MALLA REDDY COLLEGE OF
ENGINEERING & TECHNOLOGY

(An Autonomous Institution — UGC, Govt.of India)

Recognizes under 2(f) and 12(B) of UGC ACT 1956
(Affiliated to INTUH, Hyderabad, Approved by AICTE —Accredited by NBA & NAAC-“A” Grade-1SO 9001:2015 Certified)

MATHEMATICS-I1I

B. Tech — | Year — Il Semester

DEPARTMENT OF HUMANITIES AND SCIENCES
A; CITADEL OF LEARNING.
imr-v

i 'ia, il o i O i i A I ;?

Mg ll-'ll-llI"
|l"ll' lIll!Ill 3

5 -‘_,' f
RN o

ﬂ Sen
‘-J e ~n"-’

>




Preface

Education in mathematics forms the basis of science and engineering from undergraduate to

graduate level, because engineering and science are largely based on mathematical modelling.

The level and the quality of mathematics education sets the level of the education as a whole.

Our aim is to develop a complete program for mathematics education in science and

engineering from basic undergraduate to graduate education. This includes several courses like

©)

©)

Mathematics |

Mathematics I1

Mathematics I11

Probability and Random Processes
Probability and Statistics

These courses are introduced at different levels/semesters of the engineering program some

being common and some based on the branch/specialization chosen by the student.

The purpose of these courses is to arm the student with the necessary ideas and methods, so

that when mathematical elements appear in other courses and research work, one can tackle them

with confidence, possibly with further independent study into specialized areas. Its major role is

to summarize, crystallize, enhance and give a forward orientation to the mathematical methods

taught in undergraduate curriculum, with projections to future requirements.

Common Features of the Mathematical Courses:

e The courses are based on a synthesis of mathematics, computation and application.

e The courses are designed basing on new interests and needs of the current scenario,

giving a new united presentation from the start based on constructive mathematical

methods including a computational methodology.

e These courses are designed at different levels of ambition concerning both mathematical

analysis and computation, while keeping a common basic core.

e These courses increase the motivation of the student by applying mathematical methods

to interesting and important concrete problems right from their introduction.




e While emphasis may be put on problem solving, these courses gives theoretical and
computational methods and builds confidence.

e The course contains most of the traditional material from basic courses in analysis, linear
algebra, applied mathematics and higher engineering mathematics.

e Emphasis is put on giving the student a solid understanding of basic mathematical
concepts.

e The student acquires solid skills of implementing and applying the computational
methods learnt.

The idea is that making the student comfortable with both advanced mathematical concepts and
modern computational techniques, will open a wealth of possibilities of applying mathematics to

problems of real interest.

Mathematics Il : Course Description

Mathematics Il covers a wide range of mathematical concepts that are useful in almost all
engineering core subjects: numerical methods, interpolation, curve fitting, partial differential
equations, multiple integrals and vector calculus. Topics includethe roots of algebraic, non-
algebraic equations and predicting the value at an intermediate point from a given discrete data,
the most appropriate relation of the data variables using curve fitting and this method of data
analysis helps engineers to understand the system for better interpretation and decision making,
first order linear and non-linear partial differential equations, multiple integrals, the line, surface,

volume integrals and converting them from one form to another using vector integral theorems.




SYLLABUS

B. TECH- I- YEAR- II-SEM L T/PID C
3 1-- 4
(R20A0022)MATHEMATICS-I1
(Common to all branches)

Course Objectives:

1. The aim of numerical methods is to provide systematic methods for solving problems
in a numerical form using the given initial data,also used to find the roots of an
equation and to solve differential equations.

2. The objective of interpolation is to find an unknown function which approximates the
given data points and the objective of curve fitting is to find the relation between the
variables x and y from given data and such relationships which exactly pass through
the data (or) approximately satisfy the data under the condition of sum of least
squares of errors.

3. PDE aims at forming a function with many variables and also their solution methods,
Method of separation of variables technique is learnt to solve typical second order
PDE.

4. Evaluation of multiple integrals.

5. In many engineering fields the physical quantities involved are vector valued
functions. Hence the vector calculus aims at basic properties of vector-valued

functions and their applications to line, surface and volume integrals.

UNIT - I: Solutions of algebraic, transcendental equations and Interpolation

Solution of algebraic and transcendental equations: Introduction, Bisection Method, Method
of false position, Newton-Raphson method and their graphical interpretations.

Interpolation: Introduction, errors in polynomial interpolation, Finite differences - Forward
differences, Backward differences, Central differences. Newton’s formulae for interpolation,
Gauss’s central difference formulae, Interpolation with unevenly spaced points - Lagrange’s

Interpolation.




UNIT = 11: Numerical Methods

Numerical integration : Generalized quadrature - Trapezoidal rule, Simpson’s 1/3™ and
Simpson’s 3/8" rules.

Numerical solution of ordinary differential equations: Solution by Taylor’s series method,
Euler’s method, Euler’s modified method, Runge-Kutta fourth order method.

Curve fitting : Fitting a straight line, second degree curve, exponential curve, power curve by

method of least squares.

UNIT III: Partial Differential Equations

Introduction, formation of partial differential equation by elimination of arbitrary constants and
arbitrary functions, solutions of first order Lagrange’s linear equation and non-linear equations,
Charpit’s method, Method of separation of variables for second order equations and applications

of PDE to one dimensional equation (Heat equation).

Unit IV: Double and Triple Integrals

Double and triple integrals (Cartesian and polar), Change of order of integration in double

integrals, Change of variables (Cartesian to polar).
Unit V: Vector Calculus

Introduction, Scalar point function and vector point function, Directional derivative, Gradient,
Divergence, Curl and their related properties, Laplacian operator, Line integral - work done,
Surface integrals, Volume integral. Green’s theorem, Stoke’s theorem and Gauss’s Divergence

theorems (Statement & their Verification).




Text Books:

i) Higher Engineering Mathematics by B V Ramana ., Tata McGraw Hill.
if) Higher Engineering Mathematics by B.S. Grewal, Khanna Publishers.
iii) Mathematical Methods by S.R.K lyenger, R.K.Jain, Narosa Publishers.
Reference Books:

) Elementary Numerical Analysis by Atkinson-Han, Wiley Student Edition.
i) Advanced Engineering Mathematics by Michael Greenberg —Pearson publishers.
iii) Introductory Methods of Numerical Analysis by S.S. Sastry, PHI

Course Outcomes: After learning the concepts of this paper the student will be able to
independently

1. Find the roots of algebraic, non algebraic equations and predict the value at an
intermediate point from a given discrete data.

2. Find the most appropriate relation of the data variables using curve fitting and this
method of data analysis helps engineers to understand the system for better interpretation
and decision making.

3. Solve first order linear and non-linear partial differential equations which are very
important in engineering field.

4. Evaluate multiple integrals; hence this concept can be used to evaluate Volumes and
Areas of an object.

5. Evaluate the line, surface, volume integrals and converting them from one to another

using vector integral theorems.
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MATHEMATICS-II INTERPOLATION

UNIT-I

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 1




MATHEMATICS-II INTERPOLATION

SOLUTIONS OF ALGEBRAIC AND TRANSCENDENTAL
EQUATIONS AND INTERPOLATION

Introduction

Using mathematical modeling, most of the problems in Engineering, Physical and
Economical sciences can be formulated in terms of systems of linear or non linear equations,
ordinary or partial differential equations or Integral equations. In majority of the cases, the
solutions to these problems in analytical form are non-existent or difficult or not amenable for
direct interpretation. In all such problems, numerical analysis provides approximate solutions
practical and amenable for analysis. Numerical analysis does not strive for exaxtness instead
it yields approximations with specified degree of accuracy. The early disadvantages of the
several numbers of computations involved has been removed through high speed
computation using computers, giving results which are accurate, reliable and fast. Numerical
is not only a science but also an ‘art’ because the choice of ‘appropriate’ procedure which

‘best’ suits to a given problem yields ‘good’ solutions.

Approximations curve is the graph of data obtained through measurement of observation.
Curve fitting is the process of finding the “best fit” curve since different approximation
curves can be obtained for the same data. Least squares method is the best curve fitting by a
sum of exponentials, linear weighted and non-linear weighted least squares approximation.
Solution of Algebraic and Transcendental equations

Introduction:

Polynomial function: A function f (x) is said to be a polynomial function, if f (x) is a

polynomial in x. ie, f(x) = apx™ + a;x™ 14+ . Fap_1X + ay
wherea, #0, the co-efficients a,a,........... a, are real constants and n is a non-negative
integer.

Algebraic function: A function which is a sum (or) difference (or) product of two
polynomials is called an algebraic function. Otherwise, the function is called a
transcendental (or) non-algebraic function.

Eg: f(x) = x3 — 4x? + 5x — 2 is a algebraic equation

Eg:  f(x) = xcosx —e* = 0 is a Transcndental equation

Root of an equation: A number « is called a root of an equation f(x):O if

f (a) =0. We also say that « is a zero of the function.
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MATHEMATICS-II INTERPOLATION

Graphically the root of an equation are the points where the graph y=f (x) cuts the x-

axis.

Methods to find the roots of an equation f (x) =0

1.Direct methods 2.lIterative methods

1. Direct methods : We know the solution of the polynomial equations such as linear
equation ax + b =0, and quadratic equation ax®-+bx+c=0,using direct methods or
analytical methods. Analytical methods for the solution of cubic and quadratic equations are
also available.But we are unable to find roots of higher order (from fourth order) algebraic
equations,and also transcendental euations.So,in such cases we go for Numerical methods i.e

Iterative methods.

2. Iterative methods: The following are some iteravative methods to find an approximate
root of an equation

(1) Bisection Method
@) Regula- Falsi Method
3 Newton Raphson method

Intermediate value theorem: If f is a real-valued continuous function on the interval [a, b],

and u is a number between f(a) and f(b), then there is a ¢ € [a, b] such that f(c) = u.

Bisection method or Half-interval method:

Bisection method is a simple iteration method to find an approximate root of an equation.
Suppose that given equation of the form is f(x) = 0.
In this method first we choose two points x, x; such that f(x,) and f (x;) will have opposite
signs (i.e f(xg). f(x;) < 0) then the root lies in interval (x,,x;). Now we bisect this interval
at x, ,if f(x,) = 0then x, is a root of an eqution otherwise the root lies in (x, x,) or(x,, x1)
accordingly f(x,).f(x,) < 0and f(x,). f(x;) <O.
Assume that f(x,). f(x,) < 0 then the root lies in interval (x,,x,) , how we bisect this
interval at x5, ,if f(x3) = 0 then x5 is a root of an eqution otherwise the root lies in (xg, x3)
or(xs, x,) accordingly f(xg). f(x3) < 0and f(xs3).f(x,) <O.
We continue this procedure till the root is found to the desired accuracy.
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MATHEMATICS-II INTERPOLATION

Solved Problems
1. Using bisection method, find the negative root of x> —4x+9=0
Sol:
Givenf(x) = x> —4x+9
f(-1)=—-14+4+9=12>0
f(-2)=-84+8+9=9>0
f(=3)==-27+12+9=-6<0

Since f(—2) > 0 and f(—3) < 0 therefore root lies in interval (-2,-3)= (x,, x;)

Bisect this interval to get next approximation x.,

ie x,=——=-25, f(-2.5)>0

Since f(—2)>0 f(—2.5) >0 f(—3) <0 therefore root lies in (-2.5,-3)

Bisect this interval to get next approximation x5

—-2.5-3
2

e x=2 22275, f(=2.75)<0

Since f(—=2.5)>0 f(—2.75) <0 f(—3) <0 therefore root lies in (-2.5,-2.75)

Bisect this interval to get next approximation x,

—-2.5-2.75_

=--2.625, f(—2.625) <0

[.ex,=

Since f(—2.5) >0 f(—2.625) >0 f(—2.75) < 0 therefore root lies in (-2.625,-2.75)

Bisect this interval to get next approximation xs

_—2.625-2.75_

e xg=———"°=--2.6875, f(—2.6875)<0

Since f(—2.625)> 0 f(—2.6875) >0 f(—2.75) <0 therefore root lies in (-2.6875,-
2.75)

Bisect this interval to get next approximation x

_—2.6875-2.75_

e xe=— =2 7187,  f(-2.7187) <0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure

when two successive approximations are same up to four decamal places)
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MATHEMATICS-II INTERPOLATION

2. Find a root of an equation 3x= e*using bisection method.
Sol :

Let f(x)=3x—e"
f (1)=0.281718>0
f (2) =-1.389056 <0

Since f(1)>0 and f(2)<0 therefore root lies in interval (1,2)= (x,, x1)

Bisect this interval to get next approximation x.,

ie x, = Xogxl =15 f(1.5) > 0

Since f(1)>0 f(1.5)>0 f(2)<0 therefore root lies in (1.5,2)

Bisect this interval to get next approximation x5

. 1.5+2
l.e X3 =

=1.75 f(x3) = f(1.75) <0

5 =

Since f(1.5)>0 f(1.75)<0 f(2)<0 therefore root lies in (1.5,1.75)

Bisect this interval to get next approximation x,

_1.5+1.75

i.e x,=~"2=1625, f(1.625)=1666>0

Continuing like above up to 12 iterations we get
x;; = 1.512323
and
X, = 1.512208
Therfore we got two successive iterations same up to three decimal places

~Approximate root= 1.512

3. Find a root of an equation x log,o x= 1.2 using bisection method which lies between 2
and 3
Sol:
Given f(x) = x log;ox — 1.2

f(1)=-12<0

f(2)=-059<0

f(3)=0.23>0
Since f(2) > 0 and f(3) < 0 therefore root lies in interval (2,3)= (x, x4)

Bisect this interval to get next approximation x,

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 5




MATHEMATICS-II INTERPOLATION

. 2+3
l.e XZZT =25

Here f(2.5) <0

Since f(2) <0 f(2.5) <0 f(3)> 0 therefore root lies in (2.5,3)

Bisect this interval to get next approximation x;

_2.543

i.exs= > =2.75 Here f(x3) = f(2.75) > 0

Continuing like above ,we get xq = 2.7453 x,,=2.7406

~ Approximate root = 2.74

4. Find a root of an equation x = cosx using bisection method.
Sol:

Given fx) = x - cos(x)

f(0)=0—-cos0O = -1 <0

f(1)=1—-cosl = 0.4597 >0

then one root must be lies between in (0, 1)

Here f(1)value is near to zero so

£(0.9) = 0.2784 > 0

£(0.8) = 0.1033 >0

£(0.7) = —0.0648 <0

Since f(0.7) < 0and f(0.8) > 0 therefore root lies in interval (0.7,0.8)= (x,, x;)

Bisect this interval to get next approximation x.,

e ,x, =B =228 075 f(0.75) = 0.0183 >0

Since f(0.7) <0 f(0.75) >0 f(0.8) > 0 therefore root lies in (0.7,0.75)

Bisect this interval to get next approximation x5

X2+ x9 0.7+0.75

l.exz = > = > = 0.725 £(0.725) = —0.0235< 0

Since f(0.7) <0 f(0.725) < 0 f(0.75) > 0 therefore root lies in (0.725,0.75)

Bisect this interval to get next approximationax,

X+ x3  0.7254+0.75

l.ex, = > = > = 0.7375 f£(0.7375) = —0.0027 < 0

Since £(0.725) < 0 £(0.7375) < 0 f(0.75)>0 therefore root lies in (0.7375,0.75)

Bisect this interval to get next approximation xs
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MATHEMATICS-II INTERPOLATION

) x, + x, 073754+ 0.75
Lexs=—"0—= > = 0.7425  f(0.7425) = 0.0057 >0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure

when two successive approximations are same up to four decamal places)
The required approximate root = 0.7392.
5. Find a root of an equation 3x = cosx + 1 using bisection method.
Sol:
Given f(x) = 3x— cosx-1
f(0)=-2<0
f(1) = 1.4597 > 0
f(0.5) = —0.3776 < 0
Since f(0.5) < 0and f(1) > 0 therefore root lies in interval (0.5,1)= (x,, x;)

Bisect this interval to get next approximation x.,

e x,=ot 05t _ 75) = 0. >
,=era 0% g75  £(0.75) = 0.5183 > 0

2 2

Since f(0.5) <0 f(0.75) >0 f(1) > 0 therefore root lies in (0.5,0.75)

Bisect this interval to get next approximation x5

_X2+ Xo 0.5+0.75

i.ex3= - =5 A 0.625 £(0.625) = 0.06403 > 0

Since f(0.5) <0 f(0.625) > 0 f(0.75) > 0  therefore root lies in (0.5,0.625)

. . . . . . + 0.5+0.625
Bisect this interval to get next approximationx, L.ex4:x02x3= =

0.5625 £(0.5625) = —0.1584 < 0
Since f(0.5) < 0 f(0.5625) < 0 f(0.625) > 0 therefore root lies in (0.5625,0.625)

Bisect this interval to get next approximation xs

X3+ X4 0.5625+0.625

l.e xs= = . = 0.59375 £(0.59375) = —0.0475<0

2

We continue this procedure till the root is found to the desired accuracy.
(stop the procedure when two successive approximations are same up to four decamal places)

So the required approximate root = 0.6074.

6. Find the real root of the equation x*—5x + 1 = 0 by bisection method.

Sol: giventhat f(x) =x*-5x+1=0
f(0)=1 >0,
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MATHEMATICS-II INTERPOLATION

fH)= -3<0
Hence the root lies between 0 and 1

Let the initial approximation be xo = % =0.5

f(0.5)= —-1375< 0
since f(0) > O0and f(0.5) <0
therefore the root lies between 0 and 0.5

0+05 ~0.25

The second approximation x;=

£(0.25)= —0.234 < 0
since f(0) > 0 f(0.25) < 0 f(0.5)<0
therefore the root lies between 0 and 0.25

0+0.25

the third approximation xz= =0.125

Now £(0.125) = 0.3749 > 0
f(0) > 0£(0.125)>0 f(0.25) < 0
therefore the root lies between 0 and 0.125

continue this procedure till the desired occurucy is obtained.

False Position Method ( Regula — Falsi Method)

Using False position method we find the approximate root of the given equation f (x) =0in
in this method first we choose two initial approximate values X, and X, such that f(x,) and
f(x1) will have opposite signs i.e f(xo) .f (xl) <0. Therefore the root lies in interaval

(x0,%1)

Here two cases occur (i) f(x,)<0, f(x)>0 (i) f(x,)>0, f(x)<0
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MATHEMATICS-II INTERPOLATION

y
(x1,f(x1))
f(x1)>0

Figure Of Case (1)

f(x0)<0 root

A (Xo,f(x0))

Let A=(x, f(x))and B=(x,f(x)) be the points on the curve y=f(x) Then the

equation to the chord AB is 2L = f&=/to) 1)

X—Xo X1—Xg

At the point C where the line AB crosses the x — axis, where f(x) = 0ie, y =0

substitute y = 0 inequation (1), then we get

wex —— "% N
-1 ) )

x is given by (2) serves as an approximated value of the root, when the interval in which it

lies is small. If the new value of x is taken as X, then (2) becomes

Yy (% =%) X
ST
_Xof(xl)—le(Xo) _____________
T (%) (%) ©

Now we decide whether the root lies between
X, and x, (or)x, and x
In the above graph clearly f(x2)<0

Therefore root lies between x1 and x>

We name that interval as (X, X, )
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MATHEMATICS-II INTERPOLATION

X (%)=%f(x)
f(xz)_ f (Xl)

This will in general, be nearest to the exact root. We continue this procedure till the root is

The next approximation is given by X, =

found to the desired accuracy.
The iteration process based on (3) is known as the method of false position
The successive intervals where the root lies, in the above procedure are named as
(% %), (%% )1 (%, %) ete
Where x; < x;,, andf(x,), f(x;.,) are of opposite signs.
X F (%) =% f(x)
f(x)-f (%)
Case(ii) f(x))>0, f(x)<0

Repeate same procedure as case(i).

Also X, =

Solved Problems

1. By using Regula - Falsi method, find an approximate root of the equation
x* —x—-10=0 that lies between 1.8 and 2. Carry out three approximations

Sol :

Let f(x)=x"-x—10 and x,=1.8,x =2

Then f(x,)=f(18)=-13<0and f(x)="f(2)=4>0

Since f(x,) and f(x )are of opposite signs, therefore the equation f(x)=0 has a

root between X, and x,

The next approximation to the root is

X — Xy
—x —— 1%
X2 X0 f(X1)—f(Xo) (XO)
182718 x(-1.3)
4+1.3

=1.849
We find that f(x,)=-0.161, since f(x,) and f(x,) are of opposite signs. Hence

the root lies between X, and x, and the next approximation of the root is
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MATHEMATICS-II INTERPOLATION

=1.8490—{2_1'849}(—0.159)
0.159

=1.8548

We find that f (x,)= f (1.8548)
=-0.019

Since f(x;)and f(x,) are of the same sign. Hence, the root does not lie between

x, and x,.But f(x;) and f(x ) are of opposite signs. So the root lies between x, and x,

and the next approximation to the root is x, = x5 — [ﬁ] f(x3)
1= 3

2—1.8548
4+0.019

= 1.8548 —

x (—0.019) = 1.8557

X3 = Xy

The approximate value of x = 1.8557

2. Find an approximate root of the equation f(x) = logx — cosx by using Regula-Falsi
method.

Sol : Given equation is f (x) = logx — cosx

f(1) =logl —cosl =—-0.5403<0

f(2) =log2 — cos2 =1.1093 >0

Since f(1) < 0 and f(2) > 0 Therefore the root lies in interval (1,2) = (x;, x1)
Since f(xy) = —0.5403 < 0 and f(x;) = 1.1093 > 0

The next approximation to the root is given by

Yo = xof (x1) — x1f (x0)
2 f(x1) = f(xo)
f(x,) = f(1.3275) = 0.04239 > 0

= 1.3275

Since f(x,) = —0.5403 < 0 , f(x,) = 0.04239 > 0, f(x;) = 1.1093 > 0

Therefore the root lies in interval (x,, x,) = (1,1.3275)

The next approximation is

u = xof (x2) — x2f (x0)
; f(xz) — f(xo)

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 11

= 1.3035




MATHEMATICS-II INTERPOLATION

Continue the procedure until the successive approximations are same up to four decimal

places

3. Find an approximate root of the equation f(x) = e*sinx — 1 = 0 by using Regula-
Falsi method.
Sol: Given equation is f(x) = e*sinx —1 =0
f(0O)=-1<0

f(1) =1.2873 >0
Since f(0) <0 and f(1) >0
Therefore the root lies in interval (0,1) = (x,, x;)
f(x) =—-1<0 and f(x;) = 1.2873 > 0
The next approximation to the root is given by

Yo = xof (x1) — x1f (%)
27 flxn) — fxo)

= 0.4372

f(x,) = £(0.4372) = —0.3444 < 0
f(x) =1.2873 >0 and f(x,) = —0.3444 < 0
Therefore the root lies in interval (0.4372,1) = (x4, x5)
The next approximation is

b — x1f (xz) — x5 f (1)
3T fl) = flxy)

Continue the procedure until the successive approximations are same up to four decimal

= 0.556

places

4. Find an approximate root of the equation f(x) = 2x —log,;ox —7 = 0 by using
Regula-Falsi method.
Sol: Given equation is f(x) = 2x —logi, —7 =0

f(1)=-5<0

f(2) =-3.3010<0

f(3) =-14771<0

f(4) =03979 >0

Since f(3) <0 and f(4) >0

Therefore the root lies in interval (3,4) = (xq, x;)
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f(xy) =—14771 <0 and f(x;) =0.3979 >0
The next approximation to the root is given by

Y = xof (x1) — x1f (x)
27 fle) — f(xo)

= 3.7878

f(x,) =—0.0028 < 0
f(x) =0.3979 > 0 and f(x,) = —0.0228 < 0
Therefore the root lies in interval (3.7878,4) = (x5, x,)
The next approximation is

Yo = xof (1) — 21/ (x7)
T~ fx)

Continue the procedure until the successive approximations are same up to four decimal

= 3.7893

places

5. Find a root of an equation 3x= e* using False position method.
Sol: Let f(x)=3x—¢€"

f(0)=-1f(0.1)=-0.8,...

f (0.6)=-0.0221192 <0, f(0.7) = 0.086247 > 0

Then

Since f (0.6). f (0.7) <0 and these values are near to zero

Therefore the root lies in the interval (0.6,0.7)= (x,, x;)
By False position method

The next approximation to the root is given by

_ xof (1) — x1f (o)

2T T e f) T

_ 0.6/(0.7)=0.7f (0.6)
f(0.7)-f(0.6)

=0.620451
Since f(x,)<0  f(x,) = f(0.620451)=0.001587>0  f(x;)>0
Therefore the root lies in the interval (0.6, 0.620451)= (x,, x,)

The next approximation to the root is given by

o = xof (x2) — x2f (x0)
’ f(xz) — f(xo)
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_0.6f(0.620451)—0.620451f(0.6)
B £(0.620451)—£(0.6)

=0.619083

f (0.619083)=0.000025>0
~The Approximate root is 0.6190
6.Find the root of xlog;o x — 1.2 = 0 using Regula falsi method.
Sol:
f(x) = xlog1ox— 1.2
Here
f(2)=-0.59 <0,
f(3)=023>0
Since f(2) < 0 and f(3) > 0 the root lies in the interval (2,3) = (x, x;)

The next approximation to the root is given by

Yo = xof (x1) = 21 (o)
2 f(x1) — f(x0)

RIORIIO)
F3)-r(2)

=2.7195
Since f(x,)<0 f(x,) =1(2.7195)=-0.0184<0  f(x,)>0
Therefore the root lies in the interval(2.7195,3)= (x5, x;)
The next approximation to the root is given by
g Xof (x1) — x1£ (x3)
fxy) = fxz)

_2.7195 f(3)—-3f(2.7195)
T f(3)-f(2.7195)

=2.7403

£(2.7403) = —0.000302 < 0
Clearly f(2.7403) is nearly equal to zero up to 3 decimal places
~The Approximate root is 2.740
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Newton Raphson Method:
The Newton- Raphson method is a powerful and eligant method to find the root of an
equation. This method is generally used to improve the results obtained by the previous

methods.

Let X, be an approximate root of f(x)=0 and let x, =x,+h be the correct root which
impliesthat f (x,)=0. We use Taylor’s theorem and expand f (x )= f (x,+h)=0

= f(x)+hf'(x)=0

f (%)

(%)

Substituting this in X, ,we get

f (%)

X, =X~ fl(XO)

=>h=-

.. X, IS a better approximation than X,

Successive approximations are given by

fxp)
xZ,x3 TR T .xn+1 Where xl'+1 = Xl - fl(xi)
Geometrical Interpretation
From below diagram tang=22=L00 (1)
adj xo—x1
But slope =tanf = fi(xo) ............... (2)

From (1) and (2) we have

f(x1) > f(xo)

f(x)
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Solved Problems
1.Find a root of an equation x+log, x = 2 using Newton raphson method.
Sol:

Given f(x) =x+logiox — 2, f'(x) =1 +l°g%e

Here
f(H)=-1<0
f(2)=0301>0
Since f(1) < 0and f(2) > 0 the root lies in the interval (1,2)
Here f(2)is near to zero
Choose x, = 1.8and f(1.8) = 0.0553 >0

By Newton Raphson method,we have

f(x)
Xiy1 = Xi — Txl) fori=0,1.2...
_ . _f(0)_q q 0.0555 _
Xy = xo = 50218 - 18 217552

Now f(x,) = f(1.7552) = —0.00013 and f’(x,) = f'(1.7552) = 1.2473

— o T _
X =X~ G0 1.7555

Now £(1.7555) = —0.00000012

Hence approximate root is 1.7555(coorect to 4 decimal places)

2.Using Newton — Raphson method
a) Find square root of a number

b) Find reciprocal of a number

Sol:  a) Square root:-

Let f (x) =x*>—N =0, where N is the number whose square root is to be found. The
solutionto f (x) is then x =N

Here f'(x)=2x

By Newton-Raphson technique

f(x) x’—N
=X T N TR T T
f1(x) 2X;
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1 N
= Xi+1 :E|:XI +;i|

Using the above iteration formula the square root of any number N can be found to

any desired accuracy. For example, we will find the square root of N =24.
Let the initial approximation be X, =4.8

X, = %(4.8 n z_‘;) _1 (23.04+24) _ 47.04 _

=49
2\ a8 9.6

X, _1 4.9+ﬁ _1 24.01+24 _ 48'01:4.898
2 49) 2 4.9 9.8

X, _1 4.898+ 24 _1 23.9904 + 24 _ 47.9904 _ 2,808
2 4.898) 2 4.898 9.796

Since,x, = x4 there fore the solutionto f (x) =x*—24=0 is 4.898. That means,

the square root of 24 is 4.898

b) Reciprocal:-

. The reciprocal of Let f(x) _1 N =0 where N is the number whose reciprocal is to be
X

found

The solutionto f (x)is then = L Also, fl(x)z_—1
N

X2

To find the solution for f (x)=0, apply Newton — Raphson method]

)

-1/x?

Xip1 = X — = x;(2 — x;N)

For example, the calculation of reciprocal of 22 is as follows

Assume the initial approximation be X, =0.045

"% =0.045(2-0.045x22)
= 0.045(2-0.99)
= 0.0454(1.01) = 0.0454
X, = 0.0454(2—0.0454x 22)
= 0.0454(2-0.9988)
= 0.0454(1.0012) = 0.04545
X, = 0.04545(2—0.04545x 22)
— 0.04545(1.0001) = 0.04545

x4 = 0.04545(2 — 0.04545 x 22)
= 0.04545(2 — 0.99998)
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= 0.04545(1.00002)
= 0.0454509
~Reciprocal of 22 is 0.04545
3.Find by Newton’s method, the real root of the equation xe* = cosx correct to three
decimal places.

Sol: Let cosx — xe* = f(x)
Then f(0)=1>0, f(0.5)=0.053>0f (0.6) =-0.267 <0
So root of f (x) lies between 0.5 and 0.6

Here £(0.5) value is near to zero
So we take X, =0.5 and f*(x)=—sinx—(x+1)e"
.. By Newton Raphson method,we have

Xipr = X; — % fori=012...

