—m e 1)}
Sol: S i B Cs+D

(s+1)2(s2+1)  s+1  (s+1)2 = s2+1
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A(Gs+1)(s?+ 1) +B(s?+1)+(Cs+D)(s+1)2=s
Equating Co-efficient of s°, A+C=0. . (1)

Equating Co-efficient of s?, A+B+2C+D=0....... (2)
Equating Co-efficient of s, A+C+2D=1....... 3)

puts:—l,2B=—1:>B=—%

1
Substituting (1) in (3) 2D=1= D= 5

Substituting the values of B and D in (2)
ie. A—%+2C+%=O:>A+2C=O,alsoA+C=0:>A=O,C=0

-1 1

s Pl 2

(s+l)2(sz+1)_(s+1)2 +s2+1

e e e |
~ fsint—e=t17t {2]]
=51

sint—te” ]

L {(s+1)2(52+1)} - %

9. FindL—l{ s }

st+4q%
Sol: Since s* +4a” = (s2 +2a° )2 —(2as)2

= (s? + 2as + 2a?)(s? — 2as + 2a?)
s B As+ B N Cs+D
s'+4a*  s*+2as+2a° s -2as+2a’
(As + B)(s? = 2as + 2a®) + (Cs + D)(s? + 2as + 2a?) = s

-1 1
Solving we get 4=0,C=0,B=—,D=—
4a 4a

1 1

s _t 1

L{ } — L—l 4a + L—l 4a
s*+4a* s2+2as+2a? s2-2as+2a?

:_—la.L_1 —12 5 +L..L‘] —12 3
4 (s+a) +a 4a (s—a) +a

-1 1 . 11 ., .
=— . —¢ “sinat+—.—e“ sinat
4a a 4a a

. Let

1 . a —a 1 . . | .
=—sin at(e "—e ’) = — .sinat.2sinh at = — sin at sinh at
4a 4a 2a
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10.  Findi Lt &2 i L1 {S(s:s—sz)z}
Sol:
e R R I e

B 2 )
=1-3t+4° =1-3t+2¢7

e o1 3(s2-2)° _ 3,1 (s2-2)° _ 3,1 (s*-4s*+4
ii. L { =3l e S { s5 }

255
3 1 4 4 3 1 1 1
SRR R s
2 s S3+s5 +2{ s s3 + s5
4

2 4
) WL PRy
2| T a2 6| 4

11.  Find L1 L s ]

Sol:

L™ [sz _ az] =L [ﬁ] [ %L_l [(s— a?is + a)] - %L_l [S i a+5‘i1‘a]

= %[e‘” + e*”} = cosh at

4

12.  Find L' {—
(s+1)(s+2) |

Sol: L {L} =4L" ;} =4 " [L _ 1 } =4[e"'—e ]
(S + 1)(S+ 2) L (S + 1)(S+ 2) s+1 s+2

13.  Find L’ {%}
(s+1)7(s”+4)

1 A B Cs+D
Sol: Y = + >+ —
(s+1)°(s"+4) s+1 (s+1)° s +4
Azi,le,C:ﬁ,D:ﬁ
25 5 25 25

3 a0 LN =31:1{L}+1L-‘ L —31:1{ = }—i[‘{ E }
(s+D)°(s”+4) 25 s+1) 5 (s+1) 25 s“+4) 25 s°+4

zie*t L' 1 +le‘tL‘1 RS —icos2t—i.lsin2t
5 25 2

25 S s? 25
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MATHEMATICS -1

=—e¢ +le”.t—£cos2t—isin2t
25 5 25 50

P +s—=2
s(s+3)(s—2)

14. Find L {

s*+s=2 A B C
Sol: ————=—+—-+——
s(s+3)(s—2) s s+3 s-2

Comparing with s2, s, constants, we get

{ s*+s5-2 } L1 4 2 }
————|=L" | —+ +
s(s+3)(s—2) (35 15(s+3) 5(s—2)