First approximation is given by

_y ()
X=X~ fl(XO)

=0.5- O _ 0.68026

—2.952507

The second approximation is given by

0.56569

=0.68026 ———
—3.946485

=0.536920

.. Continue like above we have x3= 0.51809 x3= 0.517757
Approximate Root = 0.517
4. Find a root of an equation e* sinx = 1 using Newton Raphson method

Sol: f(x) = e*sinx-1, f'(x) = (cosx + sinx)e*

f'(x) = (cosx + sinx)e*
f(0O)=-1<0
f(0.1)=-08<0
£(0.5) =—-0.209561< 0
f£(0.6) =0.028846 > 0
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Since £(0.5) < 0 and f£(0.6) > 0 the root lies in the interval(0.5,0.6)
but £(0.6) value is near to zero

So choose xp= 0.6

By applying Newton Raphson method,we have

Xip1 = X; —% for i=0,1,2.....

f (%)
(%)

=0.6 0028846 0.58861

2.532705

o fx)
T ()

First approximation x, = X, —

The second approximation X,

0.000196

2.498513
=0.588533

=0.588611—

~Approximate root is 0.588
5. Using Newton — Raphson method
a) Derive formula for cube root of a number
b) Find cube root of 15.
Sol:Let f(x) =x3 = N where N is the real number whose root to be found.
Solution to f(x) isthen x3 = N f'(x) = 3x2
T =% =
Here f(2) = —7 < 0 and f(2.5) = 0.625 > 0

so one root lies between (2,2.5)

Newton Raphson formula to find x;,; = x; —

take initial approx value is x, = 2

using Newton Raphson formula x;,, = x; — ]f,((";?)
LB 15 ca3ss
X1 = 3(2)? = 2.
o cgags (298333°—15 .
2= 3(2.58333)2
pag @ATIA 15
= 3(247144)2
ey 2A6622°—15
Tam s 3(246622)2
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. X3 = x, = 2.466221( upto 4 decimal places) is the required approximate root.

6.Find a real root of the equation 3 x = cos x + 1 Using Newton Raphson method.
Sol :
f(x) = 3x— cosx-1,f (X)=3+sinx
f(0) =-2<0
f(1) = 14597 > 0

.. The root lies between 0 and 1.

_ 041

Let Xog = > =0.5
using Newton Raphson formula,we have

Xj1 = X; — % fori=0,12...

f(xo) = £(0.5) = —0.3776
f'(x0) = (f'(0.5) = 3.47942

f(xo) _qe 03776
i) 3.47942

£(0.6085) = 0.0049
f'(0.6085) = 3.57164

First approximate root x; = x, — = 0.6085

=0.60713

Second approximation is X, = X, —% = 0.6085 — 30'507014694
X, .

Similarly we can find other approcimations xs, x,, — — — to the root

7. Find the root between 0 and 1 of the equation x*~6x + 4 = 0 correct to five decimal
places.
Sol: Let f(x) = x*—6x+ 4
f(0O)=4>0andf(1)= -1 <0
therefore the root lies between 0 and 1.
here the root is nearer to 1.
So, let x,=1

£ (%) = 3x%—6, f(1) = —3

The first approximation to the required root is
f(xo) 2

= £ =0.66666
f'(xo) 3
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Second approximation is given by
Xo= X1— M =0.73015
f'(x)
Third approximation is given by

f (x2)

X3= X2 — =0.73204
f'(x2)

Fourth approximation is given by

xi= xa— ) _ 073205
f'(xs)

The root is 0.73205 correct to five decimal places

Order Of Convergence
The deviation from the approximate root with actual root is called Error.
Error at nth ,(n+1) iterations are
€n =Xp -, €n+1 = Xn+1-«
If e,;1 <k e,? then the method is said to be of order ‘p’.
Note:

1.The method converges very fast if ‘k’ is very very small and ‘p’ is large.

2.Regula falsi and iteration methods converge Linearly.

1.Show Bisection method converges Linearly.

Sol: Choose initial approximations a, b such that f(a).f(b)<0

And let first approximation be x,

. +b __b-
Distance between aand x, =x;-a :aT-a:Ta

. +b_b-
Distance betweenb and x; =b — x; =b — aT:Ta

Here say Root « lies betweenaand x; orband x;
b_
|x1-(1|§ Ta

After n iterations, we get

b—a

|Xp-al< =
1b-a
|Xp41-al< S

1 . . .
eneq < -l =~ Bisection method converges linearly

N
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2.Show Newton Raphson method converges Quadratically

Sol:Let x,.be the actual root and x;, x;,,are ith,(i+1)th iterations in NRM.Then

X FH (%) =% F1(x)-f(x)
)= £1(% ) (X = X0) oo (1)
Taylor’s theorem around x=x;
Is given by f(x,)=f(xi+h
= 0)+ (er — xi) F(x,) +@f" (%) + - (2)
Neglecting higher order terms and sub (1) in (2) ,we get
0=f(xy- X, )+ (xr — xi) £(x;) +@f” (%)
Solving

(%)

ei+1=_1/2 ( fI(Xi)

(%)

1)

)e;? Where p=2 and k==-1/2 (

)
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INTERPOLATION

Introduction:

If we consider the statement y = f (x);x, <x<x, we understand that we can find the
value of y, corresponding to every value of x in the range x, < x<x, . If the function f (x)
is single valued and continuous and is known explicitly then the values of f (x) for certain

values of x like X,, X,......... X, can be calculated. The problem now is if we are given the set

of tabular values

X XO X1 xZ ............... xn

y H Yo V1 Vo o | e VYn

Satisfying the relation y = f (x) and the explicit definition of f (x) is not known, it
is possible to find a simple function say ¢(x) suchthat f (x) and ¢(x) agree at the set of
tabulated points. This process to finding ¢(x) is called interpolation. If ¢(x) is a

polynomial then the process is called polynomial interpolation and ¢(x) is called
interpolating polynomial. In our study we are concerned with polynomial interpolation

OR

Let X0»>% —— =X, pe the values x and VY,,Y,,Y,,——— Y, be the values of yand y =
f(x) be a unknown function .The process to find the value of the unknown function y =
f(x) when the given value of x and the value of x lies within the limits x,to x, is called

interpolation

Extrapolation:

Let XX =~=7X be the values xand y,, V,,Y,,——— Y, be the values of y and y=f(x) be a
unknown function .The process to find the value of the unknown function y=f(x) when the
given value of x and the value of x lies outside the range of x,to X, is called Extrapolation
Note: If the differences of x values are equal in the given data then it is called equal spaced
points otherwise it is called unequal spaced points
Note:

i) Suppose a given value of x is nearer to starting value of x then we use Newton’s

forward interpolation formula.
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i) Suppose a given value of x is nearer to ending value of x then we

backward interpolation formula.

use Newton’s

1)) Suppose a given value of x is nearer to middle value of x then we use Gauss

interpolation formula.

iv) Suppose the given data has unequal spaced points then we use Lagrange’s

interpolation formula

Finite Differences:

Finite differences play a fundamental role in the study of differential calculus, which is an

essential part of numerical applied mathematics, the following are the finite differences.

1. Forward Differences 2. Backward Differences 3. Central Differences

1.Forward Differences: The Forward Difference operator is denoted by A ,

differences are usually arranged in tabular columns as shown in the following

Forward difference table

The forward

table called a

Values Values of | First differences | Second Third differences Fourth differences

of x y differences

Xo yO
A3’0 =YY

X1 y1 AZyo = Ayl - Y
Aylzyz_yl A3yO:A2yl—A2y0

Xz yz Azyl = Ayz - Ayl A4 Yo = A3 Y. — AS Yo
AY, =YY, A%y, = A%y, — A%y,

X3 y3 AZ Y, = Aya - Ayz

X4 Y4 Ay; =y, —y3

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 24




MATHEMATICS-II INTERPOLATION

2. Backward Differences: The Backward Difference operator is denoted by V and the

backward difference table is

X 1y | Vy |Ay | Ay | Ay
Xo Yo
Vy1
X1 V1 V2y2
VY2 Viys
X2 |Y2 V2y;3 VY
Vys V3ys
X3 |Ys V2,
Vya
X4 Y4

3.Central Difference Table: The central difference operator is denoted by & and the central

Difference table is

X Y |6y |8y |8y |3dY
Xo Yo
Oy
X1 Y1 3%y1
Oyan 33yan
X2 |Y2 3%y, 3%
dys/2 33ysi2
X3 Y3 5%y3
dy7i2
X4 Y4

Symbolic Relations and Separation of symbols:
We will define more operators and symbols in addition to A, V and ¢ already

defined and establish difference formulae by Symbolic methods
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Definition:- The averaging operator 4 is defined by the equation uy, = %[yrﬂ,2 + Y

Definition:- The shift operator E is defined by the equation Ey, =y, ,. This shows that the
effect of E is to shift the functional value y, to the next higher value vy, . A second
operation with E gives E*y, =E(Ey, )=E(Y,..)= Y.

Generalizing E"y' =y, .

Definition:-

Inverse operator E™ is definedas E™'y, =y, ,
Ingeneral E™"y, =y, ,

Definition :-

The operator D is defined as Dy(x) = ;—x [y(x)]

Relationship Between operators:
i) Relation between A and E
Proof: We have Ay, =y, — ¥,
=Eyo —yo = (E — Dy,
=A=E—-1(or)E=1+4+A
i) V=1-E™
Pf. We have Vy, = y; — vy,
Vyi =y —E'y;
Vy: =1 —E"H)n
V=1-E*
iii) o=sE"—E™?
Pf: We have 6y% =y, — Yo

1 _1
= E2y1 —E zy1
2 2
Et
Oy = (E2 —E 2)y:
2 2
5 = El/2 _ E—1/2

iV) = %(Ellz + E—llz)

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 26




MATHEMATICS-II INTERPOLATION
Pf. we have py, = %(yr Aty 1)
2 2
1.1 _I
uyyr = 3 (Ezyr +E zyr)
1.1 _I
uy, = (E2 + E 2)y,
1.1 _!
p=5(E>+E?2)
1
V) uf=1+=52
) K 1
1,1 172
PR LHS =42 = |2 (E + E72)]
=S (E+E1+2)
172 _1\?
=Z[(E2—E z) +4 ]
1

==-(6%2+4)=RH.S

4

vi). Prove that A= 262 + & /1 + 262
Pf: Let R.H.S= %52 +6 /1 +i52

=25[6+2 [14+562]
2 4

= 5[5 +VA+57]

1 1 _1 1 _1
=E6[(E2—E 2)+ |4+ (Ez—E 2)2

1 1 h L 1 1
= 0[(Ez —E™2) + [(Ez + E"2)?
1 1 1 1
=15|@E-E7)+ (E 4+ E7)
2
1
=26.2.F2
2
1
=4.E>
1 101
= (EZ—E 2)_E2
=E-1=A=RHS.

vii) Relation between the Operators D and E

. . h? h*
Using Taylor’s series we have, y(x+h)=y(x)+hy'(x) to yr(X)+—

i y111(X)+____

This can be written in symbolic form
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h’D* h°D? hD
Ey, _[1+hD+ o + 3 +""}¥ =e".y,
E =ehd
R If f(x) is a polynomial of degree n and the values of x are equally spaced then

A"f (x) is a constant
Note:
1. As A"f (x) is a constant, it follows that A" f (x)=0,A"?f (x)=0,........

2. The converse of above result is also true. That is, if A" f (x) is tabulated at equal

spaced intervals and is a constant, then the function f(x) is a polynomial of
degree n

3. AX(x) = ACA(F(X))

Solved Problems :
1.Evaluate

(i)Acosx
(ii)A%sin(px+q)
(iii)A”eax+b
(iv). If the interval of difference is unity then prove that
Alx(x+ D+ 2)(x+3) =4+ 1(x +2)(x+ 3))
Sol:  Let h be the interval of differencing

(i)Acosx =cos(x+h)—cosx

. h) . h
=—25m(x+§JsmE
(i) Asin( px+q):sin[p(x+h)+q]—sin(px+q)

ph) . ph
=2C0S| pX+(g+— |Sin—
o+ B oin D
:23inp—hsin(£+px+q+p—hj
2 2 2
A%sin(px+ q) = ZSin%A [sin [px +q+ % (m+ ph)”
. ph . 1
= 23|n7 sin px+q+5(7z+ ph)

(iii) Aeax+b — e,a(x+h)+b _ eax+b

= elax+b) (eah—l)
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Azeax+b — A[A(eax+b)] — A[(eah _ 1)(eax+b)]
— (eah _ 1)2A(eax+b)
— (eah _ 1)Zeax+b

N _ax+b

Proceeding on, we get A" (e™*)=(e" -1) e

iv) Let f(x) =x(x+ D(x+2)(x + 3)
given h =1
we know that Af (x) = f(x + h) — f(x)
Alx(x+ 1D+ 2)(x+3)]=(x+ D(x+2)(x+3)(x+ 4))
—x(x+ D(x+2)(x+3)

=+ Dx+2)(x+3)[x+4—x]
=4(x+ D(x+2)(x+3)

2.Find the missing term in the following data

x 0 1 2 3 4

y 1 3 9 - 81

Why this value is not equal to 3*. Explain
Sol:  Consider A'y, =0

= Yy —4y; +6y; =4y Y, =0

Substitute given values, we get

81-4y,+54-12+1=0=y,=31
From the given data we can conclude that the given function is y=3*. To find v,
we have to assume that y is a polynomial function, which is not so. Thus we are not
getting y=3*=27

Equally Spaced : If the differences of x values are equal in the given data then it is called

equal spaced points otherwise it is called unequal spaced points

Newton’s Forward Interpolation Formula: Given the set of (n+1) values
(x0,¥0), (x1,¥1), — — —x,,,y,) of x and y. It is required to find a polynomial of n degree

yn(X) such that y and yn(X) agree at the tabular points with x’s equidistant (i.e.) Xj = xo+ih (i

=0, 1, 2.....n) then the Newton’s forward interpolation formula is given by
-1 -1 -2
y=f(x) =yo +phy, + EE2 a2y, + LEDED p3y 4
n p(p-1(p-2)-——- (p—(n-1)) Ay,

n!
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X=X

where p =
Note : this formula is used when value of x is located near beginning of tabular values

Solved Problems :
1.Find the melting point of the alloy containing 54% of lead, using appropriate

interpolation formula
Percentage of lead(p) | 50 60 70 80

Temperature (Q°c) | 205 |225 |248 | 274

Sol:  The difference table is

X y A A? A®
50 205
T~ 20
\NL
60 225 3
\\
23 0
70 248 3
26
80 274

Let temperature = f (x)

We have x = 54,x, =50,h =10 p= "‘h"" = 0.4

By Newton’s forward interpolation formula

- -1)(p-2
) = yo +phyy + BEH A2y, + EEIER Ay, 4 - — — -

£(54) = 205 + 0.4(20) + .4(0.; ~-1) 3+ (0.4)(0.4 —3!1)(0.4 —2) -

=205+8-0.36 =212.64. Melting point = 212.64
2. The population of a town in the decimal census was given below. Estimate the

population for the 1895

Year x 1891 1901 1911 1921 1931
Populationin

46 66 81 93 101
thousands
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Sol: The forward difference table is

X y A Az AS A4
1891 46 <
\A

20\\\‘

1901 66 ‘5
\\\\*

15 2\\\\\‘
1911 81 3 3

12 -1
1921 93 -4

8
1931 101

04)(04-1 04—-1)0.4(04-2
46 + (0.4)(20) +( )(6 )_ (—5) +( ) . ( )(2)

given h = 10,x, = 1891,x = 1985 then p=2/5=04

By Newton’s forward interpolation formula

1 1 2
f(x) = o +pAyo + BER A2y, + HEEEED A3y o —

£(1895) = + (0.4)(0.4—1)(2(:4—2)(0.4—3) (=3)

=54.45 thousands

3. Find y (1.6) using Newton’s Forward difference formula from the table

y 349 (482 |5.96 | 6.5
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Sol: The difference table is

X |y Ay | Ay A%y
1 |3.49
14 |482 [1.33
-0.81
18 [596 |1.14 -1.41
-0.60
22 |65 |054

Let = 1.6, x0=1, h=1.4 -1=04,p = == = %

Using Newton’s forward difference formula, we have

p(p+1) p(p+1(p+2)
fO) = yo +pAye + ——— A%y + 2 Ny, + ——— -
35 357
f(1.6) =3.49 + 3/2(1.33) + % (-0.81)+%(-1.41)
= 4.9656
4.Find the cubic polynomial which takes the following values

X 0 1 2 3
Y=f(x) 1 2 1 10

Hence evaluate f(4).
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Sol: The forward difference table is given by

X y Ay Ay Ny
0 1
1
1 2 ’
1 12
2 1 10
9
3 10
p=220_y n=1
h

Using newton’s forward interpolation formula, we get

X(x —1) A2y, + X(X=1)(x—-2) A®

X
Y =yo+ = Ay, +
Yot 7 o5 12.3 Yo

= 14x(1)+ @(-m W(m

= 2x3-Tx2+6x+1
Which is the required polynomial.
To compute f(4), we take xn=3 , x=4

X—X,

So that p= =1

Using Newton’s backward interpolation formula , we get

Yoz ystpvy,s POFD Go DD+ o

1.2 1.2.3 s
= 10+9+10+12
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=41
Which is the same value as that obtained by substituting x=4 in the cubic polynomial 2x3-

TX2+6X+1.

Newton’s Backward Interpolation Formula: Given the set of (n+1) values
(%0, ¥0), (X1, ¥1), — — —x,,,y,) of x and y. It is required to find a polynomial of n degree
Yn(X) such that y and ya(x) agree at the tabular points with x’s equidistant (i.e.) Xi = Xo+ih (i

=0, 1, 2.....n) then the Newton’s backward interpolation formula is given by

yn(x) =Y, + pvyn + %szn + ——— 4+ p(p+1)———— [p+(n-1)] V"yo

n!

Where p = X_hX“

Note : This formula is used when value of x is located near end of tabular values

Solved Problems :

1. The population of a town in the decimal census was given below. Estimate the
population for the 1925

Year x 1891 1901 1911 1921 1931
Population in
46 66 81 93 101
thousands

Sol: The backward difference table is

X y v V2 V3 V4
1891 46
20
1901 66 -5
15 2
1911 81 -3 -3
/,
12 - -1
1921 93 4 d
8//v
//
1931 101
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given h = 10,x, = 1931,x = 1925 thenp =2 =222 — 06

By Newton’s backward interpolation formula

p(p+1)

. N p(p+1)....[p+(n—1)]vn

n!
~ f(1925) =101+ (—0.6)(8) + (_0'62&(—4)
4 (—0.6)(0.4)(1.4) —1) + (—0.6)(0.4)(1.4)(2.4)
6 24
=96.21

V() =y + DVy, + Viy, + — Yo

(-3)

2.Find y(42) from the following data. Using Newton’s interpolation formula

Sol:

the backward difference table is

X y A A? A3 A* A®
20 354
-22
25 332 -19
29
41
30 291 10 -37
-8
-31 45
35 260 2 8
0
-29
40 231 2
-27
45 204
Givenx =42andx,, =45, h =5, thenp =22 = —06
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25

30

35

40

45

y

354

332

291

260

231

204

since x=42 is located near end of the tabular values therefore we use NBIF
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We know that NBIF

p(zjl) szn+P(P+13)l(P+2) V3y, + p(p+1)(z:r2)(p+3) Viy, +

yn(x) =Yn +0Vy, +

p(p+1)(p+2)(p+3)(p+4)
- V3

y(42) = 204 + (=0.6)(=27) + (—0.6)(2—0.6+1)(2)+0+(—0.6)(—0.6+1)(2;0.6+2)(—0.6+3) (8) +

(—0.6)(—0.6+1)(—0.6+2)(—0.6+3)(—0.6+4)
120 (45)

=234.44

Central Difference Interpolation: The middle part of the forward difference table is

X y Ay A%y A’y A'y Ay
X4 Y.

Ay, A%y,
X3 Y,

AY 4 A%y, Ay, Ay, A°y,
X, Y,

Ay, A%y, A%y, Ay, A%y,
X, Y.,

Ay, A%y, A%y, Ay, A%y,
X Yo

Ay, A%y, A%y, Ay, A®y,
X, A

Ay, A%y, A%y, A'y,
X, Y,

Ay, A? Y, A® Y1
X, Ys

Ay,
X, Vs

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 36




MATHEMATICS-II INTERPOLATION

1.Gauss’s forward Interpolation Formula: Given the set of (n+1) values
(%0, ¥0), (X1, ¥1), — — —x,,,y,) of x and y. It is required to find a polynomial of n degree
Yn(X) such that y and ya(x) agree at the tabular points with x’s equidistant (i.e.) xi = Xo+ih (i
=0, 1, 2.....n) then the Gauus Forward interpolation formula is given by

p(p—-1)(p+1) A3 p(p-1)(p+1)(p-2) A4

-1
Yn(X) = yo + PAYo + %Azy_l S y-1t " Y2+ ———
Where p = ==

Note:- We observe from the difference table that
AYy =Yy, APy | =82y, A%y, =6°Y,,,A'y , =5, and so on. Accordingly the
formula (4) can be rewritten in the notation of central diffe

p(p-1) (p+1)p(p-1)
21 3!

Y, =[Yo+ PSYy, + 5%y, + %Yy,

(p+1)(p-1)p(p-2)
41

2.Gauss’s  Backward Interpolation formula: Given the set of (n+1) values

54yo +____]

(%0, ¥0), (X1, ¥1), — — —x,,,y,) of x and y. It is required to find a polynomial of n degree
yn(X) such that y and yn(X) agree at the tabular points with x’s equidistant (i.e.) xi = xo+ih
(i=0, 1, 2.....n) then the Gauus Backward interpolation formula is given by

p(p+1) plp+1D(p—-1)
Y =Yo+pAy+———A%y 4 + 30 Ay_,

N p(p + 1)(294—! D(p+2) Ay,

Note: Gauss forward and Backward formulae used when x is located middle of the

tabular values
Solved Problems :
1.Use Gauss Forward interpolation formula to find £(3.3) from the following table

x 1 2 3 4 5
y=f(x) |15.30 15.10 15.00 14.50 14.00

Sol: the difference table is
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X y Ay A%y A%y Aty

(&) 153y
-0.2

2 X4 15.1y. 0.1
-0.1 -0.5

3 Xo 15.0 yo /-0.4 A%y, /0.9A4y_2
-0.5 Ayp 0.4A3y_,

4 X 145y, 0.0
-0.5

5 X2 14.0y,

X—Xo
h

Given x=3.3, x0=3 ,h=1 hence p = =0.3

We know that Gauss forward interpolation formula is

-1 1)p(p-1
Y, =[Ye+ p(Ayo)+%A2yl+(p+)3#

+(I0+1)(p—4? p(P—2)<A4y72)+____]_>(4)

Ay,

=15+(0.3)(o.5)+m (—0.4) +

(0.3)(0.09-1)

. (0.4)+ (0.3)(0.092—1)(0.3—2) (0.9)=14.9
2. Find f (2.5) using following Table
X 1 2 3 4
y 1 8 27 64

Sol: The difference table is

X |y Ay | Ay | AYy
1
7
2 |8 12
19
3 |27 18 °
37
4 |64
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h=1

p
h

X=X, 25-2

=05
1

Using Gauss Forward interpolation formula,

—8+(0.5)19+ (0-5);—0.5) 12)+ ©5-DOHL5+D

=15.625

3. Use Gauss forward interpolation formulae to find f(3.3) from the following

6

X 1 2 3 4 5
y 15.30 15.10 15.00 14.50 14.00
Sol:
X |y Ay A%y A%y Aty
1 |15.30
-0.20
2 |15.10 0.10
-0.10 -0.50
3 |15.00 -0.40 0.90
-0.50 0.40
4 |14.50 0.00
-0.50
5 |14.00
p_33-3_ .
-2 -0
~15+ (0.3)(~05)+ —(0'3)(‘0'24)(‘0'7) +(03)(0.4) —(_0'2 @3
+ (0'3)(_0'72)511'3)(_1'3) (~0.9) =14.8604925 =14.9
4. Find f(2.36) from the following table
X: 1.6 1.8 2.0 2.2 2.4 2.6
y: | 4.95 6.05 7.39 | 9.03 |11.02 13.46
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Sol:
X y A A? A3 A* AS
1.6 4.95
1.1
1.8 6.05 0.24
1.34 0.06
2.0 7.39 0.3 -0.01
1.64 0.05 0.06
22 x, |9.03y, —L /1).35\\ /,0.05
1.99 0.1
2.4 11.02 0.45
2.44
2.6 13.46

X—Xo
h

here we have x = 2.36 ,x, =22, h=0.2,p = =0.8

-1 +1 -1
yp:[yo+p(Ay0)+%A2yl+(p )3p|(p )Asy,l

+1 -1 -2
AP )(p4|)p(p )(aty )+ ———1->(4)
Substituting all above values in the formula then

f(2.36) =9.03 + (0.8)(1.99) +

(0.8)(;).8—1)(0'35)_'_ (0.8+1)(0é8)(0.8—1)(O.l)+ (0.8+1)(0.8) (2(:8—1)(0-8‘2)(0.05)

=10.02
5. Find f(22) from the following table using Gauss forward formula
x 20 25 30 35 40 45
y 354 332 291 260 231 204

Sol : the middle part of the difference table is

X y A A? A3 A* AS
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20x 354
0 Yo ~ N
-22
25 332 -19
-41 29
30 291 10 -37
-8
-31 45
35 260 2 8
-29
0
40 231 2
-27
45 204
Givenx =22 and x, = 20 , h = 5,thenp=x_hx0 = 0.4

The Gauss forward formula is

Yy = Yo + pAy,

= 354 + (0.4)(—22)

=345.2

6. Find by Gauss’s Backward interpolating formula the value of y at x=1936, using the

following table.