=L‘1_i}+L‘[ 4 }+L‘[ 2 }
| 3s 15(s+3) 5(s—2)

2
+2s-4
15.  Find Ll[ § T8 }

(s> +9)(s—5)

s*+2s—4 A +BS+C

Sol: > = >
(s°+9)(s—=5) s=5 s°49

Comparing with s%, s, constants, we get

A=3)34B= Y4 C =%y
L[ s22+2s—4 }:L[ 522+2s—4 }
(s +9)(s—5) (s"+9)(s—5)
s | mer) e we)
34(s—-5) 34(s* +9) 34(s> +9)

=%eﬁ +%4[3cos3t+i—3sin3t}

First Shifting Theorem:
It L71 {7(S)} = f(t), theanl {7(5' _a)} — eatf(t)

Proof: We have seen that L {e”tf(t)} = 7(5‘ —a) .. L {j_”(s — a)} =" f(t)=e"L" {]_”(s)}
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MATHEMATICS -1

Solved Problems :

1

1. Find L"{ }:L-‘ {7(s+2)}

(s+2)>+16
Sol: L + —e X! 2#
(s+2)" +16 s”+16
= lsin At = ¢ sin4t
4 4
2. Find L {235—_2}
s —4s5+20

Sol: L71 - 3S_2 :[;1 3S_22 :L71 3(S_22)+4;
s*—4s5+20 (s—2)>+16 (s—2)°+4
) 1
=30 A
(s=2)"+4 (s=2)" +4
V) /el B UYL )
s+ 47 s*+47

=3e* cosdt + 4e* %sin 4¢

3. Findr'l_St3
s> —10s+29

Sol: ' : s+3 _ s+23 : 0 s—52+82
s~ —10s+29 (s=5)+2 (s=5)"+2

=e 'L { f+ 82 } =e {cos 2t + 8.lsin 2t}
s +2 2

Second shifting theorem:

IfC! {?(S)} = f(t),then L' {e—asj_p(s)} — G(t), where G(f) :{f{l‘—a} ift> a}

0 ift<a

- i1t
Proof: We have seen that G(¢) = {f { a} if'e> a}

0 ift<a
then L {G(t)} =e® .]_‘(s)
L {e_‘“?(s)} = G(t)
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Solved Problems :

—7Ts —3s
1. Evaluate (i) L' l-l;e (i) L' ¢ 5
s”+1 (s—4)
1+e™ 1 e’

Sol: (i) L' L' + L'
® { st +1 } {sz+1} {s2+1}
. a1 1 )
Since L 5 =sint = f(t), say
s +1

o sin(t—xz) ,ift>nx
= By second Shifting theorem, we have L' ez = (t=7) f
0 Jift<rm

s”+1

or I { ez }:sin(t-n)H(t-n): -sint. H(t-m)
s +1

+e ™ ) )
Hence L' { f 1 } =sint-sint. H (t-r) =sint [1- H (t-1)]
s+

Where H (t-r) is the Heaviside unit step function

e o -1 1 _ w1
(ii) Since L {(5_4)2}—6 L {sz}

=e" 1= f(), say

—3g 4(t-3) .
(t=3) ,ift>3
~ By second Shifting theorem, we have L 6—2 _J° =3 .7
(s—4) 0 ,ift<3

or L {(s _3S) } ' (t=3)H(t-3)

Where H (t-3) is the Heaviside unit step function
Change of scale property:

L{f(t)} =1 (s) Then L {f (as)}

Proof: We have seen that L{ (¢ }

Then fas lL{f }
a
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Solved Problems :

.ol a5
(s +1) 2 (45 +1)

Sol:WehaveL"{ a }=ltsint,

(s> +1)*| 2

Writing as for s,

I as _
(@* s> +1)°

Putting a=2, we get

L' —22S > =£sin£orL’1 —8S —lsini
(4s” +1) 8 2 4s°+1)*] 2 2

Inverse Laplace Transform of derivatives:

t
.sin — , by change of scale property.
a

Theorem: L' {7(s)} = /(¢) ,thenLl{?"(s)} (1)"¢" £ (£) where [ (s)— [ 7]