X

1901

1911

1921

1931

1941

1951

12

15

20

27

39

52

Solution: The difference table is
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X y Ay A’y Ay Aty Ay
1901 x3 12y3
3
1911 x, 15y-= 2
5 0
1921 x1  20ya 2 3
- 7A3’—1\ — 30%y_, /'10A5}’—3
1931 XO 27 yO 5 Azy_l 7A4y_2
12 -4
1941 x1 39 Y1 1
13
1951 x2 52y,
Given x=1936 and let xo =1931 and h=10 then p = "‘h"" =0.5
By Gauss backward interpolation formula we have
(p+Dp (p+ Dp(p—-1)
Y= Yo+ pAyy + =A%y + 30 Ay_,
+ Dplp - D(p -2
L@ )p(p4' )(p —2) Ny, 4 ———

:27+(0-5)(7)+0.5)((;.5+1) (5) + (0.5)(1.2)(—0.5) 3) + (0.5)(1.5)(2;0.5)(—1.5) (=7) +

(0.5)(1.5)(-0.5)(—1.5)(2.5) (_ 1 0)
120

=32.345

7. Using Gauss back ward difference formula, find y(8) from the following table
x 0 5 10 15 20 25
y 7 11 14 18 24 32

Solution: Solution: The difference table is
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X y Ay A%y Ay Aty Ay
O0X2 7Yy
4
9X1 1lya -1
3 2
10% 14 yo/ T~ 1 — \‘-1
4 1 0
15x1 18 w: 2 -1
6 0
20 x2 24y, 2
8
25 X3 32y

X—Xo
h

=-04

Given x=8 and let xo =10 and h=5 then p =

By Gauss backward interpolation formula we have
(p+Dp (p+Dplp—-1)
T 31
+1 -1 -2
N (p )p(p4' )(p—-2) Aty

(—0.4)(—0.4;-1)(—0.4—1) (2) +

y =Y+ pAy_; + Ay_,

14+(0-4)(3)+(—0.4)(2—0.4-+1) (1) +

(—-0.4)(—0.4+1)(—0.4—1)(—0.4—2)
24

(-1)=12.704

Lagrange’s Interpolation Formula:

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 43




MATHEMATICS-II INTERPOLATION

Let f(x) be continuous and differentiable (n + 1) times in the interval (a, b). Given the
(n+ 1) points as(Xo, Yo0), (x1,¥1), (X2, ¥2)..... (Xn,Yn) Where values of x not necessarily be
equally spaced then the interpolating polynomial of degree ‘n’ say f(x) is given by
f(x)= (X=X ) (X=X, )orrnn( X=X, f (%) + (X=X ) (X=X, ) (X=X, F)
(Xo =X, ) (Xg = X5 )cvvneene (X —X,) (X =% ) (X, = %5 ) (X, — X, )
(X—xo)(X—xl)(X—xz)--------(X—xn)f(xz) + + (x=x0) (X=%1) reeem (x—xn-1) f(xn)

(e2=x0)(X2=21) vevrene (x2—xn) (en=x0) e =x1) vvvvvnne (en—xn-1)

Note : This formula is used when values of x are unequally spaced and equally spaced

Solved Problems:

1. Using Lagrange formula, calculate f (3) from the following table

X |0 1 2 4 5 6

f(x) |1 |14 |15 |5 |6 |19

Sol: Given x, =0,x; =1,x, =2,x3=4,x, =5,xs =6

f(6) =L f (4) =14, () =15, () =5, f (x,)=6, f (x;) =19

From Lagrange’s interpolation formula

X (X_Xl)(x_XZ)(X_Xs)(X_X4)(X_X5) X

)= B )00 ) (6 10) (6o %) () | )
() (xR (X (X ) (1)

(o3 05— %) (% —3) (% —x) (% —xg) | )

1 (X_XO)(X_Xl)(X_XS)(X_X4)(X_X5) f(x)

(XZ—XO)(XZ—Xl)(XZ—Xg)(XZ—X4)(X2—X5) ?
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=£—§x14+§x15+§x5—gx6+2x19
60 40

240 60 48 48
=0.05-4.2+11.25+3.75-1.8+0.95
=10
f(%)=10

2. Find f(3.5) using Lagrange method of 2™ and 3" order degree polynomials.

X 1 2 3 4
fx) |1 2 9 28
Sol: By Lagrange’s interpolation formula For n=4 ,we have

)R (x)
F00= T =) () o) | )

35-2)(35-3)(35-4) .. (35-1)(35-3)(3.5-4)

5
(e R e A PR e TR R O

(3.5-1)(3.5-2)(3.5—-4) (3.5-1)(3.5-2)(3.5-13)

. f(35)= (

+

G-DG-2G6-H Ot a-na-2a-3 *®
~0.0625+(-0.625)+8.4375+8.75
=16.625
Now F(x) = (x — 2)(x_— 3)(x —4) 1+ (x—Dx—-3)(x—4) @

6 2

(x—1)(x—=2)(x—4) 9) + (x—1)(x—-2)(x—3) (28)
6

+
+ (=2)
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_(x2—5x+6)(x—4)+ (x?=3x+2)(x—4)

s (x?—4x+3)(x—4) + = 9)
x2—=3x+2)(x—-3
4 ( )( )(28)
6
x3 —9x?% +26x — 24
= s + x3 — 8x% + 19x
X 0 2 3 6
- 12
Y=fx) |4 |2 |14 |158
x3—7x%+14x — 8
+ 9)
-2
x3—6x°+11x—6
(28)
6
[—x3 +9x2 —26X+24+6X° —48X* +114x — 72 —27x> +189x> —378x + 216 + 308X + 28x° —168X> —168]

6

6x> —18x> +18x
=

5 f (x)=x>—3x"+3x

- 1(35)=(3.5) —3(3.5)" +3(3.5)=16.625

3. Find f (4) use Lagrange’s interpolation formulae.

Where x=4,x,=0,X,=2,%=3,X,=6

_ (4—2)(4—3)(4—6)X(_4)+

(—2)(-38)(-6)
@@ (2) . 4x2x(-2)
20 () P sy
42
“e@)E)
:%4(_2)+%+% _ —4—18+9224+158

=40

4.The following are the measurements T made on curverecorded by the oscilograph
representing a change of current | due to a change in condn s of anelectric current
T]12 |2 25 |3

| |1.36 |0.58|0.34 | 0.2
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Sol :

Since data is unequispaced,we use Lagrange’s interpolation

(X—Xl)(X—XZ)(X— X3) Y, + (X—Xo)(X—Xz)(X— X3)
(Xo _X1)(Xo _Xz)(xo_xs) ° (X1_Xo)(X1_X2)(X1_ X3)
(X—XO)(X—Xl)(X— X3) + (X—Xo)(X—Xl)(X— Xz)
(Xz _Xo)(xz —Xl)(XZ—X3) § (X3 _Xo)(xe _Xl)(x3_X2)

y = Vi

Y3

. (@A.6—-1.2)(1.6 —2)(1.6 —3) (.6 -1.2)1.6-2.5@1.6—3) ( 5g

y — @1.36) +
@1.6—-1.2)(1.6 —2)(1.6 —3) (2—1.2)(2—2.5)1.6 —3)
(1.6 -1.2)A.6 —2)A.6—3) 5 34y, L.6-1.2)A.6—-2DA.6—2.5)
1.6—-1.2)(1.6 —2)(1.6 —3) @a.6—-1.2)(1.6 —2)(1.6 —2.5)

=0.8947 . I =0.8947

5.Find the parabola passing through points(0,1),(1,3) and(3,55) using Lagrange’s

Interpolation Formula.

x |0 |1 |3
y |1 |3 |55

Sol :Given Lagrange’s interpolation formula is
_ (X_Xl)(X_XZ) T (X_Xo)(x_xz) y
(Xo - X1)(Xo - Xz) ’ (Xl N Xo)(x1 - Xz) '
+ (X — Xo)(x — X1)
(Xz - Xo)(xz - X1)
_ (x=D(x-3) \ (x=0)(x-3) 3
(0-D(0-3) @1-0@1-3)

N (x=0)(x=1) (55)
(3-0)(3-1)

y

Y,

== [48x2 — 36x + 6]

=8x%? —6x+1

6.A Curve passes through the points (0,18),(1,10),(3,-18) and (6,90). Find the slope of the

curve at x=2.
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X |0 1 3 6
y |18 |10 |-18 |90

Sol : Given data is

Since data is unequispaced,we use Lagrange’s interpolation

yo R )k) (XXX )X %)
(Xo _X1)(Xo _Xz)(xo_xs) ’ (X1_Xo)(X1_X2)(X1_ X3)

+ (X—Xo)(X—Xi)(X— Xs) y, + (X_Xo)(X_X1)(X_ Xz) Y,
(Xz _Xo)(xz _Xi)(xz_xa) (X3_X0)(X3_X1)(X3_X2)

1

_ (X=)(x=3)(x-6) 4 (X-0)(x=-3)(x-6),,
(0-1)(0-3)(0-6) (1-0)(1-3)(1-6)
L 0DE=0) o (=D g
(3-0)3-1)(3-6) (6)(6-1)(6-3)
_ (x=D(x-3)(x-6) 18+ (x=0)(x=3)(x=16) 10
(0-1)(0-3)(0-6) (1-0)1-3)(1-6)
L _((x-1)(x-6) (_18)+(X)(X—1)(X—3)90
(3-0)3-1(3-6) (6)(6-1(6-3)
=2x3-10x°+18

d
A 6x2% — 20x
dx

~ Slope of curveat x = 2is 6(2)%> —20(2) = —16
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NUMERICAL METHODS

Numerical Integration
Introduction :
The process of evaluating a definite integral from a set of tabulated values of the integrand

f(x), which is not known explicitly is called Numerical Integration.

Newton —Cote’s Quadrature Formula:
We want to find Definite integral form f; f(x)dx, where f(x ) is unknown explicitly,then

We replace f(x) with interpolating polynomial.

Here we replace with Newton Forward Interpolation formula
Divide the interval (a, b) into n sub intervals of width h so that
a=xg<x;=Xg+h......<xp,=x,+h=>bThen

p(P—1) .- L P(P-D(P=2).....(p—(n-1)) Ay
21 n! 0

Yn (X) =Yt pAyo +

X—Xo
h

Where p = hdp=dx atx=xy=> p=0andx=x,=> p=n

b n n _
Sy FOOdx = [y 0 BER [y, v pay, + PR azy o )dp
=hfon(yo+pAyo+%A2yO+ .......... )dp

=nh[y + DAy + X 2n-3)A%y. + - (n—2)2A%, +...]
Yo+ 5 Ao 12( VATY, 24( ) A%Y,

This is Newton Cotes Quadrature Formula.
Derive Trapezoidal Rule for numerical integration of f: f(x)dx

. Trapezoidal Rule
Sub n=1 in Newton Cotes Quadrature formula and taking the curve y = f(x) passing
through (x,, yo)and (x,,y,) as a straight line so that differences of order higher than first

become zero(i.e., A%, A3etc become zero) (n=number of intervals)

h .
fjolf(x)dx =h[y, %Ayo]:; [Vo + Valeeeememeeeeeen. (i)
Similarly we get

F2F@dx =2y +Y2] (i)
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Adding above we get

[ydx =210+ ) + 200 + Y2+ = == = +Yn0)]
Xn
h
j ydx = 3 [(sum of the Ist & last oridinates) + 2(sum of the remaining ord.)]
X0

Geometrical interpretation of Trapezoidal Rule:

L

=0 xl xk xd

Here trapezoidal rule denotes sum of areas of above trapeziums.

Derive Simpson’s 1/3 Rule for numerical integration of f: f(x)dx

I1. Simpson’s 1/3 Rule (n=2)

sub n=2 in Newton Cotes Quadrature_Formula and taking the curve y = f(x) passing
through (xo, yo), (x1,y1) and (x,,y,) as a parabola so that differences of order higher than

second become zero(i.e., A3, A*etc become zero)
Jol f(dx = 2h[yo+Ayo+%A2 Yol

We know E = 1+A A

then f;cozf(x)dx =§[Yo +4y;1 + 5]

Similarly f;;“ F(x) dx=2h[y,+4y,+Y,]

n h
and so on f;n_zf(x)dx =3 [Vn—2 + 4Yn_1 + Yn]
Adding
n h,
Lo ydx =210 + ) + 40 + Yo+ o+ ynon) + 202 + Yt o+ no)]
Xn

h
f ydx = 3 [(sum of the first and last oridinates) + 4(sum of the odd ordinates)

X0

+ 2(sum of the remaining even ordinates)]
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This is known as Simpson’s 1/ 3 Rule (or) Simply Simpson’s Rule. .
I1I. Simpson’s 3 / 8 Rule
[ ydx = 2[00+ yn) +30n + Y2 +Ya + Vs Yno1) + 203 + Vot -+ Ynos)]

Note: -
1. Trapezoidal Rule is applicable for any number of subintervals

2. Simpson’s 1/3 rule is applicable when the number of subintervals must be even

3. Simpson’s 3/8 rule is applicable when the number of subintervals must be multiple of 3

Compare Trapezoidal Rule and Simpson’s 1/3 rule
In trapezoidal rule we take n=1(no of subintervals) between every two points we are taking a
straight line(LINEAR) where as in simpsons rule n=2 means we are taking a parabola so

error is less compare to trapezoidalrule.

Solved Problems

1. Evaluate [™£2%qx by using trapezoidal and simpson’s 1/3 rules taking n=6
0 x

Sol: h =22 =1

n 6

—1 since lim %=1
x-0 X
X 0 K 2m 3m i 5w T
6 6 6 6 6

sinx 0 0.5 0.866 1 0.866 0.5 0
Sinx/x 1 0.9549 0.8270 0.6366 0.4135 0.1910 0

i) Trapezoidal rule :

f de == [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]
= 2 [ (1+0) +2(0.827+0.4135+0.9549+0.6366+0.1910) ] = 1.8446

ii) Simpson’s 1/3 rule:

f —dx— [(sum of the Ist & last oridinates) + 4(sum of the odd ordinates) +

2(sum of the remaining even ordinates)]

= Z{(1+0)+2(0.827+0.4135)+4(0.9549+0.6366+0.1910)] = 1.852
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2. Evaluate fol ﬁdx by using trapezoidal , simpson’s 1/3, Simpson’s 3/8 rules.

Sol:  We want to use above 3 rules so taken = 6

X 0 1/6 2/6 3/6 4/6 5/6 6/6
y:L 1 0.8571 0.75 0.6666 0.6 0.5454 0.5
1+x
Yo V1 V2 V3 Va Vs Ve
—b-a_1-0_1
h = n_ 6 6

i) Trapezoidal rule :

f de == [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]

=% [ (1+0.5) +2( 0.8571+0.5454+0.75+0.6+0.6666) ] = 0.69485
i) Simpson’s 1/3" rule:
f :dx— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]
= L [(1+0.5)+2(0.75+0.6)+4(0.8571+0.6666+0.5454)] = 0.6931
iii) Simpson’s 3/8" rule:
Jy =X =2 [0 + ¥a) 3G + V2 + Ya + Vst + Yno1) + 20 + Yot .+ Yos)]

= —{(1+0.5)+2(0.6666)+3(0.8571+0.75+0.6+0.5454)] = 0.6932

3. Evaluate | 45'2 logx dx by using trapezoidal , simpson’s 1/3,Simpsons 3/8 rules from

X 4 4.2 4.4 4.6 4.8 5 5.2
logx | 1.3863 | 1.4351 | 1.4816 | 1.5261 | 1.5686 | 1.6094 | 1.6487

Yo Y1 Y2 Y3 Y4 Ys Y6

Sol:  Here h=4.2-4=0.2

i) Trapezoidal rule :

ff'z logx dx :g[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]

=22[(1.3863+1.6487)+2(1.4351+1.4816+1.5261+1.5686+1.6094)] = 1.8277

ii) Simpson’s 1/3 rule:
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f —dX— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]
:%[(1.3863+1.6487)+2(1.4816+1.5686)+4(1.4351+1.5261+1.6094)] =1.8279
iii) Simpson’s 3/8 rule:

I —dX— Ll + yn) + 300 + Vo + Ya + Vst Yuo1) + 25 + Vet + Yzl

1+x

=E[(1.3863+1.6487)+2(1.5261)+3(1.4351+1.4816+1.5686+1.6094)] =1.8278

4. The velocity v (m/sec) of a particle at distance S(m) from a point on its path given by
following table

S |0 |10]{20|30|40|50 |60
v |47 |58 |64 |65|61|52]|38

Estimate the time taken to travel 60 meters by Simpsons 1/3 and 3/8 rules.

Sol :Letv = % be the velocity of particle at any time ‘t’

Thendt = E Integrating on both sides with limits 0 to 60

60 1

Thent = [~ ds

S |0 10 20 30 40 50 60
v |47 58 64 65 61 52 38
1/v | 0.0212 | 0.0172 | 0.0156 | 0.0153 | 0.0163 | 0.0192 | 0.0263

S as 1
i) Simpson’s Erule:

(sum of the first and last oridinates)
f60 = ds= 2 +4(sum of the odd ordinates)
+2(sum of the remaining even ordinates)

= 13—0[(0.0212+0.0263)+2(0.0156+0.0163)+4(O.0172+O.0153+O.0192)]: 1.0603 sec

ii) Simpson’ S35 3 rule:

60
t=Jy > dS——[(yo+yn)+3(y1+yz+y4+y5+ +Yn-1) + +2(y3 + Yot .+ yn-3)]

=21[(0.0212+0.0263)+2(0.0153)+3(0.0172+0.0163+0.0192)]= 0.8857 sec
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5.Evaluate f:/z es"*dx correct to four decimals places by Simpsons 3/8rule

Sol: Here h=—=
12

X 0 n 2m 3 4 5n n
12 12 12 12 12 2
y |1 1.2954 1.6487 2.0281 2.3774 2.6272 2.718

Simpson’s % rule:
60 h

=y - ds= 2 [ +¥n) + 30 + Y2 + Ya + Vst + Yuo1) + +2(3 + Yo+ .+ Ynos)]

= Z[(1+2.718)+2(2.0281)+3(1.2954+1.6487+2.3774+2.6272)=3.1015

L > dx using Simpson’s 3/8 rule
1+x

1

6. Evaluate I
0

1

Sol: Divide the interval into 6 sub intervals & tabulate the values of f(x;) = o

follows
x; |0 |1/6 26 | 3/6 4/6 5/6 6/6
f(x;) |1 09729 1 0.90 | 0.80 |0.69231 | 0.59016 | 0.5
Here h=1/6

Using Simpson’s rule
1 3h
I=Jy —dx =2 +¥6) + 30 + 2 + Y4 +5) + 2y3]

0 1+x2

3
[(1.0 4+ 0.50) + 3(0.9729 + 0.90 + 0.69231 + 0.59016) + 2(0.80)]

8.6

1
E(12'5662) = 0.785395 = 0.7854

! dx, taking 5 sub internals & by using Trapezoidal rule.

1
7. Find the value of j >
o 1+ X

f(x)=1i2,n=5,a=0,b:1

Sol: b +X1 0
~h=228_2"" g
n 5

Construct a table of values of x;&y; = f(x;) as follows
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X; 0.0 0.2 0.4 0.6 0.8 1.0
Yi 1.00 0.961538 | 0.832069 | 0.735294 | 0.609755 | 0.50

Using Trapezoidal rule we get

1
1= 1+1X2 dx = 022 (1.0+0.50) + 2(0.961538 +0.832069 + 0.735294+ 0.609759) |
0

=0.783734

8. Find the area bounded by the curve f (x)=y and x-axis from x=7.47 to x=7.52

X; 1.47 7.48 7.49 7.50 7.51 7.52
Vi 1.93 1.95 1.98 2.01 2.03 2.06

Sol : Here h=0.01
Area formed by the curve y = f (x) and x — axis from x=7.47t0 x=7.52 is

7.52
Area = I f (x)dx
7.47

Applying Trapezoidal rule we get

7.52

Area = j f( z—[(yo+y5)+2(yl+y2+y3+Y4)]

7.47

_9 01[(1 93+2.06)+2(1.95+1.98+2.01+2.03)

=0.0996

1
9.Find I x>dx with 5 sub intervals by Trapezoidal rule
0

Sol: Here a=0,b=1n=5&y="f(x)=x’

The values of x & y are tabulated below

X 0.2 0.4 0.6 0.8 1
y 0.008 |0.064 |0.216 |0.512 1
By Trapezoidal rule

[()’0 +y,) + 201 + ¥y, + ¥3)]
07 [(0.008 + 1) + 2(0.064 + 0.216 + 0.512)]
=0.2592 = 0.26
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10. Evaluate ][‘t sin tdt using Trapezoidal rule
o

Sol: Divide the interval (0, ) in to 6 parts each of width h = x

The values of f (t) =tsint are given below

t 0 716 2716 | 37/6 | 4xl6 | 57216 | &
f(t)=y |0 0.2618 | 0.9069 |1.5708 |1.8138 | 1.309 |0
Yo Y1 Y Ys Ya Ys Yo
By Trapezoidal rule

T h
J‘tsmtdt=§[(yo+y6)+2(yl+y2+y3+y4+y5)]
0

%[(m 0)+2(0.2618+0.9069 +1.5708+1.8138 +1.309) |

2
= 15(11.7246)
=3.0695 = 3.07

11. Find the value of i% by Simpson’s 1/3 rule. Hence obtain approx. value of log,.2
T X

Sol: Divide the interval (1,2) in to 8(even) parts each of width h=0.125
X 1 1125 | 125 |1375 |15 1.625 | 1.75 1.875 |2
y 211 0.8888 | 0.8 0.7272 | 0.6666 | 0.6153 | 0.5714 | 0.5333 | 0.5
“ v | % Y. | Ys Ya Ys s Y; Ve
By Simpson’s 1/3 rule
2d h
L= =00+ ye) 40+ 3+ ys +y) + 202+ ya + ¥6)]
=%[(uo@+4(o.8888+0.7272+0.6153+ 0.5333)+2(0.8+0.6666 +0.5714) |
&325[1.5+11.0584+4.o76] _0125

[16.6344] =0.6931
By actual integration,
% dx

1

[log x]i =log2—logl=log?2

Hence log 2 =0.6931, correct to four decimal places
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12. A rocket is launched from the ground. Its acceleration is registered during the first
80 seconds and is given in the table below. Using Simpson’s 1/3 rule, find the velocity of
the rocket at t = 80 seconds

t (sec) 0 10 20 30 40 50 60 70 80

f (cm /secz) 30 31.63 | 33.34 | 35.47 | 37.75 | 40.33 | 43.25 | 46.69 | 50.67

Sol: We know that the rate of velocity is acceleration l.e., f = %

.. Velocity of the rocket at t =80sec is given

v=["fdt
10
= = [(30 +50.67) + 4(31.63 + 3547 + 4033 + 46.69)2(33.34 + 37.75 + 43.25)]

= 2[80.67 + 616.48 + 228.68] = = (925.83) =3086.1

13. A river is soft wide. The depth ‘d’ in feet at a distance x ft from one bank is given by

the table

x|0[10|20|30|40 |50 |60 |70 |80
y|0(4 (7 |9 [12(15|14|8 |3

Find approximately the area of cross-section

Sol: Here h=10,y,=0,y,=4,y,=7,y,=9,y,=12,y. =15,y,=14,y, =8& Yy, =3

. 80
Area of cross section = J‘ ydx
0

=h

AT = 2 (o + Yo ) +4 (Y + Y3+ Y +¥7 )+ 2(¥o + Y + Y]
=%[(0+3)+4(4+9+15+8)+2(7+12+14)]
=%[3+144+6e]

=710sq. ft

14. Evaluate Tsin xdx by dividing the interval (0,7) in to 8 sub intervals & using
0

Simpson’s 1/3 rule

Sol:- Given a=0,b=7,n=8& f (x)=sinx

_b-a 7-0_
n
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Tabulate the values of sinx as follows

x; |0 | #/8 | nl4 | 3x/8 | w/2 | 57218 | 67x/8 | 7718 | «
sinx; [0 [ 038 | 071 |092 |1 092 |0.710 |0.38 0

Simpson’s 1/3 rule for n = 8 is
t h

I =_[ f (x)dx=§[(yO FYe)+HA(Yi+Ys+ Ve + Y, )+ 2(Yo+ Ya+ Ys) ]
:8—”3[(0+o)+4(o.38+o.92+0.92+o.38)+2(0.71+1.0+o.71)]
=1.99

15. Find the area bounded by the curve y:e_% , X axis between x=0&x =3 by using

Simpson’s 3/8 rule

Sol: Divide the interval (0,3) in to 6 sub intervals - h — % _05

X212

The values of y, =e are tabulated as follows

x; [0.0]05 [1.0 1.5 2.0 2.5 3.0
y(x;) | 1.0 ] 1.33 | 1.649 | 3.080 | 7.389 | 22.760 | 90.017
By Simpson’s 3/8 rule we get

\r—t

3h
I=]e™/2dx = g[()’o +¥e) +3(1+ y2 +ys +ys) + 2y3]
0
= 3((;'5) [(1.00 4+ 90.017) + 3(1.33 + 1.649 + 7.389 + 22.760) + 2(3.080)]
= 36.8551
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Numerical solutions of ordinary differential equations

The important methods of solving ordinary differential equations of first order numerically

are as follows

1) Taylor’s series method
2) Euler’s method
3) Modified Euler’s method of successive approximations

4) Runge- Kutta method

To describe various numerical methods for the solution of ordinary differential equations, we
consider the general 1% order differential equation.

= f(x,y)------- (1) with the initial condition y(Xo)=Yo

The methods will yield the solution in one of the two forms:

i) A series for y in terms of powers of x, from which the values of y can be obtained by direct
substitution.

ii) A set of tabulated values of y corresponding to different values of x

The methods of Taylor belong to class (i)

The methods of Euler, Runge - Kutta method, belong to class (ii)

Taylor’s Series Method

To find the numerical solution of the differential equation g_y =f(x,y)>1)
X

With the initial condition y(X,) =Y, > (2)

y(x) Can be expanded about the point X, in a Taylor’s series in powers of (X—X,) as

y(0) = y (o) + 22y (o) + E2 () .+ EZyn (). > (3)

In equation (3), Y(x,) is known from initial condition equation. The remaining coefficients
Y'(%), Y'(Xg)yeenen y"(x,) etc are obtained by successively differentiating equation (1) and
evaluating at x,. Substituting these values in equation, Y(X)at any point can be calculated

from equation. Provided h=x-x, is small.

When X, =0, then Taylor’s series equation can be written as
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2

y(x) = y(0) + x.y’(0) + % y"(0) + ...+ % y"(0) +........ 2>(4)

Note: We know that the Taylor’s expansion of y(x) about the point xo in a power of

(X —Xo) is.
09 =y00) + E 8y gy + B0y BEBL iy ) or
y(X) =yo+ (X_Xo)y'+ (X_XO)Z y'+ (X_XO)3 y

1! 2! 3!

If we let X — Xo = h. (i.e. X = Xo + h = X1) we can write the Taylor’s series as

h ’ h2 n 3 " 4 nee
y(X) = y(x1) = yo + TR TE AL AT ARt
. _ h ' h2 " h3 " h4 (4)
lLe.y1=Yo+ ﬁy0+5y0+ ayo Vo e -2>(2)

Similarly expanding y(x) in a Taylor’s series about x = x1, We will get.

h + h%2 v K3 w h* (4
Y2 = y1+ay1+;y1+§y1 +Zy1( )+ ....... 9(3)

Similarly expanding y(x) in a Taylor’s series about x = x2 We will get.

3

h v h?® w R® w  h* (4
y3=Y2+;y2+ Zy2+§y2 +Zy2( )+...... 2(4)

In general, Taylor’s expansion of y(X) at a point X= Xp iS

_ h ' hz " 3 " h4 (’]))
yn+1—yn+iyn +Eyn +§Yn +Zyn T ()

Merits and Demerits of Taylor series method:

In this method taking h very small and taking upto order h*terms we get less error but finding
derivatives may be complicate in some of the problems

Solved Problems:

d
1. Solve d_i(/ =Xy +1 and y(0) = 1 using Taylor’s series method and compute y(0.1).

Sol: Given that g—i -1=xyandy(0) =1

Here j_y =1l+xyandyo=1, X% =0.
X
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Differentiating repeatedly w.r.t ‘x” and evaluating at xo =0

y(X) =1+xy, y'(0)=1+0(1) = 1.
y' (X)) =x.y +y, y" (0) = 0+1=1
y"X)=x.y"+y +vy y'"(0) = 0.(1) + 2(1) =2

The Taylor series for f(x) about Xo = 0 is

2 3

y(X) = y(0) + x_y' (0) + % " (0) + %y (0)  (Neglecting higher order terms)

Substituting the values of y(0), v (0), y " (0), ....

2 3

X X
=1l+x+—+ =2
YO =1Hx+ 2+ ()

2 X3

y(x)=1+x+X7+§ >@)

Now put x = 0.1 inequ (1),

0D , O

y(0.1)=1+0.1+ 3

=1+ 0.1+0.005 + 0.000333 = 1.105
2. Solve the equation % = x— y? with the conditions y(0) = 1 and y’ (0) =1. Find y(0.2)
X

and y(0.4) using Taylor’s series method.
Sol: Given that y'=x-y?,y(0)=1Here y, =1, X, =0

Differentiating repeatedly w.r.t ‘x” and evaluating at x=0

Y =x—y,y ) =0-y(0)* =0-1=-1
Y =1-2y.,y"(0)=1-2y0)y'0)=1-2(-1) =3
ST =1-2p" 20vY,y @ =20 0)-2.(’' Q)Y -6-2--8

The Taylor’s series for f(x) about Xo = 0 is
2 3

%y" ) + %y"’ (0) (Neglecting higher order terms)
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Substituting the value of y (0), y' (0), y" (0),.....

3 8
X)=1-x+=x2- =x3
y(x) > 5

y(X) = 1ox+3x- 2y >(1)
2 3
Now put x =0.1in (1)

_ 31244 3
y(0.1)=1-0.1+ 5 (0.2 + 3 (0.1)°=0.9138
Similarly put x=0.2in (1)

_ 3.4 3=
y(0.2)=1-0.2 +§ (0.2)" - 3 (0.2)° = 0.8516.

3. Tabulate y(0.1), y(0.2) and y(0.3) using Taylor’s series method given that y'= y? + x

andy(0) = 1.
Sol: Giveny ' =y?+x .......... (D),
VO0) =1 teeeeeeeeeeeeee 2)

Here xo =0,yo=1. Take h=0.1then Xy =xo+ h=0.1, x2=0.2, X3 = 0.3

Differentiating (1) w.r.t ‘x’, we get

y'=2y.y +1 2@3)
y'=2ly-y'+ )] >(4)
y@ =2[y.y" +y'y ' +2y' ¥y 1=2[y-y" +3y'y'] 2(5)

Put xo = 0, yo=11in (1), (3), (4) and (5), we get
Yo =(1)’+0=1

Yo =2(1) (1) +1=3,

Yo =2((1)(3)+(1)) =8

Y5 = 2[(1)(8) + 3(1)(3)] = 34

Take h=0.1.

Stepl: By Taylor’s series expansion, we have

h , hZ " h3 ' h4- .
Y(X1) =y1=Yo+ Yo + 3, Yo + 3 Yo +Zyé"’) +.... 2(6)
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on substituting the values of yo, y, v etc in (6),we get
2 3 4
y(0.1) =y1=1+(0.1)(2) + %(3) + %(8) + %(34) +....

=1+0.1+0.015+0.001333 + 0.000416 = y:=1.116749
Step2: Let us find y(0.2),we start with (x1,y1) as the starting values
Here x;=x,+h=0+0.1=0.1and y; = 1.116749
Putting these values in (1),(3),(4) and (5), we get

y; = yi+xi = (1.116749)% + 0.1 = 1.3471283

y1 =2y1y; + 1 =2(10116749) (1.3471283) + 1 = 4.0088

y1 = 2(yiyy + (¥1)?) = 2((1.116749) (4.0088) + (1.3471283)?] = 12.5831
yP=2y1y," +6y,y,=2(1.116749) (12.5831) + 6(1.3471283) (4.0088) = 60.50653
By Taylor’s expansion

h ’ hz 144 h3 rnr
y(X2) =y2=y1 PTEATETR A BT 4 By ygw

y(0.2)=y,=1.116749  +  (0.1)(1.3471283)+ —2L (©. 1)

(4.0088)+ (O 1) (12.5831)+ (021)
(60.50653)

y2=1.116749 + 0.13471283 + 0.020044 + 0.002097 + 0.000252 = 1.27385

y(0.2) = 1.27385

Step3: Let us find y(0.3),we start with (X2,y2) as the starting value.

Here x,=x;+hh=0.1+0.1=0.2and y, = 1.27385

Putting these values of x2 and y- in eq (1), (3), (4) and (5), we get

yy= Y2 + % = (1.27385)2 + 0.2 = 1.82269
yy= 2yays + 1= 2(1.27385) (1.82269) + 1 = 5.64366

¥, = 2[y2y, + (¥5)%1 = 2[(1.27385) (5.64366) + (1.82269)?]
=14.37835 + 6.64439 = 21.02274

yP= 2y, + y,' + 6y,y, = 2(1.27385) (21.00274) + 6(1.82269) (5.64366)
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=53.559635 + 61.719856 =115.27949
By Taylor’s expansion,

. h hZ v K3 o R (iv)
YX3) SYs=YetT Y, T Y2 t Y2 T pY, e

2 3 4
y(0.3)=y3=1.27385+(0.1)(1.82269)+ % (5.64366)+ % (21.02274)+ % (115.27949)

= 1.27385 + 0.182269 + 0.02821 + 0.0035037 + 0.00048033 = 1.48831
y(0.3) = 148831

4. Solve y'= x? —y, y(0) = 1 using Taylor’s series method and evaluate y(0.1),y(0.2),y(0.3)
and y(0.4) (correct to 4 decimal places)

Sol: Given y'=x% -y ->(1) and y(0)=1 >(2)
Here xo=0,y0=1

Differentiating (1) w.r.t ‘x’, we get

y'=2x-y' 2> 3
y'=2-y" >4
Yo =y > (5)

put xo =0, yo=1in (1),(3),(4) and (5), we get
Yo= X ~Yo=0-1=-1,

Yo=2%0 - Yo =2(0) - (-1) =1
Yo=2-yp=2-1=1,

y=yy =1 Takeh=0.1

Stepl: by Taylor’s series expansion

hz " e

h h3 h*
y(x1) =y1i= Yo+t Vo * ;Yo t3; Yo ++zy(()w) tow  2(6)

On substituting the values of yo, y, ,y, etc in (6), we get

o L (01 (0.1)° (0.0*
YO.1) =y =1+ (0.0) () + - (1) + - () + = (D

=1-0.1 +0.005 + 0.01666 — 0.0000416+....
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=0.905125 ~ 0.9051 (4 decimal place).
Step2: Let us find y(0.2) we start with (x1,y1) as the starting values
Herex=%Xo+h=0+0.1=0.1and y; =0.905125,
Putting these values of x1 and y1 in (1), (3), (4) and (5), we get

y, = x2 -y1 = (0.1)2 - 0.905125 = -0.895125

y1 = 2x1 -y, = 2(0.1) — (-0.895125) = 1.095125,
y1'=2 -y, =2-1.095125 = 0.904875,

V= -y, =-0.904875,

By Taylor’s series expansion,

— — h ’ hz " h3 e h4 (lv)
YOR) =y, SViH VIt V1 oVl tE Y e

O 1 oo105)+ O’ (0.)°

Y(0.2)=y,=0.905125+(0.1)(-0.895125)+ = -

(0.904875)+

(-

0.904875)+....

y(0.2) =y,=0.905125 — 0.0895125 + 0.00547562 + 0.000150812 — 0.00000377
=0.8212351 ~ 0.8212 (4 decimal places)

Step3: Let us find y(0.3), we start with (x2,y2) as the starting value

Here xo=x1+h=0.1+ 0.1 =0.2and y, = 0.8212351

Putting these values of x2 and y2 in (1),(3),(4), and (5) we get

y, = X2 -y, = (0.2)> - 0.8212351= 0.04 — 0.8212351 = - 0.7812351

yy=2%2 - 5y =2(0.2) + (0.7812351) = 1.1812351,

"

y;=2- y,=2-1.1812351 = 0.818765,

e

y$P= -y, = -0.818765,

By Taylor’s series expansion,

— — h ’ hz " h3 " h4' (IV)
y(Xs)—Y3—)/2+§y2+zy2 +;y2 ++Z > Tt
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2 3 4
y(0.3)= ys =0. 8212351+(0.1)(-0.7812351)+%(1.1812351)+%(0.818765%%(-

0.818765)+....

y(0.3) = y3 = 0. 8212351~ 0.07812351+ 0.005906 + 0.000136 — 0.0000034
=0.749150 ~ 0.7492 (4 decimal places)

Step4: Let us find y(0.4), we start with (x3,ys) as the starting value

Here x3 =x2 + h=0.2+ 0.1 = 0.3 and y3 = 0.749150

Putting these values of xz and yz in (1),(3),(4), and (5) we get

y3 = X2 -y3 = (0.3)2 - 0.749150= -0.65915,

Y= 2x3 - y3 = 2(0.3) + (0.65915) = 1.25915,

y3=2- y; =2—1.25915 = 0.74085,

y{"=-y; =-0.74085,

By Taylor’s series expansion,

h ’ hz r h3 e h4' i
Y(x4) = Ya=Yys+ LYs Tt ¥z torys tF Zyéw) +....

y(0.4)= y,=0.749150+(0.1)(-0.65915)+ ——~— © 1) (1.25915)+——2 © 1) (0.74085)+

Q.1 1) (0.74085)+...

y(0.4) = y, = 0.749150 — 0.065915+ 0.0062926+ 0.000123475 — 0.0000030

=0.6896514 ~ 0.6897 (4 decimal places)
5. Using Taylor’s expansion evaluate the integral of y'—2y =3e*,y(0) =0, at
a) x = 0.1,0.2,0.3 b) Compare the numerical solution obtained with exact solution.
Sol: Given equation can be writtenas 2y +3e* =y',y(0)=0

Differentiating repeatedly w.r.t to‘x’ and evaluating at Xx=0
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y'(x) =2y +3e*,y'(0) = 2y(0) +3e° = 2(0) + 3(1) =3
y"(x) =2y’ +3e*,y"(0) =2y'(0) +3e* =2(3) +3=9

Y"(X) = 2.y"(X) + 3¢, y"(0) = 2y"(0) +3¢° = 2(9) + 3= 21
yY(X) = 2.y"(x) +3e*, y"(0) = 2(21) + 3e° = 45

y'(X) =2.y" +3e*,y'(0) = 2(45) +3e° =90+3 =93

In general, y™(x)=2.y"™(x)+3e* or y™(0)=2.y™(0)+3e°

The Taylor’s series expansion of Y(X) about x, =0 is

2 3 4 x5

y() = y(0) +2y'(0) + 517 "(0) + 573" (0) + Ty (0) + 57 () + -

Substituting the values of y(0), y'(0), y"(0), y"(0),..........

21 , 45 , 93

y(x):0+3x+gx2+—x X =X .
2 6 24 120
9, 7, 15 , 31
X)=3X+—=X"+=X"+—X"+—X +..... 2> 1
ye) 2 2 8 40 S

Now put x=0.1 in equation

Y(0.1) = 3(0.1) + 2 (0.1)° + L (0.1° + 22 (0.1)* + X (0.1)° = 0.34869
2 2 8 40

Now put x=0.2 in equation

¥(0.2) =3(0.2) + 2(0.2) + L (027 + 2 (0.2)" + 2L (0.2)° = 0.811244
2 2 8 40

Now put x = 0.3 in equation(1)

y(0.3) =3(0.3) + % (0.3)° +%(0.3)3 +%(0.3)4 + %(0.3)5 =1.41657075

Analytical Solution:

The exact solution of the equation ;iy

—2 =2y +3e* with y(0)=0 can be found as follows
X

OI—y—2y =3e* Thisisalineariny.

dx
Here P=-2,Q=3¢"

|.F :efp(x)dx — ef—Zxdx —p—2%
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General solution is y.e 2 = J'Bex.e‘zxdx +c=-3e"+c¢

oy =-3e"+ce”*Wherex=0,y=0 0=-3+c =c=3
The particular solution is y =3e** —3¢* or y(x)=3e* —3¢*
Put x =0.1in the above particular solution,

y =3, —3e" =0.34869
Similarly put x=0.2

y =3 —3e%? =0.811265

outx=03 Y =36'° -3 =1416577

6. Using Taylor’s series method, solve the equation % =x*+y? for x=0.4 given that
X

y=0whenx=0

Sol: Given equation is %: x>+y?and y=0 when x=0 i.e. y(0)=0

Here y, =0, x, =0

Differentiating repeatedly w.r.t ‘x” and evaluating at x=0
y(x)=x2+y%y(0)=0+y%0)=0+0=0

y'(x) =2x+y.2y,y"(0) =2(0) + y(0)2.y =0

y ' (x)=2+2yy " +2y.y,y"(0) =2+ 2.y(0).y'(0) + 2.y'(0)? = 2

yWe) =2.yy"+2.yy +4.y"y,y(0)=0

The Taylor’s series for f(x) about X, =0 is

2 4

y(x) = y(0) +xy’ (0)+—y(0)+ y"’(0)+ y”"(0)+

Substituting the values of y(0), y'(0), y"(0),.....

3 3
y(x)=0+x(0)+0+ 2:%' +0+........ = X? + (Higher order terms are neglected)

(0.4)° _ 0.064

~y(0.4) =
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7. Find y (0.1),y (0.2), z(0.1), z(0.2) given % =X+ y,% =x-y> and y(0) =2, z(0) =1by

Using Taylor’s series method
Sol: Giveny =x+z,takexo=0, yo =2 ,h=0.1
We have to find y1 = y(0.1) and y2> = y(0.2)

Now y =x+z, y' =1+z, y"=z ... (D
Given z' = x-y?

take xo=0,2,=1,h=0.1

we have to find z:=z(0.1) and z2-2(0.2)

NOWZ =X-V2, 7' =12y, y, Y =2y Y ey 2] e (In

By Taylor’s series for Y, and z, we have
’ hz " h3 " . .
Y(X) = yo+ hy,+ o1 Yo * 57 Yo (neglecting higher order terms)....(1)

’ 2 " 3 " . .
Z(X) = zo+ hz, + % Zyt %zo (neglecting higher order terms)................... (2)

From (1) and (1), we get

Yo = 2 Zy = 1
yo': x0+ZO: 0+1:1 Z0,= xO'yOZ:.4

Vo =1+2y=1+ Xo-Yo? =1+0-4=3 ; Zg =1-2Y0. Yo =1-2(2)1=-3

Yo =zo =-3 12 =-2[yo.yo " +(¥0)?] =10

Substituting these values in (1) and(2)

0.01 0.001

y1=y(0.1)= 24+(0.1)1+ == (-3) + ——(-3)=2.0845.

0.01 0.001

7:=2(0.1)= 1+(0.1)(-4)+ - (-3)+ 7(10)20.5867.
Similarly

By Taylor’s series for y2,z; are

' hz " 3 "
y2=y1+ h y; + TV SV 3
’ 2 " 3 "
Z=z21+h, Zl+%zl+%zl ....................... 4)
Now we have
y1=2.01845; Z1= 1;
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y; =x1+21=0.1+0.5867=0.6867 7= X1-y1%= -4.2451
yy =14z, =1+ X1-y12 = 32451 - z; =1-2y1.y, --1.8628
yi =2, =-1.8628 0 2= -2 [yr. yy1 + (y1)?] = 12.5856

Substituting in (3) and (4).We get

0.01 0.001

y2=Y(0.2)= 2.0845+(0.1)(0.6867)+ = (-3.2451) + *-(-1.8628)=2.1367.

0.01 0.001

2,2(0.2)= 0.5867+(0.1)(-4.2451)+ ** (-1.8628)+ “(12.5856)=0.15497.

Euler’s Method

It is the simplest one-step method and it is less accurate. Hence it has a limited application.
Consider the differential equation g_y =f(x,y) 2(1) With y(x0) =yo  =2(2)
X

Consider the first two terms of the Taylor’s expansion of y(X) at x = Xo
Y(X) = y(X0) + (X —X0) ¥ (Xo) 2@
from equation (1) y'(Xo) = f(Xo,y(X0)) = f(xo, ¥o)

Substituting in equation (3)
- Y(X) = Y(Xo) + (X — Xo) Fxg, yo) At X = X1, Y(X1) = Y(X0) + (X1 — Xo) f(xx0, ¥o)

= ¥1=Yot hf(xo,¥0) where h = X1 — Xo

Similarly at x =Xz, y,=y;+ hf(xy,y1) ¥4
Error
o [H1, V1)
Proceeding as above, Yn+1 = Yn + h f(Xn,Yn) //‘
(xo, Ma’/’/
_"__:'_.ﬁ.' =4 P
This is known as Euler’s Method h
o
From the fig, "
Tana="2% = 2’2 °® . x
adj h

Implies opp = h Tana

But Tana=slope at (x¢,y,) = Z—z at(xo, ¥o)= f(xq, ¥o)
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~opp=h f(xo, y,)
Hence yi1=yot+opp implies y;=y,+ hf(x,,v,) [NEGLECTING ERROR]

we remove that error by using Euler’s modified method.

Solved Problems:

1. Using Euler’s method, solve for y at x =2 from g—y = 3x? + 1,y(1) = 2,taking step size
X

(i) h = 0.5 and (i) h=0.25

Sol:  Here f(x,y) =3x*+1, % =1y0=2

Euler’s algorithm is yn+1 = Yn + h f(Xn,yn), n=0,1,2,3,..... ->(1)
()h=0.5 S X1=X +h=1+05=15
Takingn=0in (1) , we have X2=X1+h=15+05=2

y1= Yo+ h f(xo,Yo)
ie.y1=y(1.5) =2 +(0.5) f(1,2) =2 + (0.5) (3 + 1) = 2 + (0.5)(4) =4

Here xi=Xo+h=1+05=15
~y@bh)=4=w:
Taking n =1 in (1),we have
y2=y1 + h f(xi,y1)
i.e. y(x2) = y2 =4 + (0.5) f(1.5,4) = 4 + (0.5)[3(1.5)? + 1] = 7.875
Herexo=x4+h=15+05=2

~y(2) =7.875

(i) h=10.25 X1 = 1.25, X2 = 1.50, X3 = 1.75, X4 = 2
Taking n=0in (1), we have

y1= Yo+ h f(xo,yo)

ie.y(x1)=y1=2+(0.25)f(1,2) =2+ (0.25) (3+1) =3

y(x2) =y2=y1 + h f(x1,y1)
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i.e. y(X2) = y2 = 3 +(0.25) f(1.25,3) = 3 + (0.25)[3(1.25)? + 1] = 5.42188
Herexo=x1+h=125+0.25=15
y(1.5) =5.42188

Taking n =2 in (1), we have

I.e. Y(X3) = y3 =y, + h f(x2,y2)
=5.42188 + (0.25) f(1.5,5.42188)
=5.42188 + (0.25) [3(1.5)? + 1]= 7.35938

Here x3s=x2+h=15+0.25=1.75
- y(1.75) =7. 35938
Taking n =4 in (1),we have
y(xa) =ya=ys + h f(xs,ys)
i.e. y(xa) = ya = 7.35938 + (0.25) f(1.75,7.35938)
= 7.35938 + (0.25)[3(1.75)% + 1] = 9.90626

Note that the difference in values of y(2) in both cases (i.e. when h = 0.5 and when h =
0.25).The accuracy is improved significantly when h is reduced to 0.25 (Exact solution of the

equation is y = x3 + x and with this y(2) = y» = 10.

2. Solve by Euler’s method, y'(Xo) = X +V, y(0) = 1 and find y(0.3) taking step size h =
0.1. compare the result obtained by this method with the result obtained by analytical

solution

Sol: Here f(X,y) = x+y, Xo=0,yo=1

Euler’s algorithm is yn+1 = Yo + h f(Xn,yn), n=0,1,2,3,..... 2>(1)
Given h=0.5 S X1 =X +h=0+0.1=0.1
Takingn=0in (1), we have X2=X1+h=0.1+0.1=0.2

y1= Yo+ h f(Xo,o)
e y1=y(0.1)=1+(0.1)f(0,1) = 1.1
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~y(0.1) =11
Here xo=x1+h=0.1+0.1=0.2

Taking n=1in (1),we have y>=y1 + h f(x1,y1)
ie.y(x2) =y>=1.1+(0.1) f(0.1.1.1) =1.22

Similarly we get y3 = y(0.3) = 1.362

Analytical solution:

The exact solution of % =x+y, Y(0)=1 can be found as follows.
X
The equation can be written as % —y=x
X

This is a linear equation in y [i.e, %Jr p.y=0Q]

thenp=-1,Q=x. |L.F =eIpdx = ej(_l)dx —e*
General solutionisy . I.F= jQXI JFdx+c
y.e*= _[ x.e ‘dx+c

y.e”= - eX(x+1)+c. or y=-(x+1)+ce™
whenx=0,y=11ie, 1=-(0+1)+corc=2
Hence the particular solution of the equation is

y =-(X+1) + 2* = 2e* - x -1.
Particular solution is y = 2e* — (x + 1)
Hence y(0.1) = 1.11034, y(0.2) = 1.3428, y(0.3) = 1.5997

We shall tabulate the result as follows

X 0 0.1 0.2 0.3
Euler y 1 1.1 1.22 1.362
Exacty 1 1.11034 1.3428 1.5997
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The value of y deviate from the exact value as x increases. This indicate that the method is

not accurate
3. Given y =x*—vy, y(0) =1 find correct to four decimal places the value of y (0,1),

by using Euler’s method.
Sol: Wehave f(x,y) =x?2—y x,=0;y,=1andh=0.1
By Euler’s algorithm

Yn+1 = Y + D (X0, yn) ~>@1)
. From (1), for n = 0, we have
y1 = Yo + h f(Xo,y0) = 1+(0.1)£(0,1) = 1+0.1(0-1) = 0.9
- ¥,=0.9
4. Use Euler’s method of find y(0.1),y(0.2) given y' = (X3 + Xyz)e*", y(0)=1
Sol: Given y =(x*+xy*)e™,y(0)=1
Consider h=0.1
Here f(x,y) = (0C+xy?)e™™, Xo = 0, Yo = 1,X1=Xo+h=0.1,X2=X1+h=0.2
Euler’s algorithm is yn+1 = Yn + h f(Xn,Yn) 2>(1)
.. From (1), for n = 0, we have
y1 = Yo + h f(Xo,Y0) = Yo+h(xo3+x0y02)e ¥0 = 1+(0.1)(0) =1
~y(01)=1
Again  X2=x1+h=0.2

From (1), for n =1, we have
y2 = y1 + h f(xy1) = yas h(ae >+, %)e ™

= 1+ (0.1)[(0.1)% + (0.1)(1)?] = 1.0091

~ v(0.2) = 1.0091

5. Given that j—y =xy ,y(0) = 1 determine y(0.1),using Euler’s method.
X

Sol: The given differentiating equation is 3_: xy, y(0) =1

X

a=0, b=0.1
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Here f(X,y) =xy ,Xo=0and yo =1

Since h is not given much better accuracy is obtained by breaking up the interval (0,0.1) in to

five steps.
ie.h=22-0_40
5
Euler’s algorithm is yn+1 = Yn + h f(Xn,yn) 2>(1)

.. From (1) for n =0, we have

y1=Yo+h f(Xo,yo) = 1 + (0.02) f(0,1) = 1 + (0.02) (0) =1

Next we have X1 = Xo+ h=0+ 0.02 =0.02

-.From (1), for n = 1, we have

y2 = y1 + h f(x1,y1) =1 + (0.02) f(0.02,1) =1 +(0.02) (0.02) = 1.0004
Next we have x2 = x1 + h=0.02 + 0.02 =0.04

.. From (1), for n = 2,we have

y3 = Vo + h f(X2,y2) = 1.004 + (0.02) (0.04) (1.000) = 1.0012
Next we have x3 = x2 + h = 0.04 + 0.02 =0.06

.. From (1), for n = 3,we have

ya = ya + h f(xs,y3) = 1.0012 + (0.02) (0.06) (1.00012)= 1.0024.
Next we have x4 = X3 + h = 0.06 + 0.02 =0.08

.. From (1), for n = 4,we have

ys = Vs + h f(Xa,ya) = 1.0024 + (0.02) (0.08) (1.00024)= 1.0040.
Next we have xs = X4 + h = 0.08 + 0.02 =0.1

When X = Xs, y=Vs

y = 1.0040 when x = 0.1

6. Given that j—y = 3x% +y, y(0) = 4.Find y(0.25) and y(0.5) using Euler’s method
X
. Given I =35 =
Sol: Given i 3xc+yand y(1) = 2.
X

Here f(x,y) =3x2+y, X0 = (1), o = 4
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Consider h =0.25

Euler’s algorithm is yn+1 = Yn + h f(Xn,Yn) ->(1)
.. From (1), for n = 0, we have

y1 =Yo + h f(xo,yo) =2 + (0.25)[0 + 4] =2+1=3
Next we have X1 =Xo + h=0+0.25=0.25

When X=X, y1~Yy

- y=3whenx=0.25

-.From (1), for n = 1, we have

y2 =y1 + h f(x1,y1) = 3 + (0.25)[3.(0.25)? + 3] = 3.7968
Next we have x2 =x1 +h=0.25+0.25=0.5

When x = X2, y ~ y>_..y = 3.7968 when x = 0.5.

Modified Euler’s Method

From fig
v A Parallel
Avg slope = parallel line slope Slope 2= f(z, ;)
. (%1, 71) Avexage_ slope
_f(xO,y0)+f(x1,y( )) slope 1= fza, 1)
= 1 (XD,V
2 . -
Hence h
0
}’1( )= Yo+ hf(%o,yo) h H
1)_ J_f(xO,y0)+f(x1,y(0))
¥ =yo S ,
o % b X
(n)
y1(n+1) =yo+ f(x0.y0)+(x1,¥; )

2
Continue till any two consecutive iterations nearly same upto three or four decimal places.
Tofind y,, ys.....

The formula is given by 3’15,21 =y, +

h/2 [f(xk,yk) + f(xkﬂ,ylg_ll))] ,Jdi=12...andk=0,1....
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Working rule for Modified Euler’s method
O = h/2|f G i) =12 dk =01
Vis1 =Yk + [ yi) + ke, Vepr )i =12 .and k=01 ......
if) When i=1 y°_, can be calculated from Euler’s method

i) k=0, 1......... gives number of iteration. i=1,2...

gives number of times, a particular iteration Kk is repeated
Suppose consider dy/dx=f(x, y) -------- (2) with y(Xo) =yo----------- (2)
To find y (x1) = y1at X = X1 = Xo+h

Now take k=0 in modified Euler’s method

...... We get y,V =y, +h/2[f (%o, Yo )+ f (xiyl("l))] (3)
Taking i=1, 2, 3...k+1 in eqgn (3), we get
Y = yo + RIf (x0,¥0)] (By Euler’s method)

v, =y, +h/2|: f (X0, ¥o)+ f (Xl’ yl(O)):I

v, @ =y, +h/2[f (%o: o)+ T (%, yl(l))]

D = Yo 11 2] (00 ¥0)+ T (3,1 |

k+1)

If two successive values of y*), y** are sufficiently close to one another, we will take the

common value ........... asy; = y(x,) = y(x, +h)

Now we have % = f(x,y)withy =y, at x = x, to get y, = y(x;) = y(x; + h)
Now we have % =f(x,y) with y=y, at x=x To get y,=y(x,)=y(x; + h)

We use the above procedure again

Solved Problems

1. Using modified Euler’s method find the approximate value of x when x=0.3

given that dy/dx=x+y and y(0)=1
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Sol: Given dy/dx=x+y and y(0)=1

Here f(x,y)=Xx+Y,% =0,and y, =1

Take h = 0.1 which is sufficiently small

Here x, =0,x, =%, +h=0.1,x,=x+h=0.2,X,=x,+h=0.3
The formula for modified Euler’s method is given by

Vel =y, +h/ 2[ f (X +Y)+T (xk+1, yk+1(‘*1))] —(1)
Stepl: To find y1=y(x1) =y (0.1)

Taking k =0 in eqn(1)

N =yo+2 [f (xo + o) + f (leﬁ(i_l))] - (2)

when i=1 inegn (2) yV =y, + g [f(xo +yo) + f(xp}ﬁ(o))]

First apply Euler’s method to calculate yl(o) =yi

V@ =y, +h f (%, ¥0)
= 1+(0.1)f(0,1)=1+(0.1)(0+1)
= 1+(0.1) = 1.10
Now [xq = 0,y, = 1,x, = 0.1,y,(0) = 1.10]
© D =y +0.172] T (% ¥o)+ f (% . |
= 1+0.1/2[f(0,1) + f(0.1,1.10)
=1+0.1/2[(0+1)+(0.1+1.10)]= 1.11
When i=2 in egn (2)
W = Yo +h1 2 (%, %0)+ T (%0 |
= 1+0.1/2[f(0.1)+f(0.1,1.11)]

=1+ 0.1/2[(0+1)+(0.1+1.11)]= 1.1105

y,® = y0+h/2[f (X0 Yo)+ f (Xl’yl(z))]
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= 1+0.1/2[f(0,1)+f(0.1, 1.1105)]

= 1+0.1/2[(0+1)+(0.1+1.1105)] = 1.1105
Since y,? =y,®

s y1=1.1105
Step:2 To find y2 = y(x2) = y(0.2)
Taking k =1 ineqn (1) , we get
v, =y, +h/2[f (%, ¥,)+ T (xz, yz("l))] —(3) where  i=1234,.....
Fori=1
V.0 =i/ 2| £ (% y)+ (%, v.) |
yz(o) is to be calculate from Euler’s method

yz(O) =Y +h f (Xl’ yl)
=1.1105 + (0.1) f(0.1, 1.1105)
=1.1105+(0.1)[0.1+1.1105]= 1.2316

woytP = 1.1105+0.1/2[ (0.1,1.1105) + f (0.2,1.2316)
= 1.1105 +0.1/2[0.1+1.1105+0.2+1.2316]= 1.2426
V? =y +h /2] £ () + f (36y,") |

= 1.1105 + 0.1/2[f(0.1 , 1.1105) , f(0.2 . 1.2426)]
= 1.1105 + 0.1/2[1.2105 + 1.4426]

=1.1105 + 0.1(1.3266)= 1.2432
y2(3) = y1+h/2|:f (Xv y1)+ f (Xzyz(Z))]

= 1.1105+0.1/2[f(0.1,1.1105)+f(0.2 , 1.2432)]
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= 1.1105+0.1/2[1.2105+1.4432)]

=1.1105 + 0.1(1.3268) = 1.2432
Since y,® =y,
Hence y, = 1.2432
Step:3 To find y3 = y(x3) = y y(0.3)

Taking k =2 in egn (1) we get

YAERVA +h/2[f (X, Y, )+ f (xs, ys(i’l))] —(4)

For i=1, yg(l) =Y, +h/2[f (%, ¥, )+ (X3’y3(0))}

ys(o) is to be evaluated from Euler’s method .

y3(0) =Y, +hf (X2’ Y2)
=1.2432 +(0.1) (0.2, 1.2432)

= 1.2432+(0.1)(1.4432) = 1.3875
Ly =1.2432+ 2 [f(0.2,, 1.2432)+(0.3, 1.3875)]

= 1.2432 +0.1/2[1.4432+1.6875]

= 1.2432+0.1(1.5654) = 1.3997
@ —y +h/2| f(x +f(x,yY
Vs =Y, (%, Ys) 2 Ya

= 1.2432+0.1/2[1.4432+(0.3+1.3997)]

= 1.2432+ (0.1) (1.575) = 1.4003

@ —y, +h/2[ F 0 Ys)+ (% ys(z))}
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= 1.2432+0.1/2[f(0.2 , 1.2432)+f(0.3 , 1.4003)]

= 1.2432 + 0.1(1.5718) = 1.4004
W=y, +h/2| f(%,Y,)+ (%, Y,
Ys Y, ( 2 Y2) 31 Y3

=1.2432 + 0.1/2[1.4432+1.7004]

= 1.2432+(0.1)(1.5718) = 1.4004
Since y,® =y,
Hence y, =1.4004

. The value of y at x = 0.3 is 1.4004

2. Using Modified Euler’s method find y(0.2 ) y(0.4 )with h=0.2,given that %=X + siny,

y(0)=1
Sol: f(x,y) =x+siny x,=0;y,=1and h=0.2
Here x, =0,x, =X, +h=0.1,x,=x +h=0.2,x, =x,+h=0.3

X1=Xo+h=0.2; X2=X1+h=0.4
The formula for modified Euler’s method is given by

Yk+1(i) =Y, +h/ 2|: f (Xk + Yk ) + 1 (Xk+1v yk+1(iil) )] - (1)

Stepl: To find y1= y(x1) =y (0.2)

Euler’s modified method is given by
wP = yo +h/2[fCeoy0) + (2, 3”)] (k=0 i=1)
First apply Euler’s method to calculate yl(o) =y1

V0 =y, +h (%, o)

= 1+(0.2)f(0,1)=1+(0.2)(0+sin1)

=1.163

Now [z = 0,y = 1,2, = 02,5 = 1.163]
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y@ = 140.2/2[f(0,1) + f(0.2,1.163)
= 1+0,1/2[1+1.163]
= 1.1916
When i=2 in eqn (2)
1 = yo+h/2] (%, ¥0)+ f (i)

= 1+0.2/2[f(0.1)+f(0.2,1.1916)]

=1.2038

y,® = y0—|—h/2|:f (Xos Yo )+ f (Xl yl(Z))J

= 1+0.2/2[f(0,1)+f(0.2 , 1.2038)]

=1.2045
Since y,® =y,®
- y1=1.204
Step:2  To find y2 = y(x2) = y(0.4)

Taking k=1 ineqgn (1), we get

y,® = y1+h/2[f (%, y,)+ f (X2’ yz(ifl)):| —(3) where i=1,2,34,.....