Proof: We have seen that L {t”f(t)} =(-1)" dd

L {?"(s)} = (-1 (2)
Solved Problems :

1. Find L' {logs—ﬂ}

Sol: Let L {log—} f(

L{f@) = 1ogS—+1

L{g ()} = {1 gs—ﬂ}

{tf(t)} = _1+L

s+1 s-1

@)=L {_1 + L}
s

a1 a1

=et 4 et
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MATHEMATICS -1

tf(¢)=2sinht = f(¢)= 251;11”

e {lo S+1}_ 2sinht
N gs—l t

—t
Note: L' {log H—S} I-e
S t

2. Find L' {cot ' (s)]
Sol:  Let L {cot™(s)} = £ (1)

L{f(t)} =cot™(s)

L{tf(t)}z%[cot"(s)z—[ -1 } !

1+s° 1+s°

lf(l‘)=Ll{ 21 }=sint
s +1

-2

L {cot’1 (s)} = %sint

Inverse Laplace Transform of integrals:

Theorem: L {]_"(s)} = f(t) ,then L {T?(s)ds} = @

Proof: we have seen that L {@} = Tj_’(s)ds
7 _JSO
oL {.S[f(s)ds}— t

Solved Problems :

1. Find L71 %
(s"+25+2)
s+1

Sol: Lt_S =
° et f(5) (5 +25+2)

0

Then L’ {?(s)} - { | (ququsz;siz)zds}

N
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MATHEMATICS -1

o s+1
[(s+1)* +1]

=e'L" {ﬁ} , by First Shifting Theorem
s+

. r _, . _ K t .
=e¢'—sint=—e'sint o L'{———\=—ginat
2 2

(s +a*) 2a

Multiplication by power of’s’:

Theorem: L {?(s)} = £(¢) , and £ (0),then L {s?(s)} = (0)
Proof: we have seen that L{ ()} = s f(s)~ £(0)

SL{SOf =57(s) [ f(0)=0] or

rHsf@ =1
Note: L’ {s"7(s)} = £"(t),if £"(0)=0forn =1,2,3........n—1

Solved Problems :

s s
. . o L—l o L—l
1 Find (i) {(S N 2)2 } (ii) {(S N 3)2 }

Sol: Let ?(s) = !
(s

> Then
2)

r{fe)}=r {(S :2)2 } —e [ {Siz}= e t=f(1),

Clearly £ (0) =0

=, S _ 7l S N _ 4l
Thus L {(s+2)2}—L {S.(S+2)2} L {s.f(s)} 710

= % (te?)=t(-2e ") +e . 1= (1-21)

Note: in the above problem put 2=3, then L™ { } =e ' (1-31)

(s+3)
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MATHEMATICS -1
Division by S:

Theorem: If L {j_”(s)} = f(¢) , Then L {f(s)} = j.f(u)du

Proof: We have seen that L {J.f(u)du} =
0

r {@} :If(u)du

Note: If ! {7@)} = f(t), then L {

~]
—_
o)
A —
%f_/
Il
o t—
S —
~
—
A
S
=

Solved Problems :

1. Find the inverse Laplace Transform of

s2(s°

+a2)

Sol: SinceL_] %
(s"+a’)

t
o s
s(s"+a”)| pa

1(=cosat ) 1 1
=—— (cosat—1) =—(1-cosat)
0 a a

1 .
=—sinat, we have
a

a a

1 01
Then L™ {—} — (1—cosat)dtdt
s’ (s’ +a’) ! a’

Convolution Definition:

If £ (t) and g (t) are two functions defined for 7>0 then the convolution of f (t) and g (t) is
defined as f I f t u du

f(t) *g(t)can also be written as (f *g)(t)

Properties:

The convolution operation * has the following properties
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1. Commutativei.e. (f*g)(¢)=(g*f)(¢)
2. Associative [/*(g*h)](1)=[(/*2)*4](1
3. Distributive [ f*(g+h)|(¢)=(f*g)(t)+(f*h)(t) fort =0