Fori=1, yz(l) = y1+h/2[f (%, y,)+ f (X21 yz(o))]
yz(o) is to be calculate from Euler’s method

V.2 =y, +h f(x,y,)
= 1.204 + (0.2) (0.2, 1.204)

=1.4313

yY =1.204 +0.1[1.1337+1.4313]

=1.4611
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2) _

Vo =y +h 12 £ (v + T () |

= 1.204 + 0.1/2[f(0.2 , 1.204) , (0.4 . 1.416)

=1.462

VO =y +h /2] £ (ny)+ f (%y.?) ]
= 1.204+0.1/2[f(0.2,1.204)+f(0.4 , 1.462)] = 1.464
Since y,* =y,
Hence y> = 1.46
3. Using modified Euler’s method find the approximate value of x when x=0.3
given that % =x—yandy(0) =1
Sol: Given % =x—yandy(0) =1
Here f(X,y) = x -y, xo=0and yo =1
Take h=0.1
Here x, =0,x, =X, +h=0.1,x,=x +h=0.2,x, =x,+h=0.3
Stepl: To find y1= y(x1) =y (0.1)
First apply Euler’s method to calculate yl(o) =y1
Vi = Yo +h £ (%, ¥o)
= 1+(0.1)(0-1)

=1-(0.1)

=0.9
Now [xtg = 0,3 = 1,x; = 0.1, = 0.9]
3’1(1) =yo +h/2 [f(xo'YO) + f(xl'yl(O))]

= 1+0.1/2[-1 - 0.8]
= 1-0.09
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=0.91

1 =y +h12] F (6, 30)+ £ (%)

= 140.1/2[-1 + (0.1-0.91)]
= 1+0.1/2[-1.81]

= 1-0.0905

= 0.9095

y1(3) =Y +h/2[f (XO’ y0)+ f (Xv yl(Z)):|

= 1+0.1/2[-1+(0.1-0.9095)]
= 1+0.1/2[-1.8095]

= 1-0.090475

= 0.909525

Since y,® =y,®
- y1=0.9095
Step:2  To find y2 = y(x2) = y(0.2)

yz(o) is to be calculate from Euler’s method

yz(O) =Yy, + h f (X1s yl)
=0.9095+(0.1)(-0.8095)
=0.82855

yz(l) = y1+h/2|:f (X11 y1)+ f (Xzi yz(O)):|

= 0.9095+0.1/2[-0.8095-0.62855]
=0.9095-0.0719

=0.8376
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yz(z) _ yl+h/2|:f (X11 y1)+ f (Xzyz(l)):|

= 0.9095+0.1/2[-0.8095-0.6376]
=0.9095-0.075355

=0.837145

V¥ =yt 12] F () + (.7

= 0.9095+0.1/2[-10446645]
= 0.9095-0.07233

=0.83716
since v, =y,®
Hence y, = 0.8371
Step:3 To find y3 = y(x3) = y(0.3)
ys(o) is to be evaluated from Euler’s method
y.0 =y, +hf (%, Y, )
=0.8371+0.1(-0.6371) = 0.7734
yv.Y =y, +h/2[f (X, ¥,)+ f (xa, y3(°))]

= 0.8371+ 0.1/2[-0.6371-0.4734]

=0.8371-0.0555 = 0.7816
@ =y, +h12| f(X,¥,)+ (%, y,"
Ys Y, ( 21 Y2) 31 Y3

= 0.8371+ 0.1/2[-1.1187]
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= 0.8371-0.056 = 0.7811
® =y, +h/2] (%, y,)+ (%Y,
Va7 =Y, (%21 ¥2) + T (Xa1 Vs

= 0.8371+ 0.1/2[-1.1182]

=0.8371-0.05591 =0.7812
AESYA +h/2[ f(%,Y,)+f (xg, yﬁ)}
=0.8371-0.0559 = 0.7812
Since y,® =y,

Hence ys = 0.7812

The value of yat x = 0.3 is 0.7812

Runge-Kutta Methods
|.First order R-K Method
Euler’s Method is the R-K method of the first order.

I1. Second order R-K Method

Yie1 = it ; (KitKa),

Where K1 = h (i, i)

Kz = h (xi+h, yi+ki)

For i=0,1,2-------

Note:Euler’s Modified Method Is R-K Method Of Second Order

I11. Third order R-K Formula

Yir = Vit = (KitdKat K),
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Where K1 = h (Xi, Yi)
K2 = h (xi+h/2, yo+ki/2)
Ks = h (xith, yi+2k>-k1) For i= 0,1,2------
IV. Fourth order R-K Formula
Yis1 = Yit % (K1+2Ko+ 2K3 +Ka),
Where K1 = h (xi, Vi)
K2 = h (xi+h/2, yi+ki/2)
Kz = h (xi+h/2, yi+k2/2)
Ks = h (xit+h, yi+ks)
Fori=0,1,2------
Advantages of Runge kutta method Over Taylor series method.

In R-K method no need to find derivatives where as we find derivatives in taylors
method. Sometimes it may be complicate to find derivative of some function, sowe go for RK
Method at that time.

Solved Problems:

1. solve j—z =Xy using R-K method for x=0.2,0.4 given y(0) =1, y (0)-0 taking h =0.2

Sol: Given %zxy; y(0)=1.

Here f(X,y) = Xy , X0 =0, yo=1and h=0.2

X1 = Xoth =0+0.2 =0.2., X2 = x1+h =0.2+0.2 = 0.4

By 4" order R-K method, we have

y1= YO+% (k1+2ko+2kz+ka)
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Where ki=h f(Xo,¥0)=(0.2)f(0,1)=0
ko= h f (xo+2, yo+2) = (0.2)[£ (0.1, )] = (0.2)(0.1) = 0.02

ke= h f(Xo+2,yo+2)=(0.2)f (0.1,1.01) = 0.202

ks= h f(xo+h,yo+ks)=(0.2)f(0.2,1.202)=0.04808
Hence y1=1+ % (0+0.04808+2(0.02+0.202)=1.08201
Step2: To find y(0.4)=y

Here x;= 0.2, y1=1.08201 and h = 0.2

Again by 4" order R-K method, we have

© Y= yot = (Kit2ket2katke)

Where ki=h f(x1,y1)=(0.2)[£(0.2,1.08201)] =0.04328
ko= hf (x1+§, y1+k2—1):0.2(f(0.3,1.10364):0.0662
k3=hf(x1+§, y1+"2—2):(o.2)[f(o.3,1.1151)] =0.0669
ka=h f(x1+h,y1+ks)=(0.2)[£(0.4,1.1489)]=0.0919

y2=1.082+ * (0.04328+0.0919+2(0.0662+0.0669)=1.14889

2. Solve the following using R-K fourth method y =y —x,y(0)=2,h=0.2 Find y(0.2).

. dy
Sol: G —Z=y-X: y(0)=2
ol: Given —=y=X; y(0)

Here f(x,y) = y-x ,X0=0,yo=2and h=0.2
“ X1 =Xot+th=0+0.2=0.2.

By 4" order R-K method, we have

y1= YO+% (K1+2ko+2kz+ka)

Where ki=h f(xo,y0)=(0.2)f(0,2)= 0.2(0.2-0)=0.4
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ko=hf (xo+§, yo+%)

=(0.2)[£(0.1,2.2)] = (0.2)(2.2 — 0.1) = 0.42
ke= h f{(Xo+2yo+2)

=(0.2)f (0.1,2.21)=0.2(2.21-0.1)= 0.422
Ka= h f(xo+h,yo+ks)

=(0.2)f(0.2,2.422)=0.4444
Hence y1=2+ = [0.4+0.4444+2(0.42+0.422)]
« y(0.2)=2.4214

3. Using Runge-Kutta method of second order, find y(2.5)from g_i =Xty y(2)=2,

X

taking h=0.25.

Sol: Given

Here f(x, y) = Xty ,X0=2,Yo=2and h=0.25
X

5o X1 = Xoth =2+0.25 = 2.25, X2 = x1+h =2.25+0.25=2.5
By R-K method of second order,

Vier =Y+ 1/2(ky + ko), kg = hf (x, ),k = hf O + by + kq),i = 0,1... — (1)
Step -1:- To find y(x1)i.e y(2.25) by second order R - K method taking i=0 in egn(i)

We have y, =y, +%(kl +k,)

Where ki= hf (Xo,Yo ), ko= hf (Xo+h,yo+k1)
f (xo,Y0 )=F(2,2)=2+2/2=2

ki=hf (Xo,y0 )=0.25(2)=0.5
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k2= hf (Xo+h,yo+k1)=(0.25)f(2.25,2.5)
=(0.25)(2.25+2.5/2.25)=0.528

- y1=y(2.25)=2+1/2(0.5+0.528)=2.514

Step2:

To find y(x2) i.e., y(2.5)

i=1in (1)

x1=2.25,y1=2.514,and h=0.25

y2=y1+1/2(kit+kz)

where ki=h f((x1,y1 )=(0.25)f(2.25,2.514)
=(0.25)[2.25+2.514/2.25]=0.5293

ky = hf(xq + h,y; + k)

=(0.25)[2.5+2.514+0.5293/2.5]=0.55433

y, =y (2.5)=2.514+1/2(0.5293+0.55433)=3.0558

-y =3.0558 when x = 2.5

4. Obtain the values of y at x=0.1,0.2 using R-K method of

(i)second order (ii)third order (iii)fourth order for the differential equation y'+y = 0,
y(0)=1

Sol: Given Z—z: -y, y(0)=1

f(x,y) =-y, %0=0, yo=1
Here f(x,y) =-y, X0=0,yo=1takeh=0.1

S X1=%o+th=0.1, xo=x1+h=0.2
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Second order:

stepl: To find y(x1) i.e y(0.1) or y1

by second-order R-K method,we have

yi=Yo+ % (kitk2)

where ki=hf(xo,y0)=(0.1) f(0,1) = (0.1)(-1)=- 0.1

ko= hf (Xo+h, yot+ki)=(0.1) f (0.1, 1-0.1) = (0.1)(-0.9) = -0.09
y1:y(0.1):1+§ (-0.1-0.09)=1-0.095=0.905

.y =0.905 when x=0.1

Step2:

To find y2 i.e y(x2) i.e y(0.2)

Here x1=10.1, y1=0.905 and h=0.1

By second-order R-K method, we have

Y2 = y(xo)= yu+ 7 (kutkr)

Where k =h f(x,y,)=(0.1)f(0.1,0.905)=(0.1)(-0.905)=-0.0905
k,=h f(x+h,y, +k)=(0.1) f (0.2,0.905-0.0905)

=(0.1) f (0.2,0.8145) = (0.1)(—0.8145)
=—0.08145

y2= y(0.2)=0.905+ % (-0.0905-0.08145)

= 0.905- 0.085975 = 0819025
(i) Third order

Stepl: To find y1 i.e y(x1)= y(0.1)
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By Third order Runge - Kutta method
Yi= Yo+ 3 (ky + 4kz + k3)
where ki = h f(xo, yo) = (0.1) £ (0,1) = (0.1) (-1) =-0.1

k,=hf(x+h/2,y,+k /2)=(0.1)f(0.1/2,1-0.1/2)=(0.1) f (0.05,0.95)
(0.1)(~0.95) = —0.095

and ks = h f((xo+h,yo+2kz-K1)
=(0.1)[f (0.1,1 + 2(—0.095) + 0.1)] = -0.905
Hence y1 = 1+ % (-0.1+4(-0.095)-0.09) = 1+1/6 (-0.57) = 0.905
y1=0.905 i.e y(0.1)= 0.905
Step2: To find yz,i.e y(x2)= y(0.2)
Here x1=0.1,y1=0.905 and h=0.1
Again by 3" order R-K method
yo= yi+ ¢ (ki+akatko)
Where ki=h f(x1, y1) = (0.2)f (0.1,0.905)= -0.0905
ko= h f (xo+h/2,y1+k1/2)=(0.1)f(0.1+0.05,0.905 - 0.04525)= (0.1) f (0.15, 0.85975)
= (0.1) (-0.85975)= -0.085975
ka = h f((X1+h,y1+2Ko-k1)=(0.1)f(0.2,0.905+2(0.085975)+0.0905= -0.082355
y2= 0.905+ % (-0.0905+4(-0.085975)-0.082355)=0.818874
-y =0.905 when x =0.1 and y =0.818874 when x =0.2
iii) Fourth order:

stepl: xo=0,y0=1,h=0.1 To find yi i.e y(x1)=y(0.1)
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By 4'" order R-K method, we have

y1= Yo+ = (Kit2ko+2Katke)

Where ki=h f(Xo,y0)=(0.1)f(0,1)=-0.1

ko= h f (xo+h/2, yo+*2) = (0.1)[£(0.05,0.95)] = (0.1)(—0.95) = —0.095

ka= h f((Xo*+N/2,y0+k2/2)=(0.1)f (0.1/2,1-0.095/2)=(0.1)(-0.9525)= -0.09525

ks= h f(xo+h,yo+ks) = (0.1) [£(0.05,1 — 0.09525)] =(0.1)f(0.05,0.90475) = -0.090475
Hence y1=1+ = (-0.1+2(-0.095)+2(0.09525)-0.090475)
=1+ 12 (-0.570975)=1-0.0951625 = 0.9048375
Step2: To find y,,ie., y(x,)=y(0.2),y, =0.9048375,i.e., y(0.1) =0.9048375
Here x1=10.1, y1=0.9048375 and h=0.1
Again by 4" order R-K method, we have
Y2 = y1+1/6(k1+2ko+2ka+ks)
Where ki=h f(x1,y1)=(0.1)[£(0.1,0.9048375)] =-0.09048375
ko= hf (xa+h/2,y1+k/2)=(0.1)[f(0.1 + 0.1/2,0.9048375 — 0.09048375 /2)] =-0.08595956
ks=hf(xa+h/2, y1+k2/2)=(0.1)[£(0.15,0.8618577)] = -0.08618577
ka =h f(x1+h,y1+k3)=(0.1)[f(0.2,0.8186517)]= -0.08186517
Hence y, = 0.9048375+ % (-0.09048375-2(0.08595956)-2(0.08618577)- 0.08186517

=0.9048375-0.0861065 = 0.818731
y =0.9048375 when x =0.1 and y =0.818731 where x = 0.2

5. Apply the 4" order R-K method to find an approximate value of y when x=0.2 in
steps of 0.1, given that y' = x>+y?, y (1) = 1.5

Sol: Given y'= x?+y?,and y(1) = 1.5
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Here f(x,y)= x>+y?* yo=1.5 and xo=1,h=0.1

So that x;=1.1 and x>=1.2

Stepl: To find y1ie, Y(X1)

by 4" order R-K method we have

y1 = yor = (Kut2ke+2ka+ks)

ki = hf(xo,y0)=(0.1)f(1,1.5)=(0.1) [1%+(1.5)%]=0.325

ko = hf (xo+h/2,yo+ki/2)=(0.1)|£(1 + 0.05,1.5 + 222%)| =0.3866

ks = hf((xo+h/2,yo+ka/2)=(0.1)f(1.05,1.5+0. 3866/2)=(0.1)[(1.05)>+(1.6933)?]=0.39698
ks = hf(xo+h,yo+ks)=(0.1)f(1.05,1.89698)=0.48085

Hence

Y, =1.5+%[o.325+ 2(0.3866)+2(0.39698)+0.48085 |
=1.8955

Step2: To find y2, i.e., y(x,)=y(1.2)
Here x1=0.1,y1=1.8955 and h=0.1

by 4" order R-K method we have
y2= yit = (Ki+2ka+2katka)

k= hf(x1,y1)=(0.1)f(1.10,1.8955)=(0.1) [(1.10)2+(1.8955)?]=0.48029

0.4796
2

ko= hf (xu+h/2,y1+k1/2)=(0.1)f(1. 1477, 1.8937+°"%) =0,58834

0.58834

ks = hf((x+h/2,y1+k2/2)=(0.1)f(1.15,1.8937+=2) =(0.1)[(1.15)?+(2.189675)?]=0.611715

ks = hf(xi+h,y1+ks)=(0.1)f(1.2,1.8937+0.610728)=0.77261
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Hence y,=1.8955+1/6(0.48029+2(0.58834)+2(0.611715)+0.7726) =2.5043

“ 'y =2.5043 where y=0 2

6. Use R-K method, to approximate y when x=0.2 given that y' = x+y, y(0)=1
Sol: Here f(x,y) =x+Vy,¥0=1,%=0

Since h is not given for better approximation of y

Take h=0.1

S X1= 0.1, xo=0.2

Stepl To find y1 i.e y(x1) = y(0.1)

By R-K method,we have

y1= Yo+ = (k+2ko+2katka)

Where ki= hf(xo,yo) = (0.1)f(0,1) = (0.1) (1) = 0.1

ko= hf (Xo+h/2,yo+ka/2) = (0.1)[£(0.05,1.05)] = 0.11

ks= hf((xo*+h/2,yo+k2/2) = (0.1)[£(0.05,1 + 0.11/2)] = (0.1)[(0.05) +(1.055) ]= 0.1105

ka= h f (xo+h,yo+ks) = (0.1)[f(0.1,1.1105)] = (0.1)[0.1+1.1105] = 0.12105
Hence . y; =¥(0.1) = 1+ (0.1 +0.22 + 0.2210 + 0.12105)

y=1.11034
Step2: To find y2 i.e y(x2) = y(0.2)
Here x1=0.1, y1=1.11034 and h=0.1
Again By R-K method,we have
Yo=y1+1/6(k1+2K2+2ks+Ka)

k= h f(x1,y2) = (0.1)[f(0.1,1.11034)] = (0.1) [1.21034] = 0.121034
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ko= h f (xi+h/2, yri+ka/2) = (0.1)[f(0.1 4 0.1/2,1.11034 + 0.121034/2)] = 0.1320857
ka=h f((x1+h/2,y1+k2/2) = (0.1)[f(0.15,1.11034 + 0.1320857/2)] = 0.1326382
ka=h f(x1+h,y1+ks) = (0.1)[£(0.2,1.11034 + 0.1326382)] =(0.1)(0.2+1.2429783)=0.1442978
Hence y,=1.11034+ % (0.121034+0.2641714+0.2652764+0.1442978)
=1.11034+0.1324631 =1.242803
y =1.242803 when x=0.2
7. Compute y(0.1) and y(0.2) by R-K method of 4" order for the D.E. y'= xy+y?, y(0)=1
Sol: Given y' = xy+y? and y(0)=1
Here f(x,y)= xy+y? yo=1 and xo=0, h=0.1
So that x;=0.1 and x2=0.2
Stepl: To find y1 = y(x1) = y(0.1)
by 4" order R-K method we have
yr=yot < (i+2ko+2kats)
k1=hf(xo,y0)=(0.1)f(0,1)=(0.1) [0+1]=0.1
ko= hf (Xo+h/2,yo+k1/2)=(0.1)[£(0.05, 1.05)] =0.1155
ka=hf((Xo+h/2,Yo+k2/2)=(0.1)f(0.05, 1.05775)=0.11217
ka=hf(xo+h,yo+ks)=(0.1)f(0.1, 1.11217)=0.1248

Hence y1 = y(0.1) = yo+ = [Ki+2Ko+2Ks+ky]
6

= 1+ = [0.1+0.0231+0.22434+0.1248]

=1.1133

Step2: To find y2 = y(x2) = y(0.2)
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Here x1=0.1,y1=1.1133 and h=0.1

by 4" order R-K method we have

y2= yit = (Kut2ke+2katke)

ki=hf(x1,y2)=(0.1)f(0.1, 1.1133)=0.1351

ko= hf (x1+h/2,y1+k1/2)=(0.1)f(0.15, 1.18085) =0.1571

ka=hf((x1+h/2,y1+k2/2)=(0.1)f(0.15, 1.19185) =0.1599

ka=hf(x1+h,y1+ks)=(0.1)f(0.2, 1.2732) =1.1876

Hence y>= y(0.2) = y1 + 12 [Ky+2Ko+2Ka+Ka]
=1.1133+1/6(0.1351+0.3142+0.3198+0.1876)
=1.2728

8. Find y(0.1) and y(0.2) by R-K method of 4" order for the D.E. y'=x?-y and y(0)=1

Sol: Given y'=x? -y and y(0)=1

Here f(x,y)= x> =y, Yo=1 and x0=0, h=0.1

So that x1=0.1 and x2=0.2

Stepl: To find y1 = y(x1) = y(0.1)

by 4" order R-K method we have

yi=yo+ + (Kut2ka+2ka+ks)

ki=hf(xo,0)=(0.1)f(0,1)=(0.1) [0-1]=-0.1

ko= hf (xo+h/2,yo+k1/2)=(0.1)[£(0.05, 0.95)] =-0.09475

ka=hf((xo+h/2,yo+k2/2)=(0.1)f(0.05, 0.952625)=-0.095

k4=hf(xo+h,yo+ks)=(0.1)f(0.1, 0.905)=-0.0895
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Hence y1=y(0.1) = yo + 1; [k1+2ko+2Kks+ka]

=1+ lg [-0.1-0.1895-0.19-0.0895] = 0.9052
Step2: To find y2 = y(x2) = y(0.2)
Here x1=0.1,y1=0.9052 and h=0.1

by 4" order R-K method we have
y2= i+ ¢ (ki+2ko+2ktks)

ka=hf(x1,y2)=(0.1)f(0.1, 0.9052)=-0.08952
ko= hf (x:+h/2,y1+K1/2)=(0.1)f(0.15, 0.86044) =-0.08379
ka=hf((x1+N/2,y1+k2/2)=(0.1)f(0.15, 0.8633) =-0.0841

ks=hf(x1+h,y1+ks)=(0.1)f(0.2, 0.8211) =-0.07811
Hence y2=y(0.2) = y1+ = [kit2kz+2katka]

= 0'9052+1E (-0.08952-0.16758-0.1682-0.07811) = 0.8213
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CURVE FITTING
Method of Least Squares:

Suppose that a data is given in two variables x & y the problem of finding an

analytical expression of the form y = f (x) which fits the given data is called curve fitting.
Let (X, ¥;), (X0 Y, )eeen (X0 Yy ) be the observed set of values in an experiment and

y = f(x) be the given relation x&y,Let E,E,,......E, are the error of approximations then

we have

Elzyl_f(xl)
E2:y2—f( 2

E,=Y,—f(x,) Where f(x),f(X)..c..... f (x,) are called the expected values of

Y, Y,......y, are called the observed values of 1y corresponding to

X=X, X = Xgerennnn x=x, the differences E,E,....E, between expected values of y and

n

observed values of y are called the errors, of all curves approximating a given set of points,
the curve for which E=E’+E,”+...E,*> is a minimum is called the best fitting curve (or)

the least square curve, This is called the method of least squares (or) principles of least

squares

I. Fitting of a Straight Line:-
Let the straight line be y =a-+bx — (1)

Let the straight line (1) passes through the data points

(% Y2 )5 (X0 ¥ ) (X0 ¥y )18 (X0 3 ), =2,2.000

Sowe have y; = a+ bx; — (2)

The error between the observed values and expected values of y = y; is defined as
Ei=y;—(a+bx),i=12......n - (3)

The sum of squares of these errors is

E=Y" E =Y",[y; — (a+ bx;)]*> Now for E to be minimum

a_Ezo’a_E:O
oa

ob
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These equations will give normal equations

n n
Zyi =na+b2xi
i=1

i=

n n

1
n
inyi = ain+bei2
i=1

i=1 i=1

The normal equations can also be written as

D y=na+b) x

D oxy=a) x+b> x’
Solving these equation for a, b substituting in (1) we get required line of best fit to the given
data.

Il. Non Linear Curve Fitting

1. Parabola

Let the equation of the parabola is y = a + bx + cx? (D

The parabola (@) passes through the data points
(x5, v1), (0, V2) v e v (i, y )y leen, (X, 71 )i =12 . oum

We have y; = a + bx; + cx? — (2)
The error E; between the observed an expected value of y =y, is defined as

E;=y;—(a+bx;+cx?),i=123......n > (3)

The sum of the squares of these errors is

n n
E=YE =) (i-a-by—cxp)® >4
i=1 i=1

for E to be minimum, we have

ok _~OE__JE _
oa

M ac
The normal equations can also be written as
Ty = na + bIx + cIx?
Xy = aXx + bZx? + cIx3
Ix%y = aZx? + bIx3 + cIx*
Solving these equations for a, b, ¢ and satisfying (1) we get required parabola of best fit
2. Power Curve

The power curve is given by y=ax" — (1)
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Taking logarithms on both sides log;,y = log;0a + b log;,x
(or) Y = A+ bX = (2) whereY =log,,y,A = logpa and X = log,yx
Equation (2) is a linear equation in X & Y

The normal equations are given by

2Y = nA + bXX
IXY = A¥X + bEx?
From these equations, the values A and b can be calculated then a = antilog (A) substitute a &

b in (1) to get the required curve of best fit.
3. Exponential Curve: (1)y=ae™ (2)y=ab*
1. y=ae™ —(1)
Taking logarithms on both sides log,,y = log,, + bxlog,,e
(or)Y =A+ BX - (2)WhereY =log,0y,A = log,oa, B = blog,pe & X = x
Equation (2) is a linear equation in X and Y
So the normal equation are given by
2Y =nA + BXX
XY = AXX + BIX?

Solving the equation for A & B, we can find

B

a=antilogA&b =
log,, e

Substituting the values of a and b so obtained in (1) we get
The curve of best fit to the given data.
2. y=ab* —>(1)
Taking log on both sides log,,y = logipa + xlog,0b
(or) Y =A+BX - (2)

Where Y = log,0y,A = log,0a, B = blog,ob & x = X
The normal equation (2) are given by

XY = nd + BXX

XY = AZX + BIX?

Solving these equations for A and B we can find a=antilog A, b =antilog B

Substituting a and b in (1)
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Solved Problems:
1. By the method of least squares, find the straight line that best fits the following data

x |1 2 3 4 5
y |14 27 40 55 68

Sol: The values of 2x, Xy, 2x? and Zxy are calculated as follows

Xi Yi x? XiVi
1 14 1 14
2 27 4 54
3 40 9 120
4 55 16 220
5 68 25 340

Yx; = 15;2Zy; = 204;2x? = 55 and Ix;Zy; = 748
The normal equations are

Yy =na+ bZx — (1) Ixy = a¥x + bZx? — (2)
Solving we get a=0,b=13.6

Substituting these values a & b we get

y=0+13.6x = y =13.6X

2. Fit a straight line y=a+bx from data

X 0 1 2 3 4
y 1 1.8 33 |45 |63

Sol: Let the required straight line be y=a+bx...(1)

X y X2 Xy

0 1 0 0

1 1.8 1 1.8

2 3.3 4 6.6

3 4.5 9 13.5

4 6.3 16 25.2

Y x=10 Yy=169 |Yx2=30 | yxy=47.1
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Normal equations are

Y y=na+b) x

D oxy=ay x+by ¥

Substitute in above we get
5a+10b=16.9

10a+30b=47.1

Solving we get a=0.72; b=1.33.

=~ The straight lineisy = 0.72 + 1.33x

3. Fit a straight line y = a + bx from data

x |0 5 10 |15 | 20
y |7 -11 |16 [20 |26
Sol: Let the required straight line be y = a + bx...(1)

X y X2 Xy

0 7 0 0

5 -11 25 -55

10 16 100 160

15 20 225 300

20 26 400 520
Yx=50 |Yy==58 Y x2=750 | Y xy =925

Normal equations are

> y=na+b) x

D oxy=ay x+by ¥

Substitute in above we get

5a+50b=58

50a+750b=925

Solving we get a=-2; b=1.36.

~ The straightlineisy = —2 + 1.36x
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4. Fit a straight line y=a+bx from data
X 0 5 10 |15 |20 |25
y 12 |15 |17 |22 |24 |30

Sol: Let the required straight line be y=a+bx...(1)

X y X2 Xy

0 12 0 0

5 15 25 75

10 17 100 170
15 22 225 330
20 24 400 480
25 30 625 750

Yx =75 Y y=120 Y x?=1375 | Y xy =1805

Normal equations are

Y y=na+b) x

doxy=a) x+hy ¥
Substitute in above we get
6a+75b=58

75a+1375b=1805
Solving we get a=11.2862; b=0.6971.
~ The straight lineisy = 11.2862 + 0.6971x

5. Fit a straight line and a parabola to the following data and find out which one is most

appropriate. Give your reason for the conclusion
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Sol: Let the required straight line be y=a+bx...(1)

X y X2 X3 x* Xy X%y

1 4 1 1 1 4 4

2 3 4 8 16 6 12

3 6 9 27 81 18 54

4 7 16 64 256 28 112

) 11 25 125 625 55 275
Yx=15| Y y=31| Y x%=55 | X x3=225 | ¥ x*=979 | ¥ xy =111 | 3, x2y=457

Normal equations for fitting a straight line are

D y=na+b) x
doxy=a) x+by ¥
Substitute in above we get
5a+15b=31
15a+55b=111
Solving we get a=0.8 ; b=1.8.
=~ The straight lineisy = 0.8 + 1.8x
Let the required parabola be y=a+bx+cx2...(2)
Normal equations for fitting a parabola are
3y = na + bIx + cIx?
Xy = aZx + bZx? + cIx3
Ix%y = a¥x? + bIx3 + cIx*
Substituting values, we get
5a+15b+55¢ =31
15a+55b+225¢ = 111
55a+225b+979c =457
Solving we get a=4.7998;b=-1.6284,c=0.5714
=~ The parabola fit is 4.7998x3-1.6284x+0.5714

Conclusion: Clearly parabola fit is best fit because error is near to zero than linear fit.
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y Error of linear fit Error parabola fit
E=y-f(x) E=y-g(x)

4 14 0.2572

3 -1.4 -0.8286

6 -0.2 0.9428

7 -1 -0.4286

11 1.2 0.0572

6. Fit a second degree parabola to the following data

X 0 1 2 3 4
y 1 5 10 22 38

Sol: Equation of parabola y =a+bx+cx’ —>(1)

Normal equations Ty = na + bEx + cXx?
Xy = aZx + bIx? + cZx3
Ix%y = aZx? + bIx3 + cx* — (2)

X y Xy X2 Xy X x*
0 1 0 0 0 0 0
1 5 5 1 5 1 1
2 10 20 4 40 8 16
3 22 66 9 198 27 81
4 38 152 16 608 64 256
Yx=10 | Sy=76 | Yxy=243 | Sx? =130 | >x’y =851 | 2x®=100 | Ix*= 354

Normal equations

76 =5a+10b+30c
243 =10a+30b+100c
851=30a+100b +354c

Solving a=1.42,b=0.26,c =2.221
Substitute in (1) = y=1.42+0.26x + 2.221x*
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7. Fit a second degree parabola to the following data:

X 0 1 2 3 4
f(x) 1 1.8 1.3 2.5 6.3
Sol:

Let the equation of the parabola be Y=a+ b x + ¢ x? ----- (1)

The normal equations are given by Xy = na + bZx + cZx?
Txy = aXx + bxx? + cxx3-----(2)
Ix%y = a¥x? + bEx3 + cZx*

X y x2 x3 x4 Xy x2y

0 1.0 0 0 0 0 0

1 1.8 1 1 1 18 18

2 13 4 8 16 2.6 5.2

3 25 9 27 81 75 22.5

4 6.3 16 64 256 25.2 100.8
Yx=10 |Yy=129 |[Yx2=30 |>x3=100 |y x*=354 |>xy=37.1]>x%y=130.3

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
12.9 = 5a +10b +30c

37.1 = 10a+30b+100c

130.3 = 30a+100b+354c

Solving the above equations we get a =14.2, b=-1.07, ¢ = 0.55
Substituting the above values in (1) y = 14.2-1.07x + 0.55x?2

Which is the required equation of the parabola.

8. Fit a parabola y = a + bx + cx? to the data given below

X: 1 2 3 4 5
y: 10 12 8 10 14

Sol: Let the equation of the parabola be Y=a+ b x + ¢ x2? ----- (1)
The normal equations are given by Xy = na + bZx + cZx?
Xy = aZx + bZx? + cIx3-----(2)
Ix%y = aXx? + bZx3 + cZx*
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X y x2 x3 x4 Xy x2y
1 10 1 1 1 10 10
2 12 4 8 16 24 48
3 8 9 27 81 24 72
4 10 16 64 256 40 160
5 14 25 125 625 70 350
Yx=15 Yy=54 | Yx?=55 | Yx3=225| Sx*=979 | Yxy=168 |>x%y =640
Since there are 5 pairs of values so n=>5 substituting the above values in (2) we get
54 = 5a +15b +55c¢
168 = 15a+55b+225¢c
640 = 55a+225b+979c
Solving the above equations we get a =14, b =-3.6857, c¢=0.7142
substituting the above values in (1) y = 14-3.6857x + 0.7142x?
which is the required equation of the parabola.
9. Fit a parabola of the form y = ax? + bx + ¢
X: 1 2 3 4 5 6 7
y: 2.3 5.2 9.7 16.5 29.4 355 54.4

Sol: Let the equation of the parabola be y = ax? + bx + ¢ -----

The normal equations are given by

Yy = na + bIx + cIx?

Xy = aZx + bZx? + cIx3

Ix%y = aXx? + bZx3 + cZx*

109
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Table for calculations:

X y x? x3 x* Xy x2y
1 2.3 1 1 1 2.3 2.3
2 5.2 4 8 16 10.4 20.8
3 9.7 9 27 81 29.1 87.3
4 16.5 16 64 256 66 264
5 29.4 25 125 625 147 735
6 355 36 216 1296 213 1278
7 54.4 49 343 2401 380.8 2665.6
28 153 140 784 4676 848.6 5053

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
153 = 7a +28b +140c
848.6 = 28a+140b+784c
5053 = 140a+784b+4676¢
Solving the above equations we get a =2.3705, b =-1.0924, ¢ = 1.1928
substituting the above values in (1) y=1.1928 x2-1.0924 x+2.3705

which is the required equation of the parabola.

10. Fitacurve y=ax" to the following data

X 1 2 3 4 5 6
y 2.98 4.26 5.21 6.10 6.80 7.50

Sol: Let the equation of the curve be y=ax" —(1)
Taking log on both sides logy = loga + blogx
(o) Y =A+bX — (2) WhereY =logy, A =1loga, X =logx
The Normal Equations are XY = nd + bXX
IXY = ASX + bEX2 — (3)
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x | X=logx y Y =1logy XY X2
1 |0 2.98 |0.4742 0 0
2 [0.3010 4.26 |0.6294 0.1894 0.0906
3 [04771 5.21 |0.7168 0.3420 0.2276
4 10.6021 6.10 | 0.7853 0.4728 0.3625
5 10.6990 6.80 | 0.8325 0.5819 0.4886
>X = 2.8574 SY = 4.3133 | IXY = 2.2671 X% = 1.7749

4.3313=6A+208574b and 2.2671=2.8574A+1.7749b
Solving A=0.4739, b=0.5143
A=anti log (A) =2.978
sy = 2.978x05143
11. Fitacurve y=abX
X 2 3 4 5 6
y 144 172.8 |207.4 |248.8 |298.5

Sol: Let the curve to be fitted is y = abX
Taking log onbothsides logy = loga + xlogh — (1)
Y=A+xB — (2)
Y =logy,A=loga, B =logh
XY = nA + BXx
XY = AZx + bEx? — (3)

X y X2 Y =logy Xy

2 144.0 4 2.1584 4.3168
3 1728 9 2.2375 6.7125
4 207.4 16 2.3168 9.2672
5 248.8 25 2.3959 11.9795
6 298.5 36 2.4749 14.8494

Substituting these values the normal equations are
11.5835 = 5A + 20B

47.1254 = 20A+90B

Soving A and B, taking antilogarithms
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a=100, b=1.2
Substituting in (1), the equation of the curve is y =100(1.2)*
=36.744 Square units
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PARTIAL DIFFERENTIAL EQUATIONS
Introduction

Partial differential equations are used to mathematically formulate ,and thus aid the
solution of physical and other problems involving functions of several variables ,such as the
propagation of heat or sound , fluid flow , elasticity , electro statistics, electro dynamics, etc.

Fluid mechanics, heat and mass transfer, and electromagnetic theory are all modeled by
partial differential equations and all have plenty of real life applications.

For example,

e Fluid mechanics is used to understand how the circulatory system works, how to
get rockets and planes to fly, and even to some extent how the weather behaves.

e Heat and mass transfer is used to understand how drug delivery devices work, how
kidney dialysis works, and how to control heat for temperatute-sensitive things. It
probably also explains why thermoses work!

o Electromagnetism is used for all electricity out there, and everything that involves
light at all, from X rays to pulse oximetry and laser pointers.

Definition:

An equation which involves a dependent variable and its derivatives with respect to two or

more independent variables is called partial differential equation.
3 3
Ex: xa—; + 4ya—i = 2z+ 3xy

__ 0z __622 0%z 0%z

= r = S = =
ay’ ox?’ oxdy’ dy?

Notations: p = Z—i, q

Linear & non linear P.D.E:

If the partial derivatives of the dependent variable occur in first degree only and

separately, Such a P.D.E is said to the linear P.D.E, otherwise it is said as non —linear P.D.E
Formation of partial differential equations:

Partial Differential equations can be formed by two methods

1.By the elimination of arbitrary constants

2.By the elimination of arbitrary functions
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1.By elimination of arbitrary constants
Let the given function be f(x,y,z,a,b) =0 ..........(1) where a and b are arbitrary
constants.

To eliminate a and b, differentiating (1) partially w.r.t. ‘x” and ‘y’

i+i.@203i+ﬁ_pzo ................... (2)and
OX 01 OX oX o1

LG N L P PP 3)

oy oz'ey oy o

Now eliminate the constants a and b from (1), (2) and (3). We get a partial differential
equation of the first order of the form. ¢(x,y,z, p,q)=0

Note : 1. If the number of arbitrary constants is equal to the number of variables, a partial
differential equation of first order can be obtained.

2.1f the number of arbitrary constants is greater than the number of variables, a partial
differential equation of order higher than one can be obtained.

Solved Problems

1. Form the partial differential equation by eliminating the arbitrary constants

aand b from (i) z= ax + by + ab

Sol: wehavez = ax + by + ab....... (D
Differentiating (1) partially w.r.t. ‘x”and ‘y’, we get
0

a_f(:a: p=a......... (2)and %:b3q=b ........... (3)

Putting the values of a and b from equation (2) and (3) in (1), we get

zZ=px + qy + pq
Which is the required partial differential equation

2. Form the partial differential equation by eliminating the arbitrary constants a and b
from (a) z=ax+by+a’+b* (b) z= ax+by+%—b

Sol: (a) we have z=ax+by+a®+b* ...... (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

Putting the values of a and b from equation (2) and (3) in (1), we get
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Z=px+qy+p>+q°

Which is the required partial differential equations
(b) We have z:ax+by+%—b ............... (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

Putting the values of a and b from equation (2) and (3) in (1), we get

Z= px+qy+§—q

Which is the required partial differential equation.
3. Form the partial differential equation by eliminating the arbitrary constants from

(x—a)2+(y—b)‘2+z2 =r?

(OR)

Find the differential equation of all spheres of fixed radius having their centre on the
xy —plane.

Sol: The equation of sphere of radius r having their centers on xy-plane is

(x—a)’ +(y-b) +z*=r®........ (1)

Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get.

2(x—a)+22.%=0:>(x—a)+zp =0orx—a=-zp— (2)

And 2(y—b)+22.28—§:Oor(y—b)+zq:00r y—-b=-zq0 > (3)

Putting the values of (x-a) and (y-b) from (2) and (3) in (1), we get

(—zp)2 +(—zq)2 +72°=r?

Which is the required partial differential equation.
4. Form the partial differential equation by eliminating the arbitrary constants a and b
from z= (x+a) (y+b)
Sol:The givenequationz = (x+a) y+b)————————— — (D
Differentiating (1) w.r.t., x
P==1(y +b)—————————— (2)

Differentiating (1) w.r.t.,, y
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from(2)P =(y + b)
from(3)q = (x + a)
Substituting in (1) we get

z=p.q
Which is the required partial differential equations

5. Form the partial differential by eliminating the arbitrary constants from
log(az—1)=x+ay+b
Sol: We have log(az—1)=x+ay+b............. (1)

Differentiating (1) partially w.r.t. ‘x”and ‘y’, we get

1 oz 1
a—=1 =1 =az—1...ccooeininnn. 2
(az—l) a p Or(az—l) ap=lorap=az 2)
and (azl—l) a_%:a: aqg=(az-1)a............. (3)
(3)+(2),gives%:a:>ap:q .............. (4)

Putting (4) in (2), we get

q:%z—lor pg=0qz—por p(q+1)=0?

Which is the required partial differential equation.

1 1
6.Form the differential equation by eliminating a and b from 2z=(x+a)2 +(y—a)2+b

1 1
Sol: We have 2z=(x+a)2+(y—a)2+b.............. (1)
Differentiating (1) partially w.r.t. ‘x”and ‘y’, we have,
2Q=2p: = = ! =4p
OX 2Jx+a  Jx+a
1
or Vx+a=-—
4p
or x+a= — (2
16 p? @)
oz 1 1 1
And 2— = or2g=———or.y—a=—
2Jy-a q 2,/y-a y 4q
1
Ly—-q= D e 3
y-q 1607 3)

Adding (2) and (3), we get
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x+y=—f| L1
y 16( p* @

or16(x+y)p’g’ = p>+q’

Which is the required partial differential equation.
7.Form the partial differential equation by eliminating the arbitrary constants a and b

from z =ax® +by?
Sol: We have z =ax®+by®* — (1)

Differentiating (1) partially w.r.t. x”and ‘y’, we get

oz p
—=3ax’orp=3ax’=>a=— — (2
OX P 3x? @

0z q
And —=3by’orq=3by’ =>b=—— (3)
oy 3y’
Putting the values of ‘a’ and ‘b’ from (2) and (3) in (1), we get

z=£x+9y

3 3
Or

3z = px+qy

8.Form the partial differential equation by eliminating the arbitrary constants a and b

from z = (x% + a) (y*> + b)

Sol:The given equation z = (x* +a) (y*+b)— —— —— — — — — — (1)
Differentiating (1) w.r.t., x
2
pEg= 2P Hh) — = — s m—— - ©)
(y*+b) =

Differentiating (1) w.r.t., y,we get

==y (@ Ha)—————— ==~ 3)

s~ (xt4a) = Z
2y

Substituting in (1) we get z = % implies that

pq —4xyz =0

Which is the required partial differential equation.
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9.Form the partial differential equation by eliminating the arbitrary constants from
(x—a)®>+ (y—b)?> =z%cot’a
Sol:Given (x — a)? + (y — b)? = z%cot? a........ (1)
Differentiating (1) w.r.t.,, x
(x—a)=zpcot?a
Differentiating (1) w.r.t., y
(y—b)=zqcot’a
Substituting (2),(3) in (1),we get
(zp cot? @)? + (zq cot? @)? = z% cot? a

~The required Partial differential equation is

p?+q? =tan’«a

2
10.Form the partial differential equation by eliminating a,b,c from X—2+—2+—2=1
a c
2 yZ Z2
Sol : Given —+5+—=1.....(1
a b )

Differentiating (1) partially w.r.t. ‘x” and ‘y’.

% Ep Oorl+ 7-p=0- (2
a’ a’

2y 21 y
And —+—. Oor—+— 0 3
b* ¢ 1= h?  ¢? R 48

Since it is not possible to eliminate a, b,c from equation (1), (2) and (3). We require one
more relation.
Differentiating (2), partially w.r.t. ‘x’°, we get

i_’_i(zap j 0o r 1 i25_22+ip
a®? 2 ox ax cz"ax2 c?’

Multiplying (4) by ‘x’ and then subtracting (2) from it, we get

?.r XCLZ—Cip 0or i(xzr+xp ~2p)=0

. Pz = Xp? + xzr

Which is the required partial differential equation.
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Formation of the partial differential equation by the elimination of arbitrary functions:
Derive a p.d.e by the elimination of the arbitrary functiong from ¢(u,v)=0 where u, v are
functions of x, y and z.

#(u,v)=0 ....(1)

Differentaite partially equation (1) w.r.to. x,y

8¢(8u ou azj 8¢(6v ov 8zj
L = = — |+ —+——=—1=0
ou\ oxXx 0z oOX ov\ox 0z oXx

ie., %(8_u+ pa—uj+%(@+ p@j:o ...... 2)
ou \ OX 0z oV \ OX 0z

and %(%+q%j+%[@+q@j=0 ...... 3)
od4\oy o0z) ovloy oz

99
ou

ﬁuwj@/mj(w w%wmj
—+—=P||=+=q|=| =+td— || =+=P
oy oz oy oz oy oz )\ ox oz

m(mmaumJ(mmawq_wwawv

Eliminating and % from (2) and (3)

oyor 0z oy OX 0y 0y OX
is the P.D.E after the elimination of ¢ from ¢(u,v)=0. Written in a simpler form
o(u,v o(u,v o(u,v
(uy) ), 2(uy) | _8uy)
o(y,z) o(zx)" o(xy)
Above equation is generally written as pP+qQ=R where

ouov ouov . OuUov OuUov q ou oV ou ov

07 OX OX 0z

, Q= n
oy 0z oz oy 0L OX OX 0 OX oy oy oX

Solved Problems
1.Form a partial differential equation by eliminating the arbitrary function

z=f(x*+y%)
Sol: We have z = f(x% + y?) .....(1)

Put u=x*-y?, wehave z=f (u)— (2)
Differentiating (2) partially w.r.t. ‘x” and ‘y’,

0z ou
—=f'(u).—==

OX OX
sp="fi(u)2x—> (3)

f'(u).2x

And %z fl(u).%u: fi(u).2y
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sq=f'(u)2y > (4)
f*(u).2x
f*(u)2y

: _ X
~.(3)+(4), gives a— y

S py—gx=0

Which is the required partial differential equation.
2. Form a partial differential equation by eliminating the arbitrary
functionp(x? + y%,z—xy) = 0
Sol:  Given p(x? +y%,z—xy) =0
This can be written as z — xy = f(x? + y?)-------------- (1)
Now we have to eliminate f from (1)
Differentiating (1) w.r.t., x
Y Y=y
p—y=f"+y)2x)--- (2)
Differentiating (2) w.r.t., y
q—x=f(x*+y?)(2y)------ ®)
Dividing (2) by (3)
py-gx=y? =x?
Which is the required partial differential equation.

3. Form a partial differential equation by eliminating the arbitrary function
from z=f(x*=y’)
Sol :We have z= f (X’ -y*) = (1)
Put u=x*-y? wehave z=f (u)— (2)
Differentiating (2) partially w.r.t. ‘x’and ‘y’,
0z ou
—=f'(u).—==
OX OX
sp="fi(u)2x—> (3)

f'(u).2x

Similarly we get
q=—f"(u)2y(4)
~(3)+(4), gives s = _iy

~px+qy=0
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Which is the required partial differential equation.

4. Form the partial differential equation by eliminating the arbitrary functions from
xyz = f (x2 +y? +22)
Sol: We have xyz=f (X’ +y*+2°) > (1)

Differentiating (1) partially w.r.t. x and y

yZ+Xy.p = fl(x2 +y? +22).[2x+22.@j
OX

(or) yz+xyp = fl(x2+y2+22).(2x+22p)—> 2)
And Xz +xy.q= fl(x2 +y2+22).(2y+22.q)—> (3)
- (2)+(3), gives

YyZ+Xyp  2X+2zp
XZ+Xyq 2y+2zq

(yz+xyp)(y+2a)=(xz+xyq)(x+zp)

Y2z +22yq+ Xy p+Xyzpq = X’z + X°Zp + X*yq + Xyzpq

2

x(y2 —22) p+y(zz—x2)q :(x —yz)z

Which is the required partial differential equation.
5. Form the partial differential equation by eliminating the arbitrary functions

from xyz = f(x+y+ z)

Sol: Given equations xyz = f(x + y + z)--------- (1)
Differentiating (1) partially w.r.t. ‘x’
yxp+2) = f'(x +y + 2)(1 +p)---------- 2
Differentiating (1) partially w.r.t. ‘x’
X(ya+z)=f(x+y+2)(1+q)---- (3)

Dividing (2) by (3) —Zﬁ;ﬁiﬁi - 1:_5

Yxp+2)(1+q) = x(yq+2z)(1+p)
(xy —zx)p+ (yz—xy)q = zx — yz

x(y —2)p+y(z—x)qg=z(x—-y)

Which is the required partial differential equation.

6. Form the partial differential equation by eliminating the arbitrary function
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z
from xy+yz+zx= f[—j
X+Y

+Yy
Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

z \[(x+Yy).p-z] N
X+ y] (x+y)’ @

Sol : We have Xy+ Yyz+zX = f[%j—) (1)

Y+Y.P+Z+XPp= fl(

z JI:(X+Y)Q—Z]_>(3)

And x+z+yq+xq:fl( >
X+y) (x+Y)

Dividing (2) by (3), we get

(X+y)p+y+z :(x+y)p—z
(x+y)g+x+z (x+y)q-z

is the required partial differential equation.

7.Form the partial differential equation by eliminating the arbitrary function
from 2= f (X)+€".9(x)

Sol: We have Z = f (X)+ey-g(X)—> (1)

Differentiating (1) partially w.r.t. x> and y, we get

%: f(x)+e"g"(x) or p=f*(x)+e’.g'(x)—> (2)

184
And G =¢€".g(x) or yey-g(X)% 3)

Differentiating (3), partially w.r.t. ‘y’, we get

ﬂ:eyg(x):@ ing (3
Y ay[usmg()]
oy" oy

st—-q=0

Which is the required P.D.E.

8.Form a partial differential equation by eliminating the arbitrary
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function @ (x? + y?> + z%,ax + by + cz) = 0

Sol: Given function can be written as

X+y*+z22=flax+ by +¢€z) v v (1)

Differentiating (1) partially w.r.t. “x” and ‘y’,we get
2x +2zp = (a+ cp)ft(ax + by + cz) ... (2)
and
2y +2zq = (b+ cq)f(ax + by + cz) ....(3)

2) . .
= implies
3) P

x+zp _ (a+cp
y+zq - (b+cq)

Which is the required complete solution of given Partial differential equation.

Solution Of Partial Differential Equations :

Complete integral:

A solution in which the number of arbitrary constants is equal to the number of independent
variables is called complete integral or complete solution of the given equation.

Particular integral :

A solution obtained by giving particular values to the arbitrary constants in the complete
integral is called a particular integral or particular solution.

Singular integral:

Let f (X, Y,z p,q)=0— (1) be the partial differential equation.
Letg(x,y,z,a,b)=0— (2)
be the complete integral of (1). Where a and b are arbitrary constants.

Now find 22 =05 (3) 22 —0- (4)
oa ob

Eliminate a and b between the equations(2), (3) & (4) When it exists is called the singular
integral of (1).

General integral : In the complete integral (2). Assume that one of the constant is a function
of the other i.e. b = f(a) Then (2), becomes ¢(x,y,z,a, f (a))=0— (5)

Differentiating (5) partially w.r.t. ‘a’, we get% +%. ft (a) =0— (6)
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Eliminate ‘a’ between (5) and (6), when it exists is called the general integral or general

solution of (1).

Linear Partial Differential Equations Of The First Order:

A differential equation involving partial derivatives p and g only and no higher order
derivatives is called a first order equation. If p and g occur in the first degree, it is called a
linear partial differential equation of first order; otherwise it is called a non-linear partial
differential equation of the first order.

For example: px+qy® =z is a linear p.d.e of first order and p?+q°=1 is-non-linear

Lagrange’s Linear Equation:
A linear partial differential equation of order one involving a dependent variable z and two

independent variables x and y of the form Pp+Qq=R

Where P, Q, R are functions of x, y, z is called Lagrange’s linear equation.

Lagrange’s auxiliary equations or Lagrange’s subsidiary equations

The equations d—PX = ] = a are called Lagrange’s auxiliary equations.
Working Rule To Solve Lagrange’s Linear Equation Pp + Qq = R
Step 1: Write down the auxiliary equations i ~ v = 4

P Q R
Step 2 : Solve the auxiliary equations by the method of grouping or the method of multipliers
or both to get two independent solutions u = a and v = b where a, b are arbitrary constants
Step 3: Then @(u, v) = 0oru = f(v) is the general solution of the equation Pp + Qq = R

dx o dy  dz

P(x,y,2) Q(x,y,2) R(xy,2)

(i) Method of grouping : In some problems, it is possible that two of the equations 9% =9 or
P Q

To solve

dy_dz o %Xz%z are directly solvable to get solutions u(x,y) = constant
Q R

or v(y, z) =constant or w(x, z) =constant. These give the complete solutions of (1)

Sometimes one of them, say 9 _ 4 may give rise to solution u(x,y) = c1
P

From this we may express y, as a function of x. Using this in dy _dz and integrating we get
Q R

v(y, z) = c2. These two relations u = c1, v = ¢, give the complete solution of (1)

(i1). Method of multipliers: This is based on the following elementary result.
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:%: ______ _ 3 then each ratio is equal to h& tha +..+ha,
b, 1b1+lb+ A+1.b,

Consider 9 _dy _dz
P Q R

If possible identity multipliers [, m, n not necessarily constant, so that each ratio

_ ldx+mdy +ndz

IP+mQ+nR
Where lP + mQ + nR = 0 Then ldx + mdy + ndz = 0
Integrating this we get u(x,y,z) = c1.
Similarly we get another solution v(x,y, z) = c2 independent of the earlier one.

We have the complete solution of (1) constituted by u = c1and v = c2

Solved Problems

1. Solveptanx +qtany = tanz
Sol :  The given equations can be writtenas tanxp-+tanyg=tanz — (1)

Comparing with Pp + Qq = R, we have P=tanx,Q=tany,R=tanz

.. The auxiliary equations are dy az
tanx  tan y " tanz
Taking the first two members, we have _dx = .
tanx tany

Integrating logsin x =logsin y+logc,

or IogT logc, or %:cla (2)
y y

Taking the last two members, we have i = i
tany tanz

Integrating, log siny = log sinz + logc2

sin sin
or Iog_—y:Iogc or_—y:c - (3)
2 2
sinz sinz

From (2) and (3). The general solution of (1) is

¢(01’C2):0

i.e.¢(s_lﬂ,3|_ﬂj =0 is the required Complete Solution.
siny sinz

2. Find the general solution of y?zp + x%zq = y*x
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Sol:  We have y’zp+x°zq=y*’x— (1)
Comparing with Pp + Qq = R, we have
P=y?z2,Q=x°z, R=y’x

. The auxiliary equations are d_2x = dTy :d_zz
yz Xz y°x

Taking the first two members, we have

d—:(zd—zyzd—)z(:d—)zlorxzdx:yzdy
v’z X’z T y* X

Integrating X—3—yy+ or Xy _
"3 3743
Taking the first and last two members, we have

ﬁzior xdx = zdz

y’z  y’x

¢ - (2

X2 2 X2 ZZ 5
Integrating — =—+¢, or ———=c¢"— (3
grating —-=—-+, Of ——— 3)

From (2) and (3) The general solution of (1) is
#(c.,c,)=0ie.

3. Solve p\/§+q\/§=\/§

Sol:  The given equation can be written as
Jxp+yg=+z - (1)

Comparing with Pp+Qg=R, we have

P=JxQ=y.R=+2
dx _dy dz

.. The auxiliary equations are —= =

NN

o _ay
N
Integrating, 2/x =2 y+¢, or 2\/§—2ﬁ=c10r \/Y—\/yzae (2)

From the last two members, we have dy = dz

NG
Integrating, 2\/§:2\/E+c2 or 2\/9—2\/5:02
or\/y—vz=b— (3)
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From (2) and (3). The general solution of (1) is
#(a,b)=0ie,

¢(\/§—\/§,\/§—«/§) =0 is the required Complete Solution.

4. Solve x(y—-z)p+y(z—x)q=2z(x-y)

Sol: We have x(y—z)p+y(z—x)g=z(x-y)— (1)
Comparing with Pp + Qq = R, we have
P=x(y-2),Q=y(z-x),R=z(x-y)

- The auxiliary equations are — %% —_ & dz

x(y-z) y(z-x) B z(x-y)

Using [ = 1,m = 1,n = 1 as multipliers, we get

dx dy dz dx +dy+dz
= = = SX(y—-z)+y(z—x)+z(x-y)=0
sdx+dy+dz=0

Integrating, x+y+z=a— (2)

Again using | = 1 m= 1 n= 1 as multipliers, we get
X y z
1dx+1dy+£dz

Each fraction = > y Z /= k(say)

0

.'.ldx+£dy+1dz:0
X y z

Integrating, logx + logy + logz = logb.or xyz =b....... (3)

From (2) and (3). The general solution of (1) is

#(ab)=0ie.,

#(x+y+2,xyz)=0is the required Complete Solution.

5. Solve x*(y—z)p+Yy*(z-x)q=2°(x-y)

Sol:  Given x*(y-z)p+y*(z—-x)q=2*(x-y)— (1)

Comparing with Pp + Qq = R, we have

P=x*(y-2),Q=Yy*(z-%),R=2*(x-y)

.. The auxiliary equations are o = dy = dz

X(y-2) y(z-x) z(x-y)
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Using I=i2,m=i2,n=i2 as multipliers, we get
X y z
%dx+—2dy+i2dz
Each fraction == 5 z =k(say)
.'.%dx+%dy+z—12dz:0
Integrating,—l—i—lza or 1+1+1:c1—>(2)
X y z X y z
. . 1 1 -
Again using | ==,m=—,n== as multipliers, we get
X y
1
—dx+—dy+—dz
. X y z
Each fraction = = k(say)

.'.ldx+1dy+1dz=0
X y z

Integrating log x+1logy+logz =logc,
orxyz=c, > (3)

From (2) and (3), The general solution of (1) is .

1 1 1 . . ’
¢[;+§+?XyZJ =0 is the required Complete Solution.

6. Solve (mz—ny) p+(nx—Iz)q=ly—mx
Sol: ~ Giveneqnis (mz—ny)p+(nx=Iz)q=Ily—mx— (1)
Comparing with Pp + Qq = R, we have
P=mz—ny,Q =nx—1z,R=1ly—mx
.. The auxiliary equations are
dx dy dz

mz—ny nx—lz ly—mx

Using | = x,m = y,n = z as multipliers, we get

Xdx + ydy + zdz
0

Each fraction =

SoXdX+ ydy+zdz=0

2 2 2

Integrating, ?+y?+?:aor X +y*+2°=c,—(2)

Again using [, m,n as multipliers, we get
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Each fraction = w = k(say)

sldx +mdy +ndz=0
Integrating, IX+mMy+nz=c, - (3)
From (2) and (3), the general solution of (1) is

2 2 2 _
#(X*+y" +2°, I+ my+nz) =0 is the required Complete Solution.

7. Solve xp—yq=y*—x?
Sol: Here P=x,Q=y,R=y*-x*

X V4
.. The auxiliary eqn’s are d— = ﬂ — d
X

_y y2 _X2

From the first two members, ax_dy
X =y

Integrating, logx+logy =logc,orxy=c, — (1)

Using | = x,m = y,n = 1 as multipliers, we get

xdx + ydy + dz
0

Each fraction =
S Xdx+ydy+dz=0
Integrating, %xz +%y2 +z=corx’+y’+2z=¢,— (2)

From (1) and (2), The general solution is

2 2 \_
¢(xy, Xty +22) \ is the required Complete Solution.

8. Find the integral surface of x(y2 + z) p— y(x2 + z)q :(x2 —~ yz)z
Which contains the straight line x+y=0, z=1
Sol: Given that x(y2+z)p—y(x2+z)q=(x2—y2)z ........ (1)
Comparing with Pp + Qq = R, we have
P:x(y2+z),Q:—y(x2+z),R:(x2—y2)z
.. The auxiliary equations are
dx dy o dz

x(y2+z) —y(x2+z) (x2 —yz)z

Using | =

1
—.m=
X

1 1 .
—,n==as multipliers, we get
y z
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de+£dy+1dz

Each fraction = X y z
0

.'.de+1dy+1dz =0
X y z

Integrating, logx+logy+logz=Iloga
or xyz=a— (2)
Again using [ = x,m = y,n = —1 as multipliers, we get

xdx + ydy — dz

0 =k(say)

.. Each fraction =

SoXdx+ydy—dz=0

X2 y2
Integrating, Sty z=cor X*+y*-2z=b— (3)

Given that z = 1, using this (2) and (3), we get
xy=aand xX*+y*-2=b
Now b+2a=x* +y? —2+2xy = (X+ y)2 -2=0-2 [.x+y=0]=-2

S.2a+b+2=0

Hence the required surface is

2 2
X“+y" —22+2xy7+2=0 is the required Complete Solution.
9.Solve px +qy =z

Sol:Given px + qy = z is a Lagrange’s linear equation

The Auxillary equations are

By Consider first group, we get
fdx _[ay
x )y
logx = logy +logcl

(D)

c _ X
1 y..

By Consider second group, we get
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fdz_ dy
z )y

logy = logz + logc2

2 =7..(2)

(2 Y) = i i i
o f (y,z) is the required solution.