Convolution Theorem: If f(#)and g(¢) are functions defined for 7 >0 then

L{7()*g@f=L{s ()} L{g(Of=7(s)g(s)

i.e., The L.T of convolution of f(t) and g(t) is equal to the product of the L.T of f(t) and g(t)

Proof: WKT L {g(1)}=[["e*{[| £ (u) g (¢ ~u) e “

0

Al
:J.Owj;e’s’f(u)g(t—u)dudt w0 ZI

u=0 t

The double integral is considered within the region enclosed by the line
u=0 and u=t

On changing the order of integration, we get
L {¢(t)} = I:J:O e f(u)g(t—u)dtdu
= Jj e f(u) {Ime_s('_”)g (t—u)dt } du

:JjeS”f(u)“:e”g(v)dv}du put t—u=v

L I:e_s”f(u){g(s)} du = g(s)J.:e_S"f(u)du =g(s).]_”(s)
L{f(n)*g()f=L{r ()} L{g(r)}=71(s)(s)

Solved Problems :

1. Using the convolution theorem find L' {;}

(S2+a2)2
_ S S 1
Sol: L'{—— ‘=1 .
{(s2+a2)2} {SeraZ S2+a2}

— S — 1
Letf(s):s2+az andg(s)zsz+a2

So that L™ {?(s)} =L { 5 a 5 } =cosat = f(t)—say

s +a
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MATHEMATICS -1

L' {§(s)} =L" { a 5 } = %sin at = g(t) — say

s +a

.. By convolution theorem, we have

t
1
' U (cosau.—.sina(t—u)du
{(s2+a2)2} ;[ a ( )

t
= L.[[sin(amL at —au) —sin(au —at + au)] du

2(10

= L _[ [sin at —sin(2au — at)] du
a

0
t

= 1 [sin atu+ 1 .cos(2au — at)}
a 2a f

= L[I sin at + Lcos (2at —at)- 1 cos (—at)}
2a 2a 2a

a 2a 2a

1 . 1 1
=—| tsinat + —-cosat ——-cosat
2a

t .
=—-sInat
2a

2

> s
2. Use convolution theorem to evaluate L' r—————
(s"+a’ )(s +b")

s s s
Sol: L' =L :
0 {(S2+a2)(s2+b2) s*+a’ s +b
S

_ s _
Letf(s)=s2+a2 andg(s)=s2+b2

So that L™ {7(5)} =L‘{ = il 2}zcosatzf(t) — say
s +a

L {g(s)} =L {(szi—bz)} =cosht = g(t) > say

.. By convolution theorem, we have

L' { o o } = jcos au.cosb(t —u)du

s +a’ s+ b’ 0
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MATHEMATICS -1

1 [sin(au —bu+bt) | sin(au+bu—br) }

_2 a—-b a+b

0

1 sinat—sinbt+sinat+sinbt _asinat—bsinbt
2 a—>b a+b a’—b*

1
3. Use convolution theorem to evaluate L' —
s(s”+4)

Sol: L {%} - {%%}
s(s”+4) s” (s +4)

Let?(s) :izandé(s) =
s

4)’

+

(+

So that L™ {é(s)} =L {Lz}

S

t=g(t) > say

(= o s _tsin2t B o S :tsin2t
L {f(S)}—L {(S2+4)2}_ 4 =f (@) Say|:"L {(S2+a2)2} 24 :|

1 ) cu
D — — 2 V= Zsin2u(t —u)du
{sz (S2+4)2} '(.).4 ( )
t 1 t
_ %Iu sin 2udu —Zjuz sin 2udu
0 0

t

(—zcos 2u+ lsin 2uj
2 4

&

0
t

2
__ 1 U cos2u +£sin2u+lcos2u
4 2 4 0

=i[1—tsin2t—0052t]

4.  Find L {;2}
(s=2)(s>+1)

Sol: L‘{%}z[l[ ! .21 }
(s=2)(s"+1) s—2 s +1

Let]_”(s) =

ot

S_2andg(s)= s°+1

%}zezt = f(t) = say
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L' {g(s)} =L {Szl_’_ 1} =sint = g(t) — say

t
L { ! ) 21 } = I f(u).g(t—u)du (By Convolution theorem)
s—2 s +1 0

t
e* sin(t—u)du (or) Isinu £ du
0

S —

t
2 . —2
=e ’Jsmue “du
0

t
ul €

ﬁ[—2 sinu — cosu]}

0

A1 )
=¢? ge 2 (—ZSII’IZ‘—COSt)—%(—l):|

=%(e2t —ZSint—cost)

5. Find L' {;}
(s+1)(s—2)

Sol: L‘l{;}zEl{L. ! }
(s+D)(s-2) s+1 s-2

— 1 -
Letf(s)zmandg(s): 7

So that L™ {7(5)} =L {L} =e ' = f(t) > say

s+1

L' {g(s)} =L" {%} =e” =g(t) > say

.. By using convolution theorem, we have

L—l ; — j-e—ueZ(t—u)du
(s+1)(s—2) 0
t t —3u t
ZJ.eZte_S"du :eZt'[e_3”du — ¥ e :lI:eZt _e—t]
0 0 -3, 3
R 1

6. Find L VRN
s7(s°—a’)

1 1 1
Sol: L'¢———t=L"1—.
0 {sz(s2—a2)} {sz sz—az}
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— 1 — 1
Letf(s)zs—zandg(s): —

S —a

So that L™ {J_’(s)} =L {Lz} =t=f(t)-say
s

L' {g(s)} =L { 5 ! 5 } = ésinh at = g(t)—say

s —a

By using convolution theorem, we have

) L O 5 U
L { T )}—Iu.as1nha(t u)du

0

t
= 1 j usinh(at —au)du
a

0

_ . ,
— sin( at —
_1 —ucosh(at—au)—M}

al a a .

1[ -t 1 .

—| —cosh(at —at)—0——[0—sinh at]}
=apa a
=l[_—t+%sinhat}

al a a

= L}) [—at +sinh ar]

s

3. Using Convolution theorem, evaluate L"l{m}

Sol: L7 = 2 = LY =171 (5). § (5))

5+2° 5249
f)=—= =LY ®} = f(©) = L7 =} = e P (1)
G =z = L{g®} = g(O) = L {2} = 53t @)

By Convolution theorem we have
LTHf(s).g ()} = f() * g(t)
Where £(t) * g(t) = [ g)f (t — w)du
— 1 S t _ -
L 1{m.m} = [, e 2" cos3udu

_ t
= et [ e?*cos3udu

_ -2t 1 . t
=e~“, 2cos3u — 3sin3u
22432 [ lo

—Zt

[2c053t — 2 — 3sin3t]

-2t

zi -2t - ] —
5 [e™“"(2cos3t — 3sin3t)] =
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Application of L.T to ordinary differential equations:

(Solutions of ordinary DE with constant coefficient):

. Stepl: Take the Laplace Transform on both the sides of the DE and then by using the

formula

Lif" ()} = s"L{f(t)} —s"" f(0)=s"" £ (0)=s" f2(0)—............. f£"(0) and apply
given initial conditions. This gives an algebraic equation.

Step2: replace £ (0), '(0), f*(0) ,......... £"'(0)with the given initial conditions.
Where f'(0)=s7(0)- f(0)
£2(0)= Szj_‘(s)—sf(O)—fl (0) , and so on
Step3: solve the algebraic equation to get derivatives in terms of s.

Step4: take the inverse Laplace transform on both sides this gives f as a function of t

which gives the solution of the given DE

Solved Problems :

1.