10. Solve (x2 —y%? —yz)p+ (x* —y?> —xz)q = z(x — y)
Sol: The auxiliary equations are

dx B dy _ dz
(x2—y2—yz) (x2-y2—-xz) z(x—Y)

Taking 1,-1-1 multipliers,we get

dx—dy-dz _ dx
(x2-y2—yz—x2+y?*+xz—-xz+yz) (x*—y?-yz)

dx —dy—dz=20
Integrating,we get
X—Y—Z=Cpeuenn... (D)
Taking x, —y, 0 as multipliers,we get

xdx — ydy _ dz
(x3 —xy?2 —xyz—yx2+y3 +xyz) z(x—7y)
xdx —ydy  dz

(x2—yD(x—y) z(x—y)

1
Elog(x2 —vy?) =logz

2_4,2
~.Complete solution of given pde is ¢ (x e A ) =0

z2

11. Solve x(y? — z%)p — y(x? + z2)q = z(x?* + y?)

Sol: The auxiliary equations are
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dx _ dy _ dz
x(2—z8)  —y(x2+23) " z2(x? +y?)

Taking x, y, z, multipliers, we get
xdx+ydy+zdz dx

(x2y2-x272—y2x2—72y2 +x272+y272) x(y2-z?%)
xdx +ydy +zdz =0
X2+ 92+ 22 =¢C1 v (1)

- 1 11 . g
Taking 7 multipliers, we get
~ldx+>dy+2dz=0

x y z

Integrating, we get

From (1),(2),

Complete solution of given pde is ¢ (J;—Z X2+ y? + 22) =0

12. Solve (y*)p — xyq = x(z — 2y)

Sol: Comparing with Pp + Qq = R, we have

The auxiliary equations are

ﬂ _dy __ dz
y2  -yx  x(z-2y)

From the first two members, we have

dx dy
y —X
Integrating,we get
x2+y2=c¢....(2)
From the last two members, we have
dy dz
-y (@-2)

—ydz = zdy — 2ydy
d(yz) — 2ydy = 0
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From (2) and (3). The general solution of (1) is
e @(yz —y?%x? +y%)=0
13.Solve (y+z)p+(Z+x)gq=(x+1y)

Sol:Comparing with Pp + Qq = R, we have

The auxiliary equations are

dx _ dy _ dz
y+z)  (z+x)  (x+y)

dx+dy+dz _ dx-dy _ dy-dz
2(x+y+z)  (y-x) (z-y)

Taking 1,1,1 and 1,-1,0 and 0,1,-1 as multipliers , we have

From the last two members, we have
dx—dy dy—dz
y—x) (z=)

Integrating,we get

(y—x)

log——=1logC
g(z_y) gZ

(y=x)
(z-y) =Cy.. (1)

From the first two members, we have
dx+dy+dz dx—dy
2c+y+2z) (y—x)

Integrating,we get

1
Elog(x +vy+z) =log(y —x) +logc,

x+y+2)y—x)2=cqcnn.n.... ()
From (2) and (1). The general solution of given pde is

ie. 0 % (x +y +2)(y — x)?)=0

14. Solve x*p —y*q =z(x —y)

Sol:Comparing with Pp + Qq = R, we have

The auxiliary equations are
dx _ dy _ _dz
X2 —y2  (z(x-y)
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From the first two members, we have
dx dy
>z = —y2

Integrating,we get

Taking 1,1,0 as multipliers,we get
dx+dy_ dz
x2-y2  (z(x-y)
dx+dy - dz
x+y)(x=y) (z(x—-y)
dx+dy_£
(x+y) Tz

Integrating,we get
x+y

=c
2 2 .2

From (2) and (1). The general solution -is
x+y 1 1, _
010

15. Solve (x% —yz)p + (y* — xz)q = (2% — xy)

Sol: The auxiliary equations are

dx _ dy _ dz
(x-yz)  (y2-xz)  (z2-xy)

Taking 1,-1,0 and 0,-1,-1 as multipliers,we get
(xz—;zjg—?;z—xz) angalso ((—z2+;3c/)+d(j/2—xz))
. dx—dy _ dy—-dz
U (2-yz)-(2-xz)  ((=z2+yx)+(y%-x2))
d(x-y) A dy—dz
(x=y)(x+y+z) (Y=2)(x+y+2z))

solving it,we get

(x=y)_
E—Cl.....(l)

Taking x,y,z and 1,1,1 as multipliers,we get

(xdx+ydy+zdz) _ (dx+dy+dz)
x3+y3+2z3-3xyz x%2+y2+z%2-xy-yz—zx

(xdx+ydy+zdz) _ (dx+dy+dz)
(x+y+2)(x2+y2+z2—xy—yz—2zx) x%2+y%+z%2—-xy-yz—27x

(x+y+2z)(dx+dy+dz) = (xdx + ydy + zdz)
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x+y+2z)d(x+y+2)=(xdx+ydy + zdz)
Integrating,we get
(x+y+2)? x*+y*+2?
2 2
slx+y+2)?2=xt+y:+z%+¢,

+c

Xy +yz+zx =cy.....(2)

Complete solution of given pde is ¢ (xy +yz + zx, %) =0
Non-Linear Partial Differential Equations Of First Order
A partial differential equation which involves first order partial derivatives p and g with

degree higher than one and the products of p and q is called a non-linear partial differential
equations.

Non linear PDE’s can be classified in to 4 standard forms.

Standard Form I:

Equation of the form f(p,q) = 0 ( i.e., equations containing p and q only) :

Given partial differential equation is of the form f(p,q) = 0.... ... (1)

Procedure:

Given partial differential equation is f(p,q) =0 ... ... (D

Stepl:Put p = a in (1),then we get q value in terms of a then we can obtain ‘p’ value.
Step2:Substitute p, q values in dz = p dx + q dy

Step3:Integrating it ,we get required complete solution of (1) .

Solved Problems

1.Solve pq = k, where k is a constant.

Sol: Given that pq = k .... (1)

Since (1) is of the form f(p,q) =0

Putp = ain (1),we get q =S
Now substitute p, g in
dz = pdx +qdy then

dz =adx + S dy

Integrating,we get
k
Z=ax+—y+cC
a

which contains two arbitrary constants a and c.
2.Solve p? + q* = npq
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Sol : Giventhat p% + g% = npq e cve v .. (1)
Since (1) is of the form f(p,q) =0

Putp = a in (1),then we get ¢ =~ [n + VnZ — 4]
Now substitute p, g in

dz = pdx+qdy

= adx+%[ni\/m]dy

Integrating,we get , dz = a [ dx +>[n £ Vn? — 4] [ dy

z :ax+§[ni\/n2 —4}y+c

This is the complete integral of (1), which contains two arbitrary constants a and c.
3.Find the complete integral of p? + q% = m?
Sol: Given that p% + ¢ =m? .........(1)

Since (1) is of the form f(p,q) =0

Putp = ain (1),we get ¢ = Vm? — a2

Now substitute p, g in

dz = pdx+qdy....... (2) then
dz = adx +q =vVm? —a?dy

Now integrate on both sides
z :ax+(\/m2 —az)y+c

Which is the complete integral of (1)

Standard Form I :

Equation of the form f(p, q,z) = 0(i.e., not containing x and y)
Procedure :

Given partial differential equation is of the form f(p,q,z) =0 ... ... (1)
Stepl:Put p = aq in (1),then we get g value in terms of a, z then
Step2:Substitute p,q valuesin  dz = pdx+qdy

Step3:Integrating it ,we get required complete solution of (1) .

Solved Problems :
Solve the following partial differential equations

1. z=p*+q? 2.p*z°+q*>=p*q 3.zpq=p+q
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Sol : 1. We have z = p?>+q°....... (1)
Since (1) is of the form f(z,p,q) =0

Putp = aq in (1),then we get q = /Hzaz

. _ A
SN

Putting the values of pand qindz = p dx + q dy , we get

%dz :ﬁ (adx + dy) ,

Integrating ,we get

1 1
| e = wax s ap
1
W= @A)
which is the required solution of (1)
2. Given that p®z®+q°=p°’q— (1)
Since (1) is of the form f(z,p,q) =0
. (a?z?+1)
Put p = aq in (1), then we getq = %
@z + 1)
N a

Putting the valuesof pand gindz = pdx + qdy ,we get

e -1 (adx + dy)

(a2z2+1) a2

Integrating,we get

[—=2— =L f(adx + dy)

(a2z2+1)  a?
~atan(az) =ax+y+c
which is the required complete solution of (1)
3. Giventhat zpg =p +q.....(1)
Since (1) is of the form f(z,p,q) =0

Putp = aq in (1),then we get q = at1

az
a+1
VA

Putting the values of pand qindz = pdx + q dy , we get

zdz :aTH (adx + dy) ,
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Integrating ,we get

a+1
fzdz= m f(adx+dy)
aZ?> -
2@+ @TrTe

This is the required solution of (1)

Standard Form 111 ;

Equation of the form f (x,p)=f,(y,q) ie. Equations not involving z and the terms

containing x and p can be separated from those containing y and g.
We assume that these two functions should be equal to a constant say k.

s h(xp)=1f,(y.q)=k

Solve for p and g from the resulting equations
- fi(x,p)=kand f,(y,q)=k

Solve for p and g, we obtain
p=F(xk)andq="F,(y,k)

Since z is a function of x and y

dz = Zax+ Z gy [By total differentiation]
OX oy

dz = pdx+qdy
sdz=F(x,k)dx+F,(y,k)dy
Integrating on both sides
z=JF1(x,k)dx+IF2(y,k)dy+c

Which is the complete solution of given equation

Solved Problems:
1. Solve p*+0°=x+y
Sol :. Giventhat p*>+Q° =X+Y ........... (1)
Separating p and x from q and y, the given equation can be written as
p*—x=-q"+y
Let p®—x=-qg°+y=Kk (constant)
~pP-x=kand —g*+y=k
= p’=k+xand g’ =y—k

DEPARTMENT OF HUMANITIES & SCIENCES | ©@MRCET (EAMCET CODE: MLRD) R[]




MATHEMATICS -1l PARTIAL DIFFERENTIAL EQUATIONS
s p=+vk+x and q =Jy-k

. 0z 0z
Since dz=—dx+—dy = pdx+qd
| o +8y y = pax+qay

~dz=vk+xdx+yy—kdy

Integrating on both sides

z:f(k+x)% dx+J(y—k)% dy+c

3 3
oz =§(k+x)2 +§(y—k)2 +C

Which is the complet solution of (1)
2. Solve xp—yq=y*—x°

Sol: Given that xp—yq=y*—x*—(1)

Separating p and x from g and y. The given equation can be written as.
Xp+ x> =yq+y’

Let xp+x*=yq+Yy? =k (arbitrary constant)
Sxp+x2=k and yg+y® =k

2

k —X 2

X

=p=

andq:k_y
y

0z 0z
We have dz =—dx+—dy = pdx+qd
x oy y="p gay

sz =(E—xjdx+(5—yjdy
X y

Integrating on both sides

z=I(§—xjdx+I(5—yjdy+c

2 2

X y
=klogx——+klogy—=<—+c
g > gy >

= klog(xy)—%(x2 +y)+c

Which is the complete integral of (1)
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2 2
3. Solve (£+xj +(ﬂ+ yj =1
2 2
Sol: Separating p and x from q and y, the given equation can be written as.
2 2
33
2 2

2 2
Let (ngxj =1—(%+ yj =k? (arbitrary constant)

2 2
.'.(£+x) =k? and 1—(ﬂ+yj =k?
2 2
2
:>§+x:k and (%erj =1-k*or %erlel—k2
= p=2(k—-x) and qzz[\ll—kz —y}
0z 0z
We have dz=—dx+—dy= pdx+qd
o Py y=p qdy

- dz = 2(k — x)dx + 2[\/1- KZ - y} dy
Integrating on both sides

z:ZJ.(k—x)dx+2.[[\/1—7—y}dy+c
z :2(kx—X?2)+2{(\/1—k2)y—y?2}+c

.'.z:2kx—x2+2(\/1—7)y—y2+c

This is the complete solution of (1)

4.Solve p — x% = q + y?

Sol:Let p —x2 = q +y? = k?(say)

Then p —x? = k? and q + y? = k?
sp=k?®+x?andq=k*+y?

But we have
dz :@dx+@dy = pdx+qdy
ox oy Integrating,we get
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X

3 3
z ="+ Kix + kPy + 7 +c

is the required complete solution.

5. Solve g —p=y—x
Sol: Let p — x = q2-y = k(say)

Thenp=k+xandq=.k+y

But

dz :gdx+gdy = pdx + qdy
ox oy Integrating,we get

x2 2 3
z=7+kx+5(k+y)2 +C

is the required complete solution.
6.Solve g = px + p?
Sol:Let g = px + p? = k(say)
Then we get
pP+px—k=0andq=k
Solving,we get

_ —x+(x%+4k

, andg =k

But

dz = oz dx+%dy= pdx + qdy

X Integrating,we get

x2

X 1x 2 inh~ 12>
zZ= 4+2[2w/(x + 4k + 2k sinh (Zﬁ)+ky+C

is the required complete solution.

STANDARD FORM V:Z = px+ qy + f (p,q)
An equation analogous to the clairaut’s equation it is complete solutionis Z = ax + by + f (a,b)
which is obtained by writing a for p and b for q The differential equation which satisfies some

specified conditions known as the boundary conditions.The differential equation together with
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MATHEMATICS - PARTIAL DIFFERENTIAL EQUATIONS

these boundary conditions, constitute a boundary value problem

Solved Problems:

1. Solve z = px + qy + pq

Sol : The given PDE is form IV

Therefore complete solution is given by
z=ax+by+ab

2. Find the solution of (p+q)(z—px—aqy)=1

Sol: The given equation can be written as

Z—px-qgy=
P+q

SZ=pX+qy+ 1q - (@)

Hence the complete solution of (1) is given by

1
Z=ax+by+——
a+b

3. Solve pgz=p*(ax+p*)+q’(py+q°)

Sol: The given equation can be written as

2 2
Paz=p q(x+p—J+q p[)“f%]

At
2= px+qy+[ J% ®

Since it is in the form z = px+aqy+ f (p,q)

Hence the complete solution of (1) is given by

a® b
Z=ax+by+—+—
b a

4. Solve z = px + qy + pq + q*

Sol: Wehave z=px+qy + pq + q% e ccv e e oe.. (1)
Since (1) is of the form z = px + qy + f(p, Q).
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Hence the complete solution of (1) is given by
z=ax+by+ab+b?.....(2)
For singular solution, differentiating (2) partially w.r.t. a and b, we get

0z 0z

22 =05=0

Implies that

0O=x+b...3) and 0=y+a+2b........(4)
Eliminating a, b between (2), (3) and (4), we get
z=xQ2x—vy) —xy— (Q2x —y)x + x?

NZ=X

is the singular solution

Equations Reducible To Standard Forms:

Equations of the form f(x™p, y"q) = 0 where m and n are constants

The above form of the equation of the type can be transformed to an equation of the form f(p,q)=0
By substitutions given below.

Case (i):--whenm #= 1andn # 1

PULY = x' " and ¥ = y'" thenp = 5 = 25 = P(1 — m)x " whereP = 22
m P(1 ) J 0z 0ZaY a Yy wh 0z n a y
= - _——-———————— —_ = — - = —_
x™p m) and q dy oY dy Q n)y " where(Q EVG y'q=Q n

Now the given equation reduces to f[(1 — m)P, (1 — n)Q] = 0 which is of the form f(P,Q) =0
Case(ii):-whenm =1,n=1

Put X = logx andY = logy then

=9z _0Z0X _ 0Z1 implies x—P—WhereP—a—Z
ox  oxox oxx P px = T ax

0z
similarly qy =Q whereQ = a7

now the given equation reduces to the form f(P,Q) = 0
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Equations of the form f(x™p, y"q,z) = 0 where m and n are constants:
This can be reduced to an equation of the form f(P, Q, z) = 0 by the substitutions given for the equatio

F(x™p,y"™q,z) = 0 as above.

Solved Problems:

2 2

N : . X
1. Solve the partial differential equation — -,

P q
Sol:  Given equation can be written as

xtptrylqt=zor(x?p) +(yq) =z (1)
This is of the form f (xm p,y"q, z) =0withm = —=2,and n = —-2.

Put X =x*"=x"P =xand Y =y "=y = y3

Then ngzg a—X—PBX where P_g
oX OX oX X
S X?p=3P
and g= @zﬂ g-QSy where Q——
oy oY oy oY
y?q=3Q

Now equation (1), becomes.
(3P)"+(3Q) =2 (2

Since (2) is of the form f(P,Q,z)=0

PUt P = ag in (1), then we get Q = <2

az
_(a+1)
3z

Putting the values of Pand Q indz = P dX + Q dY ,we get

3az

—dz = (adX +dY)
Integrating,we get
[Z£dz=(afdX +[dY)

3az?

m:(aX-FY)-FC
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322 = Z(aTHj(XS +ay’)+c

a+1

taking ¢; = 2(—)c
Which is the required solution of (1)

P,d
2

2. Solve the partial differential equation — +— =z
Xy

Sol:  The given equation can be written as
px*+ay”=z— (1)
Since (1) is of the form f (xm D, y"a, z) =0Withm = —=2,and n = -2

Put X =x*™ =x°, and Y = yl—n _ y3

Now p=g=g %—P:SX where P_a—Z
oX OX OX oX

S X?p=3P

and = @:ﬂ ﬂ—Q3y where Q——

oy oY oy oY
- y?q=3Q
Equation (1) becomes, 3P +3Q =z — (2)

Since (2) is of the form f(P,Q,z)=

V4

Put P = aQ in (1),then we get Q = 3(a+1)

az

“PE3ar D

Putting the values of Pand Q indz = P dX + Q dY ,we get
dz _

z

= - (adX + dy)

Integrating we get

dz
z 3(a+1)

(afdX + [dY)

(aX+Y)+C

1
logz =051

=logz=

3(lifj‘)(x3+ay3)+c

This is the complete solution of (1)
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3. Solve g’y* =z(z-px)

Sol:  Given equation can be written as

q’y? =z* —zpxor (xp)z +(qy)2 =22 >

Since (1) is of the form f (x"p,y"q,z)=0 withm = 1andn =1

Put X =logx and Y =logy

Now ngzz.a—X:P.1 where P:ﬂ
oX OX OX X oX

S Xp=P

and q:gzzﬁ:Ql where Q:g
oy oY oy y oY

s qy=Q

.. Equation (1), becomes, Pz+Q* =2 —(2)

Since (2) is of the form f (P,Q,z)=0
[—a + VaZ + 4]

aZ
~ P =7[—ai\/a2 + 4]

Put P = aQ in (1), then we get Q =

NN

Putting the values of Pand Q indz = P dX + Q dY ,we get

%:%[—a + Va? + 4|(adX + dY)

z

Integrating,we get

= Haxva F 4]@f dx + [ dY)

z

logz = %[—a + vaZ + 4](aX +Y)+c

~logz = %[—a + Va2 + 4](ax3 +y3)+c¢

Which is the complete integeral of (1)

4, Solve the partial differential equation p?x* + y®zq = 2z°

Sol: Giventhat p*x*+y®zq=2z°

Then given equation can be written as

( px? )2 +(qy2)z =27 > (1)

Since (1) is of the form f (x”‘ p,y"q, z) =0 with m=2 and n=2
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PutX:xl’”‘:xH:x’lzl andY:y’lz1
X X
Now p:@:ﬁ_%: (_—;Lj, where P=—
ox O0X Ox
X’p=-P
and ngzglﬂzQ. __3' , Where Q:z
gy oY oy y oY
L y'9=-Q

Now equation (1) becomes, P> —Qz =2z° or P> —Qz =2z — (2)
Since (2) is of the form f(P,Q,z) =0
Z

Put P = aQ in (1),then we get Q = —[1 + V8a? + 1]

2a?
Z
“P=o—[1% V8aZ + 1]
Putting the values of Pand Q indz = P dX + Q dY ,we get
% = —[1+8aZ +1](adX + dY)
Integrating,we get

%: —[1+V8a2 +1](a [ dX + [ dY)

logz = #[1i\/8a2+1] (aX+Y)+c

~logz = 2—312[1 +v8a% + 1](ax3 + y3) + ¢

Which is the complete integral of (1).
5. Solve x*p® + xpq = z°

Sol : The given equation can be written as

(xp)2 +(xp)a=2"—> (1)

Since (1) is of the form f (xm p.y'q, z) =0 with m=1 and n=0
Put X =log x

Now p;@;ﬂ_%:pl, where
OX OX OX X

p=L
oX
S Xp=P

Equation (1) becomes, P> +Pg=2*>—> (2)
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Since (2) is of the form f(P,q,2z) =0
Put P = aq in (2),we get

z . Z
1= @ T %@
But we have

dz = PdX +qdy

Substuting P,q ,we get
dz

_ 1
? = Jﬁ(adX+ dy)

Integrating on both sides

1
fdz/z:m(ade+dy)

Jala+ Dlogz=(aX+y)+C

be the complete integral of (1)
6.Solve z = p°x+q°y
Sol: Giventhat z= p*x+q°y

The given equation can be written as

12 12
(p&)z+(QW)2=zor[px2j +(qu] =z (1)
This is of the form f (x" p,)"q,z)= Owithm=n :%

1 1 1 1
Put X=x1‘"‘=x12=x2andY=y12=y2

-1
Now :@:ﬂ_%:p lx7 ,WhereP = —
oXx OX OX
-1
and q=§:2 a_Y=Q 1y7 ,whereQ =—
oy oY oX 2
I p 0
X2 =—and qy? =—
P > qy >

2 2
Then equation (1) becomes, (gj +(%) =zieP’+Q° =4z (2)
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This if of the form f (P,Q,z)=0

Put P = aQ in (2),we get
a2Q% + Q2 = 4z

4z _ 4z
Q= \I a?+1’ P_a\‘ a?+1’
But we have

dz = PdX+QdY
Substuting P,Q ,we get

dz = / 2 _(adX + dY)
a“+1

2
— = adX + dY
Vz a2+1( )

Integrating on both sides

fdz/\/z=\/a227+1(a de+ de)

J@+1DVz=(aX+Y)+C

J(@ + DVz =(avx + ﬁ) +C

Which is the complete integral of (1)
7.Solve x*p? + y*q® = z*
Sol: Given x?p? + y2q? =z%.......(1)
(xp)* + (yq)* = z*

Since (1) is of the form f (x"p,y"q,z)=0 withm = 1andn =1

Put X =logx and Y =logy

Now P=g=z.%:P.1 where po
oX OX OX X oX

.Xp=P

and q:g:zﬂ:Qi where Q:g
oy oY oy y oY

Sqy=Q

.. Equation (1), becomes
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Z az
Put P = aQ in (2),we get Q = iP =
¢ getq va?z +1 a?+1

But we have
dz = PdX+QdY
Substuting P,Q ,we get
dz = ﬁ(adX+ dy)

dz ! (adX + dy)

i a

z Aa?+1

Integrating on both sides

fdz/z=\/a21—+1(ajdX+ de)

J@ +1Dlogz=(aX+Y)+C

J(@?+1)logz=(alogx +logy) + C

is the Complete solution of (1)
8. Solve x?p? + y*q* =1
Sol: Given x%2p? + y?q*> =1 .......(1)
(xp)* + (yq)* = 1

Since (1) is of the form f(x™p,y"q) = 0withm =1andn =1
Put X =logx and Y =logy

Now ng_ﬁ X —P.l where P:z

ox X ox  x oX
Xp=P
and ngzz.a—\(:Q.E where Q=g
oy oY oy y oY
sqy=Q

- Equation (1), becomes
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P24+0%2=1....Q2)

PutP =ain (2),weget Q =+1—a?

But we have
dz = PdX+QdY
Substuting P,Q ,we get

dz = (adX++V1—a?dy)

Integrating on both sides

fdz=(ajdx+MJdY)

z=(aX +V1—-a2Y) +C
z=(alogx + V1 —a?logy) + C

is the Complete solution of (1)

Equations of the formf(z"p, z"q) = 0 where n is a constant:
Use the following substitution to reduce the above form to an equation of the form f(P,Q)=0

("t if n#—1
put 2= {logz, ifn=-1
Equations of the formf(x, z"p) = g(y,z"q) where nis a constant:

An equation of the above form can be reduced to an equation of the form f(P,Q)=0

by the substitutions given for the equation F(z"p,z"q) = 0 as above

Solved Problems :
1. Solve z°(p®+0°)=x"+y’
Sol: Given that z*(p® +0°)=x"+y’
The given equation can be written as
zzp2+22q2 =x2+y20r22p2—x2 _ yz_zzqz
Or (zp)2 —x* =y’ —(zq)2 —(1)
Since (1) is the of the form f (x, pz")=g(y,qz"). with n=1
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soputZ =zt =M =72

Then %=22.g:> P =2zp where P:@
OX OX OX
=P
s 5
and %ZZZ.QDQZZZQ where ng .'.qz=9
oy oy oy 2

P’ Q°
. Equation (1) becomes, T X =y? r

ie,P?—4x* =4y* —-Q* - (2)

This is of the form f,(x,P)=f,(y,Q)
Let P? —4x* =4y* —Q? =4k’ (say)
o P?—4x* =4k®and 4y? —Q® = 4k®
= P? =4x* + 4k? and Q* = 4y* —4k?

S P=2x*+k%and Q = 2,/y* -k’

We have dZ = %.dx +%dy
OX oy

= Pdx + Qdy [By total differentiation]

.02 = 24x% + k2 dx+ 2,y —k2dy

Integrating on both sides

Z =2[\X* +K?dx+2[{y? —k*dy

=2 Z\/x2+k2+k—zsinh‘1(iJ 12| 2 yz—kz—k—zcosh‘l(z) +C
2 2 k 2 2 k

= xv/x? +k? +kzsinh‘1(EJ+xw/y2 —k* +k? cosh‘l(%}tc

or 22 = xx° +k* + y\/y2 —k? +k? {sinh{%)—cosh{%)}c

or 22 = xy/x° +k* +y\/y2—k2 +k? Iog[

X+X% +k? e
y+yy*—k*

This is the complete solution of (1)
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2. Solve the partial differential equation. p®z®sin® x+q°z°cos’y =1
Sol: Giventhat p?z*sin®x+q°z°cos’y =1
The given equation can be written as

( pz)2 sin’ x+(qz)2 cos® y =1or pz)2 sin® x :1—(qz)2 cos’ y — (1)

Since (1) is of the form f (X, pZ”)= g(y,qZ”) with n=1.

Put z =z"* =22

oz 0z P RYA Y4
Now —=2z.— = P =2zpor pz=— whereP = —=;Q = —
x ax porp 2 ox Q oy

oz oz Q
and —=2z.—=0Q=2zqorgz=—
; Q qorq >

P 2 Q 2
Then equation (1) becomes, (E) sin’ x:l—(EJ cos®y

P2 QZ

ie.— sinx=1-= cos’ 2
ie 1 sin® x 1 cos” y —(2)
This is of the form f,(x, p)=f,(y.q)

PZ QZ

Let " sin’ x :1—2 cos’ y =k’ (constant)

PZ QZ

s.— sin®x=k?and1-=< cos®y=k*
4 4
= P’sin’ x =4k’ and Q*cos’ y = 4(1-k?)

2k 24/1-k?

=P=——andQ=
sinx cos y

We have dZ = % dx+ % dy [By total differential]

-.dZ = Pdx+ Qdy

2k 24/1-k?

dZ =——dx+
sin x cosy

dy

Integrating on both sides

Z=2kfcscxdx+2\/1—k2fsecydy
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= 2k log (cosecx —cot X) + 2y1—k? log(sec y + tan y)+c

~. 2% = 2k log (cosecx —cot )+ 2y/1-k? log(sec y + tan y ) +¢

This is the required complete solution of (1)
3.S0lve (x + p2)? + (y+ qz)* =1
Sol: Given (x + pz)? + (y + qz)? = 1....... (1)

since (1) is of the form F(z"p,z"q,x,y) =0 n=1

PutZ = z"t1 =z2

: _y . ] . . a
Differentiating partially w.r.t ‘x’,we get a—j = 2z implies that a_; = i

But p = 222=F implies 3—i = = zp; Similarly we get qz =

= = Q
0Z 0x 2z 2

2

Substitute in (1),we get

@+ + 0+l
Separating P and x from Q and y, the given equation can be written as.
(x+?=1-(+3)? =K*

(x+2)? = KZAND 1 — (y+2)? = K?

Implies that

Q=2GA-K*=y)
P=2(K-x)

dz =a—zdx+a—zdy
We have X oy

- dz = 2(k — x)dx + 2[\/1- KZ — y}dy
Integrating on both sides
7= 2_|.(k—x)dx+2_|.[\/1—k2 —y}dy+c
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X2 y2
z =2(kx—?)+2{(\/1—k2)y—?}+c

.'.z:2kx—x2+2(\/1—7)y—y2+c

This is the complete solution of (1).

4. Solvez(p*—q*)=x—y
Sol: Given
Z(P?=q?) =X =Y v (1)

(@) — (22q)* = x — y...2)

1
since (2) is of the form F(z"p,z"q,x,y) =0 n=

2
3
PutZ = z"t1 =z
) .. . s 9z 3 L
Differentiating partially w.r.t ‘x’,we get 5, = 522
implies that 2 = —
implies that — = —
0z 3,2
0z 07 _. .2 3 .. 2 1 . .
Butp = ia—leplles gP = z2p; Similarly we geth = zzq Substitute in (2),we get

2 p 2 2 2 _
Separating P and x from Q and y, the given equation can be written as.
2 2
GPP-x=-y+ GO =k

Solving, we get

3 3
P=;vk+xandQ=5w/k+y

We have dZ = % dx+ % dy [By total differential]

-.dZ = Pdx+ Qdy

3
dZ = > [Vk + xdx + [k + ydy]
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Integrating on both sides

z=%dd§?&u+[¢?¥§dy

3 3 3
zz2=(k+x)2+(k+y)z+c

This is the required complete solution of (1)

Methods Of Separation Of Variables:

This method is used to reduce one partial differential equation to two or more ordinary
differential equations,each one involving one of the independent variables.This will be done
by separating these variables from the beginning. This method is explained through following

examples.