Sol:

Solve y'''+2y'" —y' —2y =0 using Laplace Transformation given that

»(0)=»'(0)=0and ' (0)=6

Given that y''+2y'" —y' -2y =0

Taking the Laplace transform on both sides, we get

L{y" o} +2L{y" O} -L{y'}-2L{y}=0

= 5’L{y(0)} =5’ y(0) ="' (0) = ¥ (0) +2{s’L { (1)} - sy(0) — ' (0)| -

Ly} =3(0)} ~2L {y()} =0

= {s3 +25° —s5— 2} L {y(t)} =5’y(0)+5y"'(0)+ "' (0) + 251(0) + 23" (0) — »(0)
=0+0+6+2.0+2.0-0

= {s3 +2s° —s—Z}L{y(t)} =6

6 6
L{y(®)}= S 4252 —s-2 (s=D(s+D(s+2)
4 B C
=L =

s—1 s+1 s+2

= A +D)(s+2)+B(s—1D(s+2)+C(s—D(s+1)=6

= A(s* +35+2)+B(s* —s=2)+C(s*=1)=6
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Comparing both sides s,s,constants,we have
= A+B+C=0,34-B=0,24-2B-C=6
A+B+C=0

2A-2B-C=6

34-B=6
34+B=0

64A=6=>A4=1
34+B=0=>B=-34=B=-3
S A+B+C=0=>C=—-A—B=—-1+3=2

AL{ol=t o 2

+
s—1 s+1 s+2

y(@)=L" {%}—3L1 {%}+2.L1 { ! 2} =e' -3¢ +2.e”
s— s+ s+

Which is the required solution

2. Solve ' —3y'+2y=4¢+¢" using Laplace Transformation given that

y(0)=1land y'(0)=-1
Sol:  Given that " —3y'+2y=4¢+¢”
Taking the Laplace transform on both sides, we get

L{»" (0} -3L{y'0} +2L {y()} = 4L {t} + L {e"}

= s’L{y(0)} —sy(0)— y'(0)—3 [sL {r®)}- y(O)] +2L{y(1)} = ;iz + i

:>(s2—3s+2)L{y(t)}:iz+%+s—4
s°s—

4s—12+5* +5* =35° —4s® +125°
= (s =3s+2)L{y() =
( L{y() T
st =753 +13s* +4s—12
s*(s=3)(s* =3s+2)

=L{30}=

st=7s +135° +4s5-12
s*(s=3)(s—1)(s—2)

= L{y(t)} =

s'=7s°+13s+4s-12 _A4s+B C D E

= + + +
2 (s=3)(s=1)(s=2) s s=3 s—-1 s-2
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_ (As+B)(s—1)(s =2)(s =3) + C(s*)(s = 1)(s —2) + D(s*)(s = 2)(s —3) + E(s*)(s —1)(s —3)
- s> (s=3)(s—1)(s—2)

=5 =75 +135° +45—-12=(As + B)(s’ — 65> +11s —6) +

C(s*)(s* =3s+2)+ D(s*)(s* =55 +6) + E.s*(s* —4s+3)

Comparing both sides s* s°,we have
A+C+D+E=1.ceeeeeeeennnnnn... 0))
—6A+B—3C—5D—4E =—Tuooooeoeeeeeeonn.... )
puts:1,2D:—1:>D:_?1
puts=2,—4E=8=FE=-2

pws=3,18(1=9:>(:=%

fromeq.(l)Azl—%+%+2 =A4=3

from eq.(2) B= -7+18+%—§—8=3—1=2

a)3, 2 1 2
v =L {s+s2+2(s—3) 2(s—1) 5—2}

1 1
t)=3+2t+—e"'——¢' —2.¢"
y() 2 2

2

3. Using Laplace Transform Solve cz; 2} + 2? —3y=sint, given that y = % =(0when t=0
t t

2
d—f+2ﬂ—3y=sint.
dt dt

L{y" ()} +2L{y' ()} =3L{»(¢)} =L {sins}
s°L {y(t)} —Sy(O)—y1 (0)+2|:SL {y(t)} —y(O)]—3.L {y(t)} =

Sol:  Given equation is

1
s7+1

:(s2 +2s—3)L{y(z‘)}= R

1

=L {y(t)} {(sz +1)(s? +2S—3)J

-l 1
=y(1)=L {(s—l)(s+3)(s2+l)]

Now consider
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MATHEMATICS -1

1 A B Cs+D

(s—l)(s+3)(s2+1) s—1+s+3+ st +1

A(s+3)(s +1)+ B(s—1)(s* +1)+(Cs+ D) (s 1) (s +3) =1
Comparing both sides s*,we have
puts:l,SA:1:>A=%

putsz—3,—4OB=1:>B=_—1
40

A+B+C:0:>C:0—é+L

40
c2*t1_—4_-1
40 40 10
34-B+2C+D=0=p=—>_+ 1
§ 40 5
Dzﬂz__gz__l
40 40 5
RS B R
— — 7S_7
~y(t)=L" 8 .40 +102 5

s—1 s+3 s”+1

SRS R RS
8 s—1 40 s+3 10 s +1 5 sT+1

T 1.
t)=—e ——e¢ ——CO0St——SsInt
Y)=5¢ ¢ 10 5

4. Solve %+x=sinwt,x(0)=2

. . .odx .
Sol:  Given equation is o +x=sinwt
t

L {x1 (t)} +L {x(t)} =L {sinwt}
=s.L {X(f)}—X(O)+L {x(t)} -_®

=sL{x(t)}-2+L{x(1)} = s i)af

= (s+DL{x()f = fm +2
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MATHEMATICS -1

4 10} 2
:>x(t):L {(s+1)(s2 +a)2)+s+1}

=2l {ﬁ} L {(s + 1)(6;)2 + a)z)

w Sw w

} (By using partial fractions)

2 2 2
PP D N 2 12+a)2Jr 12+a)2
s+l s+ sTt+o

- o 0] 1 .
=2 ' +—F——e - — COS @t + ~.—Ssin ot
o +1 I+ I+ o
5. Solve (D2 +n’ )x = asin(nt + ) given that x=Dx=0, when t=0

Sol:  Given equation is (D2 +n )x =asin(nt+a)
X (t)+n2x(t) :asin(nt+a)
L {x“ (t)} +n’L {x(t)} =L {asinntcosa +acosntsina}

= s°L {x(t)} —sx(0)—x'(0)+n’L {x(t)} =acosalL {sinnt}+asinaL {cosnt}

n . s
::>(sz+nz)L{x(t)}:acosas2 Ny +as1n0:.s2+n2

:>L{x(t)} :acosozﬁ+asinoz(s2 +n2)2

(By using convolution theorem I —part, partial fraction in II-part)

nacosaj-;lSin”lX.lSinn([—x)dx—aSIHaLl{d ;}
n

n 2 ds (s2 +n2)
acosa gt asina 1 .
= I {cos(nt—an)—cosnt}der t —sin nt
2n 90 n
acosa | ¢t a . )
= I {cosn(t—2x)—cosnt}dx+—smatsmnt
2n |70 2n
acosa| -1 . " atsina .
= —.s1nn(t—2x)—xcosnt + sin nt
2n | 2n 0 2n
acosa | sinnt atsina .
= —tcosnt |+ sin nt
2n | 2n n

acosasinnt at . )
= ——[cosa cosnt —sin a sin nt]

2n’ 2n
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MATHEMATICS -1

acosasinnt at
= —2——c0s(a +nt)
2n 2n

6. Solve yl1 —4y! + 3y = et using L.T given thaty (0) =y' (0) =1.
Sol:  Given equationis y'! — 4yl + 3y =e7t
Applying L.T on both sides we get L(y'!) — 4L(y!) + 3L(y) = L(e™")
1
= {s’Lly] s y (0) - y' (0)} —4{s L[y] -y (0)} + 3L{y} = e

= (s +4s+3) L{y} —s-1-4= —

s+1

> (s +45 +3) L{y} = ——+s 45

= (s +4s+3) L{y} = —+s+5
. 1 s+5
L{y} B (s+1)(s2+4s+3) T (s2+4s5+3)
_7-1 1 -1 s+5
Y=L e arast) )

Let us consider

-1 1 1 1
L [(s+1)(52+4s+3)] =L [(s+1)2(s+3)]

1 1
(s+1)(s?+4s+3) - (s+12%(s+3)
A B c

s+1  (S+1)2  S+3

=3

+
+1

~

Q@ ,Q

(S+1)2 +3

i |

-, @ @
s+ +(s+1)2+§]

=L~

- 6
—y—1r4l 4 27 4 47
[s+1 + (5+1)2 + S+3]

1 1

—— 2L ]+ oL ] S L
4L [s+1] L [(5+1)2]+4 [S+3]
1 1 1
+ te~t + -3t _ 1
[(s+1)(52+4s+3) S te 7€ - (1)
-1|__StS | -1 5+2 -1 3
[(SZ+4-S+3)] o [((5+2)2_1)] [((S+_2)2—1)]
—e 2t~ - —2t) - 1
e %L [( . 1)]+L + 3e %L [_(52_1)]
[m] = cost+3e *sint — — —— (2)
From (1) & (2)
sy = _1 e+ te_t+ e f+e *cost+3e * sint
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MATHEMATICS -1

7. Solve % + 9x = cos2t using L.T. given x (0) =1, x (g) =-1.
Sol:  Given x!! + 9x = cos2t

L [x] + 9[x] = L[cos2t]

= s2L[x] — sx(0) — x1(0) + 9L[x} = -

52+4
=524+ 9)L[x]—-s—a= v
=(s? + 9)L[x]= 52‘14 + (s +a)
Lix]= (52+4(S(52+9) + (szs+9) + (sz(ig)
X= M) Vo gl L )
= %L‘l[szs+4 — 525-1-9] + cos3t + %sin3t

S Y LA B Es Y Ssi
5L [=—] 5L [SZ+9]+c053t+3sm3t

:é cos2t — §C053t + cos3t + %SinSt —————————————————— - (1)
Given x (3) =-1.

1 T 1 3T 3T 3T a . 31
. —1 ==cos2 (—) —=C0S— +Cco0S— + cOoS— +—=sIn—
5 2 5 2 2 2 3 2

> -1=-2-040-2
5 3

a 1
5 = — §+ 1
a_ 4
3 5
1 4 4 .
X = EcosZt +Ecos3t +Esm3t From (1)

8.Solve(D3 — 3D? + 3D — 1)y = t?e! Using L.T given y (0) =1,y! = 0, y1(0) = -2
Sol:  Given y!11 — 3yl + 3yl —y = t2et
Lly"™] = 3L[y'"] + 3L[y'] — Ly] = L[t%e’]
= {s>L[y] = s*y(0) — sy*(0) — y*(0)} — 3{s*L[y] — sy*(0) — y(0)} +
3{sL[y] = y(0)} — L[y] = L[t?e’]
2

= (s3—3s2+3s—1DL[y] —s>?—-0+2+0+3(1)-3(1) = (—1)2%L[et]

> (s— DPLlyl-s? +2 = o (2)

ds? \s—-1
2
T (s-1)3
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= (s —1)3L[y] =

2
1)3 +s¢ — 2

Liv] = 2 s? 2
[y]_(s—1)6+(s—1)3_(s—1)3

52 2

— 71 2 -1 _7-1
y = LGl Ul -

1 -1 s2 _ -1 1
(s—1)6] + [(5—1)3] 2 [(5—1)3]

=2L71[

—2et[1 [()6]+L‘ s 2etL—1[sl3]

gt ottt 1S ]
2et=—2et -+ 1L [(5_1)3

Consider L~ [ s 1)3]

WAL [( e R

s3

a* tt 1d 2,t t t t 2 ,t
(5_1)3 = 152 =§E(2te +tief) =< (2e + 2te’ + 2te’ +t%e’)
=;(2et + 4tet + t?eh)

y = 2et ——Zett———(Ze + 4tet + t2et)
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