1. Solve by the method of separation of variables Z—Z =@ Z—lt] + U where U(x,0)=6e~3*
. LU 09U o
Sol : Given equation is v 4 2 - U (2)
Let U(X,t)=X(X) T(t) =XT ----===-------- (2)
be a solution of (1)

Differentiating (2) partially w.r.t x antt

6U_XT U
ox oot

Put these values in equation (1), we have

XT=2TX +XT Dividingby XT

Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘t’ where x and t are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x” and

‘t’ if and only if both sides are equal to a constant.
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Therefore % = 2% + 1=k-------- (4) where k is a constant
Now from (4) % = k----(5) and 2%+ ] — (6)

Now consider (5) % -k = X-kKX=0 =X=Cg"

, (k-1 Clh
Now consider (6) 2%+ 1=k > T ‘[T)TZO :>T=Cze(2)“‘(8)

Substituting the values of X and T in (2) we get
o TS
Ux,t)=X =Ce"C,e

k-1
U(x,t)=X = Aekxe[ 2 jt (where A=C, C,)

Put t=0 in the above equation ,we have U(x,0) = A e 9)
but given that U(x,0)=6e ~3%-------- (10)

from (9) and (10) we have A e =6e~3*

A=6 and k=-3 the solution of the given equation becomes

U (X,t) =X = 6e_3xe(_2)t — pe G20

2
2. Solve the equation by the method of separation of variables';Tg = 3—5 +2U

Sol: Given equation is ZZTZ = Z—;’ + 2U -----mmmm- (1)
Let U(X,y)= X(X) Y(y) =X Y ----mmmomemav )

be a solution of (1)

Differentiating (2) partially w.r.t x anty
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a—U=X’Y a—U=Y'X o°u =X'Y
dx " dy 0x?
Put these values in equation (1), we have
XY =YX+2XY
Dividing by XY on both sides we have - = Z+2
e )

Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘y’ where x and y are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x’ and

‘y’ if and only if both sides are equal to a constant.

X Y’
< —2=7 =k (4)
Now from (4)
K 2=k 5
2= )
/
And Y k—————— (6)
From(5) X' —2X = kX X'—Q2+kX=0

Which is second order differential equation

Auxiliary equationism? — (2+ k) =0 - m:im
Solution of the given equation (5) is X = Cle\/(z’f—")

Now consider equation (6) Y = kY - ‘%: k

Integrating on both sides we get logy = ky + logC,

= log (i
C

3

j:ky =Y =C,e¥———(8)
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Substituting the values of X and Y in (2) we have

U = [Clei/(zm)x +C2e—a/(2+k)x:|C3eky

U= [AejﬁX + Be‘JﬁxJe"y

where A=CC, and B=CC,
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

UNILT-IV
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

DOUBLE AND TRIPLE INTEGRALS

Introduction :

The multiple integral is a definite integral of a function of more than one real variable, for
instance, f(x, y) or f(x, y, z). Integrals of a function of two variables over a region in R? are
called double integrals, and integrals of a function of three variables over a region of R® are
called triple integrals.

Just as the definite integral of a positive function of one variable represents the area of the
region between the graph of the function and the x-axis, the double integral of a positive
function of two variables represents the volume of the region between the surface defined by
the function (on the three-dimensional Cartesian plane where z = f(x, y) and the plane which
contains its domain. If there are more variables, a multiple integral will yield hyper olumes of
multidimensional functions.Double integrals are used to calculate the area of a region, the
volume under a surface, and the average value of a function of two variables over a

rectangular region.

Definition of double integral :  suppose we have a region in the plane R and a function

f(x,), then the double integral [, f(x,y)dA is defined as follows

Divide the region R into small pieces, numbered from 1 to n.Let AA; be the area of the it"

piece and also pick a point (x;, y;) in that piece.

Then the sum Y7, f (x;, ¥:)A A;

Therefore [, f(x,y)dA = limpso Xy f (7 )A 4;

Double Integral:
l. When y1, y2 are functions of x and X, and Xz are constants. f (x, y)is first integrated

with respect to y keeping ‘x’ fixed between limits y1, y2 and then the resulting expression is
integrated with respect to ‘x” within the limits x1, x2 i.e.,
X=Xy y=¢(X)

H f(x y)dxdy = J '[ f (x, y)dydx

R X=X y=¢(X)
Il. When x1, x2 are functions of y and y1, y» are constants, f(x,y) is first integrated with
respect to ‘x’ keeping ‘y’ fixed, within the limits x1, x2 and then resulting expression is
integrated with respect to y between the limits y1, y2i.e.,

=y,  X=h(y)
ﬂf(x, y)dxdy:yjy .[ f (x, y)dx dy
R y=y1  x=h(y)
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

1. When x1,x2,y1,y2 are all constants. Then

H (x, y)dxdy = I I xy)dxdy_]gjZ f (x,y)dy dx

Y1

It can be used in any order

Solved Problems:

23
1. Evaluate ”xyzdx dy
11

2[ 3 2 X2 3 zyz
Sol. ﬂjl'xyzdx}dy:Jl.[yz.?ldy=.[7dy[9—l]
= §T y’dy = 4-} y“dy
2 1 1

s /T 4 47 28
=4, V/} =—[8-1]="2=22
[ 3] 3[ ] 3 3

2. Evaluate ﬁ y dy dx
00

Sol : f j ydydx = i{j ydy}dx

x=0y=0 x=0[_y=0

22T s e LF o 1fX] 1, 8 4
_.I[ }dx_x;[o—(x O)dX_EXLX dx_E{?l_g(S 0)_5_5

XZ

3. Evaluate _SHX x +y2)dxdy
00

Sol. [ [ x(xry? dyax— [ |y ' d
. x(x? + x= | | XCy+2- X
J T xteny e Jhaye |

x=0 y=0 x=0
5 5 7 6 g P
:J' R G X()° dx__[ X6+ 2 |dx = X—+1.X—
o 3 o 3 6 3 8]
5° 58
= — 4+ —
6 24
1 J1+x2
dydx
4 Evaluate_[ J. ); >
5 o L+XT+y
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

dy |dx

1+x
dx .- 1 _ 1 ax
} [.Imdx tan (%)]

=j ! {Tan
X:Q‘\ll 1+X

1
= ! . [Tan™1-Tan0 |dx or %(Sinh‘lx)éz%(sinh‘ll)
X=0 1+x
1
- j [Iog(x+,/x +1)}
\/1+x x=0

= 10g(++2)

o0 0O e
5. Evaluate ”e Oy )dxdy
00

Sol: Ije OC+y )dXdy Je ¥’ ﬁe X dX:|dy O(0,0) | K4y ? .
0
Ty \/_ ,,OO —x? \/_
:l‘ey%dy ._([e dx_77Z
=£Tey2dy:£ o _=
2 2 2 4
Alter: TTG(XZWZ)dXdy: j T e rdrdd (X2 +y2=1?)
00 6=0r=0

(Changing to polar coordinates taking X =rcosé,y =rsind)

:ﬂe_;}de j{ }d@
2O 5795

6. Evaluate ”xy(x+ y)dxdy over the region R bounded by y = x?and y = x

Sol:  y= x* is a parabola through (0, 0) symmetric about y-axis y = x is a straight line
through (0O, 0) with slopel.

Let us find their points of intersection solving y = Xz,y = x we get
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

x> =x = x=0,1 Hencey = 0,1
.. The points of intersection of the curves are (0, 0), (1, 1)
Consider [[ xy(x+y)dxdy
R

For the evaluation of the integral, we first integrate with respect to y from y =
x2 to y = x and then with respect to x from x=0 to x=1

I:_o[j:_xz Xy (x+y)dy }dx = I:_o[jj_xz (xzy + Xy ) dy }dx

w0 2 3

el e 2 3) (65 14 24

0

1 1 1 28-12-7 28-19 9 3

6 14 24 168 168 168 56
7. Evaluate ”xydxdy where R is the region bounded by x-axis and x = 2a and the
R
curve x’= 4ay.
Sol: The line x = 2a and the parabola x°= 4ay intersect at B(2a, a) y
. . Al1.1)
~The given integral = ny dx dy Q. y=x
R Yex | P
00,0} *
Let us fix ‘y’, for a fixed ‘y’, x varies from 2\/5 to 2a. Then y varies Lt e s the
fromOtoa parabiola y=u®

Aand yox

Hence the given integral can also be written as

a x=2a a x=2a
Jy:O szﬁ Xy dx dy - jyzo I:J‘XZ\/E de:|ydy
a X2 2a
-] y=0 {gLﬁ ydy

= .[;:o [Za2 -~ 2ay} ydy
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

_|2a%y* 2ay’ )
2 3 |,

7
8. Evaluatej jrsm 0dodr

= fzo—r(cos%—coso)dr

1 1 2 1 1 .
:Jro—r(O—l)dr:_fordr:[?j :E_OZE

0

Sol. r_or[.[zzosin Hde}dr :f_ r(—cosa)z/jodr

9. Evaluate H(x2 +y*)dxdy in the positive quadrant for which X-+y <1

Sol. ”(x +y° Jdxdy = j dxj (x*+y?)

B{0,1)
p 3 1-x P :u','_]_
:j x2y+y— dx 1 .
x=0 3 0 oo q
A1,0)
:r (xz—x3+1(l—x)3jdx
x= 3
3 4 e
9 X__X__i(l_x)“ =1_1_0+i=1
3 4 12 , 3 4 12 6
10. Evaluate H X +y )dxdy over the area bounded by the ellipse —+§—1
Sol. Given ellipse is —+y—2:1
a> b
¥
y2 _ XZ _ 1 2 2 2 _ b2 2 2
m.,F_l—?_?(a -x*)(or)y _g(a -x)
R
I Ir] ’ K
LN Kial PO/ HeD
a

Hence the region of integration R can be expressed as

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) RI:[¢




MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS
—aSXSa,_—b a’-x*< ysE\/aZ—x2
a a

H(xz + yz)dx dy = J‘Xaz_a_[;f‘ij?%(xz + yz)dx dy
R a

zzjx__ajl;é (x2+y2)dxdy=21_a(x2y+y4jo
:Zfa{xz.%\/az —x? +%(a2 —xz)%}dx

. b?
=4j{%xa/rz_xz+Q(az_x2)%}dx

Changing Cartesian to polar co-ordinates -~ put x=asind = dx=acosddd

X . .
Z=sind=60=sin"
a

@ | x

If x—>0,Thend -0 and if x—>a,Then¢9—>Z

_ 7 b/ A2cin2 b? N
—4j0 A.a sin 0.acos€+§.a cos® @ |acos@da

” 3 3
=4'[A a3bsin20coszt9+£cos“6’ do=4 a3b.ll Z+£.§.1 z
o | 3 42'2 3422
K4 1z
2 _ _ T
-.-jsinmecos“0d0= n 1. n-3 . 2
5 m+n m+n-2 m

A

= E(a3b+ab3)

-7 (a7 +1?)
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Double integrals in polar co-ordinates:

1. Evaluate jzy [ e ere
’7 asing rdrd@ ’V asing % asing  —2r
so: ('] J{J a0 o
__71‘[0%2( a’-r? )asmg J./ [ azsinze—\/aZ—OJdH

T,

—a)J‘;%(cose—l)de =(-a)(sin 6—6’)0
—a)[[sin %—%}—(0—0)}
) Y747 X

2. Evaluate [[ r3drd@ over the area included between the circles r = 2 sin@ and r =
4sin@

Sol:  The region of integration R is shown shaded .Here
¥
rvaries from P(r = 2sin6) to Q(r = 4sin 6) and to cover g

the whole region varies 8 from 0 to f‘ redsing

r=2sinf

T ,4sin@ f=r o @=0
ﬂ r3drdf =f j r3drdo
0 Jr=2sinf

_ (7 ( 4siné
v fO {fr=25in6r3dr} do

"X

4N 4sin @

N fo (7)251119 do

= - [ (256sin*6 — 16sin*0) do

=60, sin*0 do

[ f fx)dx = Zf fQodx,if f(2a—x) = f(x)

-60x 2 )"/ sin*0 do = 1202 2 =2

X2 2 2
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

3. Evaluate [ foa(1+mo)r2cos0 drdo.

. _m ra(1+cos) (T a(1+cos0) i
Sol: Let 1= [ [, r2cos6 drdf = [ cosfdo | ridr =
- »3 a(1+cosB)
J, cosodo (?)0
= a;fon cosO(1 + cos0)3do .......(1)

Cl3 T 3 a a
= ?L cos(m — 0)(1 + cos(m — 0)) do l JO fx)dx = fo fla— x)dxl
%3[”—6050(1 —c0s0)3d0 .............(2)
0

(1) + (2) gives

a3 T
21 = ?f cosO[(1 + cos@)® — (1 + cosh)3]do
0

3

4 f " c0s8[2c059(3 + cos?0}]d8 [+ (a + b)* — (@ — b)* = 2b(3a? + b2)]
0

2 3 pm 2 3
= if (3c0s%0 + cos*@) do = i. 2.
3 ), 3

/2
f (3c0s?%6 + cos*0) db
0
_4a3 37r+3 1 n]
3174 4°2°2
3
T T Ta
= 3(= _— )= —
or I =2a (4+16) >

1 5mad
(1 + —) -

Change of order of Integration:

4a p2fax
1. Change the order of Integration and evaluate .[x—o _[y_x7 dy dx
B ~ /4a
2
Sol:

. . : : X .

In the given integral for a fixed x, y varies from " to 2+/ax and then x varies from
a

0 to 4a.

2
Let us draw the curves y = :— and y= 2Jax
a

The region of integration is the shaded region in diagram.

4a p2ax
The given integral is = L_O _[y_x7 dy dx
- ~ /4a
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Changing the order of integration, we must fix y first, for a fixed y, x varies from %

4a

day
and then y varies from 0 to 4a.Hence the integral is equal to

Xi=day

I, Iv/d xdy=|" [f y/dx} !
Iyo[x] dy I {2\/_y_ /} 00.0)  y2g

4 1 32 16 16
=_+adaJda-—.64a*="—a’-—a’=—a’
3 \/_ \/_ 12a 3 3 3

2. Change the order of integration and evaluate = foa j;z(xz + yz)dx dy
a

Sol: In the given integral for a fixed x, y varies from Xto \/X and then x varies from 0 to a
a a

Hence we shall draw the curves y = X and y= \/g
a a

i.e.ay = x and ay’=x
; A0,1) 5 -y
We get ay =ay P

Q
—ay-ay’=0=ay(l-y)=0=>y=0,y=1 |' - X
O,0) gyz=y
If y=0, x=0'if y=1, x=a

The shaded region is the region of integration. The given integral is

.[X OI x +y )dxdy

Changing the order of integration, we must fix y first. For a fixed y, x varies from ay?
to ay and then y varies from O to 1.

Hence the given integral, after change of the order of integration becomes
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

a

Jjo jxayayz (X2 Ly )dx dy = .C—o [foayz (XZ +y? ) dx} dy

1 [ x® Y
2
= —+X d
(L] o
x=ay
B 1 a3y3 s a3y6 A
= y_O[T-‘ray —T—ay dy

_(&y' &yt &y ey
12 4 22 5),

a
=t — :_+_
12 4 21 5 28 20

12-x
3. Change the order of integration in j j xydxdy and hence evaluate the double integral.

0 x?

Sol:  In the given integral for a fixed x, y varies from x? to 2 — x and then x varies from 0
to 1. Hence we shall draw the curves y = x2and y = 2 — x.

The line y = 2 — x passes through (0, 2), (2, 0)

Solvi = 2, =2 — B Y Xizy X+y=l
olvingy = x4,y X A(D,2) L 028
Then we get, X’ =2=x=X*+Xx=2=0 C LRLIALY)
=X +2X-Xx-2=0 | N _R;I-u'y_
= X(x+2)=1(x+2)=0=(x=1)(x+2)=0 0(0,0) ' 0(0,0)
=>x=1-2

If x=Ly=1

If x=-2,y=4

Hence the points of intersection of the curves are (-2, 4) (1, 1)
The Shaded region in the diagram is the region of intersection.

Changing the order of integration, we must fix y, for the region within OACO for a

fixed y, x varies from 0 to ﬁ

Then y varies from 0 to 1

For the region within CABC, for a fixed y,x varies from 0 to 2 — y, then y varies
from 1to2
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Hence Jj Jj;x xy dy dx = _U xy dx dy + _U xy dx dy
OACO CABC

1 N 2 2-y
= y_o[ o xdx} ydy + jy_l[_[x_o X dx}y dy

e (Y 2\
=147 L y*fyﬂgx

X

-y
ydy

=0

> (2-y)

-1 Zydy+[ Sy

=2 ylzoy der%.J'y2_1(4y—4y2 +y*)dy

3\! 2 3 472
(Y] 14y Ay Yy
3 0 2] 2 3 4

1

:%_%+%[2.4—2.1—%(8—1)+%(16—1)]

==+—|6-——+—
12

11 28 15| 1 1]72-112+45
6 2 3 4

1 1[3}_4+5_g_§
6 2 8

6 2|12

1 1%
4. Change of the order of integration _[O jo y 2dx dy

Sol: Now limitsare y = 0 to 1and x =0to/1-y?

puty =sin@
J1-y? =cosd ,
dy =cos@dé | v
HK=0r
= [y \i-yidy " -
0 O{0,0) All0) "

A(-1,0)

:jo%sinz ocos’ 9d¢9=_[0%sin2 ede—jo%sin“ odo
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Change of variables:

The variables x, y in ” f (x, y)dx dy are changed to u, v with the help of the relations
R

x=f,(u,v),y=f,(u,v) then the double integral is transferred into

a(x.y)
d(u,v)

Where Rtis the region in the u v plane, corresponding to the region R in the xy —plane.

dudv

Hf[n(mvyg(wvﬂ

Changing from Cartesian to polar co-ordinates:

X=rcosd,y=rsind

o x
6[(X'y)j: or 00|_|coso —rsing
(r,6) oy Oy| [sin@ rcosd
or 060

=r(cos’ 0+sin’0) =r
” f(x, y)dxdy:H f (rcosé,rsin@)rdr dé
R R

Note: In polar form dx dy is replaced by rdr dé

Solved Problems:

2+y2)

dxdy

00 —(x
1. Evaluate the integral by changing to polar co-ordinates .[o _[0 € (

Sol:  The limits of x and y are both from 0 to «.

. The region is in the first quadrant where r varies from 0 to « and ¢ varies from

Oto%

Substituting X=rcosé,y=rsing and dxdy =rdrdé

Hence J:o IO e 1 )y dy = Iﬁ) IZO e rdrdg
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Putr? =t

= 2rdr = dt
_dt

=rdr= A

Wherer=0=t=0and r=co=t=o

.-.j:jo e laxay = j/j etdtdo

=1/ ¢\
=[5 e )00

- —j/ 0-1)do = =(6)% =1 77 A
2. Evaluate the integral by changing to polar co-ordinates

FLE ey ooy

0J0

2

a’—vy

Sol:  The limits for x are x=0 to
=>xi+y?=a’

. The given region is the first quadrant of the circle.
By changing to polar co-ordinates

X=rcosd,y=rsing,dxdy=rdrdé

Here ‘r’ varies from 0 to a and '@'varies from 0 to %
CRApNEY oo 7 A
.._[O jo (x*+y )dxdy—LZOLOr rdrd@
. 4\ 4 X
:Jé r_ dgza_(g)é
o\ 4 0 4 0
:Aa4

dxdy =8a’ (E—Ej
2 3

3. Show that ra_’.y/ NV

2
Sol:  The region of integration is given by x = y%a’ x=yandy =0,y = 4a.
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

i.e., The region is bounded by the parabola y?= 4ax and the straight line x = y.

Let X=rcosé,y=rsind.Thendxdy =rdrdéd

The limits for r are » = 0 at O and for P on the parabola Y P4a,4a)
y=x
r’sin@=4a(rcosf)=r= 4""_C339
sin“ ¢
For the line y=x, slope m=1 i.e.,, Tand =1,0 = % : X
0(0,0) y2=4ax

The limits for ¢:7/) — 7/}
Also x* —y* =r?(cos’ @—sin® §)and x* +y* =r°

4a

j:ajyy%a zz ; i;z dx dy =J.H%%j. OCOS%”ZQ(COSZ 0 —sin’ O)rdrd@

7% r2 4acos%n29
:j' 2 (cosza—sinze) h do
0=, 2 ‘
A . cos® @
:8612_|‘7%;"(cos2 0 —sin’ 9) = Hdé?

=8aZIZ(cos4 0 —cot? 9)d¢9 =8a’ [37;2_8 +%—1} —8a? (%—gj
4

2 2
4.Evaluate [ (1 — % — %) dxdy over the region R of the first quadrant of the ellipse

2 2
% + % = 1 by using the transforms x = au and y = bv.

Sol: Given the transformation is x = auand y = bv ..........(1)

- The region R is transformed to R where R is the area of the circle u? + v? = 1 in the
first quardrant.

The Jacobian of transformation is given by

Ox 0Ox
0@y _lou aw |2
o(u,v) |0y 0dy 0
ou v

gl =ab
Hence [f, (1 —Z—z —y—z) dxdy = [[,, (1 —u? —v®)|Jldudv [using (1)]

b2
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

=ff (1—u? — v2) ab du dv
.

n/2 1
= abj j (1 —r?)r dr dO [Putting u = rcos8,v = rsinf]
r=0

6=0
w/2 1
= ab f (r —r3®)dr do
6=0 Yr=0
T/2 (2 4 1 n/2 1 1
=abf0 <?_Z> d0=abjo (E—Z)de
0
ab (™/? ab ., mab
_ - WV s /2 _ 27
A d6 =7 O 8

5. Evaluate the following integral by transforming into polar coordinates.

a rVaZ-x2
f f yv x% + y? dxdy
0 J0
Sol: The region of integration given by
y=0,y=+va?—x%,x=0andx =a

ie,y=0,x2+y?2=a’>,x=0andx =a
i.e., the given region is a quadrant of the circle x? + y? = a?.
Changing to polar coordinates by putting x = rcos,y = rsinf we have x? + y? =
r? and dxdy = rdrd@

The limits forr : 0 to aand 6: 0 to g

a pva?-x2 /2 ra
f f Y/ x? +y?dxdy = f f rsinf.r.rdrd6
0 Jo o Jo

/2 ra
=f f r3sinfdrdf
0 0
/2 a
= f sin@d@f r3dr
0 0
/2 r4 a at (/2
= fo sin@ <Z> do = Zfo sin6do
0
a* a* a*
_ /2 _ _
= I(-COS@)Z = Z(O - 1) = Z
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Triple integrals

If x1, x, are constants. yi1,y> are functions of x and zi, z> are functions of x and y, then
f(x,y,z) is first integrated with respect to ‘z’ between the limits z; and z, keeping x and y
fixed. The resulting expression is integrated with respect to ‘y’ between the limits
vy, and y2 keeping x constant. The resulting expression is integrated with respect to ‘x’ from

X1 t0 X2

i.e.j” f(x,y,z)dxdydz = Lb:a jy:gzm JZ:fZ(X'y) f (X, y,z)dz dy dx

y=01(x) Jdz=fi(xy)

Solved Problems:

1. Evaluate Jj J‘Oﬁ '[O\/HZ:_yz Xyz dx dy dz

Sol. Ll_oj?j _10_X2_y2 xyz dx dy dz

y

Xyz dz

J-l d J’“/l‘?xy(zj R

x=0 y=0

1 x mw(l—xz—yz)dy

2 Jx=0 y=0

_1f dxjyl_X2 x[(l—xz)y—y3]dy

2 9x=0 =0

1 v oy T
=2 x| (1-x) -2 | dx

2 -0 2 4|

1 e 2 2.,2 4 VA
_—J. y__ﬂ_y_ dx

200712 2 4
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

2 4 6
i (x—2x3+x5)dx:l X_x . x
g 4x-0 8|2 4 6]

1(1_1+1] 1
8l2 2 6 48
X+Z
2. Evaluate_[ IIXZ X+y+2)dXdde

J (x+y+y)dxdydz

X—-Z

Sol:

Le—nr
O e N

- .[_11.[02 {(xy + y% + zyjX+Z dx dz

X=z

:fl'[ozx(x+ z)—x(x—z)+_XJ2rz} —[X;Z} +7(x+12)=z(x—2)dxdz

1 ¢z 1
=j_1_[0 22(x+2)+4xz (dxdlz

2 2 3
_ZJ' z—+z x+z— dz
2 2

0

3 3 a\!
=2.j1 L2 s i =4l 2| =0
4l 2 2 1),

3. Evaluatef [, [(xy +yz + zx)dxdydz, where V is the region of space bounded by
planesx=0,x=1,y=0,y=2and z =0,z = 3.

Sol: [ [, J&xy +yz+zx)dxdydz = f . fy o fx Xy +yz + zx)dxdydz

= szo fyzzo(x;y + xyz + x?zz)(l)dydz
= fZ3=O f02 (g +yz + g) dydz

= Zio (y;+ y?zz + %)(2) dz

= fzio(l + 2z + z)dz

= fzi (1+ 32)dz

:(z+3z ) 3+— :%
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Applications of Multiple integrals:
Finding the area of a region using double integration: Y=gix)

The area of the region R bounded by given curves is given by
A E(x) v=f[x)

[[azay  [[avax | [avax o

R or & = y=2y=Ffix]
[[rdrae
In polar form the area of the region R is #
1. Find the area of the circle * +7" =4
_”cfx.:iy X

2

Sol: Area of the plane region = & .
For the region R ¥
X-various from — a to a | N
7 2 1 2 , 8
Y-various from - Ja' -z to va' - x N |
o Area of the circls = ” cfxady
B

[ ﬂz—ﬁz
Idy.:fx
—4 %0 »0
_I-*\.n'czl:2 — x dx
=410

. [E N +§sin ‘I[EH

i

2. Find the area of the circle r = a

retrd &
Sol: Areaof the circle = #

a Ix ane r=a

[ [rarae (’"—J (6)" / )
— F=lgdl - 2 u] T

4

2 o 4
= 2 =t
3. Find the area of the cardiod r = a(1 + cos0) .
F o l+osd)
[rarae | [rdras -
Sol: Area=2 & =20 © : ? A
%.Ia2(1+|::055'}2d5' T
=<
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

3
2 4 g
A .Ea[cos e e Tog

= (¢ )
23 1 3w’
Ba® — — =
= 42 2= 2
Finding the volume of a region using Triple integration:

[[[ &

Volume of the solid = *
[[[ dxcivaz

= ¥

7, .2, .3 _ .2
1. Find the volume of the Sphere * T +2 =4

2 2.2 1 ] .
Sol: Thesphere * T T2 =2 js cut into 8 equal parts by three co-ordinates
Planes .Hence the volume of the sphere is equal to 8 times the volume of the solid bounded

1,1, .2 .2
byx=0,y=0z=0and® T Tz =a"

) R d
Z- varies from 0 to Y
] 2
Y- varies from0to ¥& —X |

X-varies from 0 to a

[ ] [azdvax
- Required volume y=8# »=0 = z=0

a oJai-x

_[ I Jat =1t =y dvedx

:8 we=ll oyl
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Change of variable in Triple integrals:

Letx = @1(w,v,w),y = @2(u,v,w),z = ®3(u, v, w) be the relation between old variables
(x,y,z) with the new variables (u, v, w) of the new coordinates system .
[[| #x.3.2)dxdpiz = [[[ (4. . &) Jeduavaw
Then v v
1. Change of variables from Cartesian to spherical co-ordinate system:

The relation between Cartesian co-ordinates i
x,y,z and spherical co-ordinates, r, 8, ¢ are

given by TPy, 2)0r(p,0,0)

x=rsn fcosd
e : 0
¥=rsn Jsmn @ =7
Z=rcosd ] 5
/y
b
( 2 ¥ :I L /’,'/rzq*x’+y2+z’20
When J= 97, 8.8 = r*sin & S:tm.,[_ﬁ:?] ——
Then

¢=tan'l[§) O=p=2m)
Fx,v,2)drdvdz = ||| Firsin 8cos ¢ rain Ssin §,7 cos Pr sin Sdaddd g

Cartesion to cylindrical co-ordinate system:

pra

x,v,Z2->1,¢,z(0r)p, d,z
T P(x,y,2)0r(p,0,0)

x =pcosd,y =sind,z=z
i
a(x, ¥, Z:l /9\ o >y
J= 0. 8.7) = 2 N T =0
P \\ #=tan ({] (0sg=2m

[I] # 5. 2)dxdydz = [[[ Fo0s ¢, 05in 9,224

1. Using spherical polar coordinates then the volume of the sphere
Sol: By changing into polar coordinates

x=rsn fcosd
y=rsin Gsin &
z=rcosd dxdydz = r* sin Bdrd 8¢
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

r—=liaa
8—=0fom
$—0t0 27

Required volume = .I-.I]-dmy‘fz

T [ Trﬁ sin Srd 8¢

— goul) mll 7l

% (~cos )3 (B2

4mad
3

2 2 2
+y° + 27 )dxdyvdz
2. Evaluate -IT (x4 7+ 2" )dxdy taken over the volume enclosed by the sphere

2 2 2 . . . H
Xy tz —1,bytransform|ng into spherical polar coordinates

Sol:

2 x 2
_I-_I-_I.':J':2 +_;Lf2 +zﬂjdx.:fydz: Jﬂﬂ[u!ﬂr:‘ﬂ st Erd &

a’ A

— 22T —
=5 =5

_|'_|' (x* + 3 )dxclydz

3. Using cylindrical co-ordinates taken over the volume bounded by

_a_ 2 _ .2
the xy -plane and the parabolid 2=~ % —»"
Sol:

3 dx 9t 3
[ | [rraragiz 2z [(9-yar
Full @l 2=l = Fudl

4 &P
2”{91_*"_}
— 4 6 0
7220 i

4 2 2

2 2
4 Evaluate ™ »=0 = vl=x -y by changing to spherical polar coordinates.

F RN S B ]
Sol: Given region of integration is the volume of the sphere * +Y 427 =1 i the first
octant
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

r—0inl

For which 2
1 17 fia?-p? s .:z!’y i 1

J ]

Fell il Fwl] 1-x —y=ll @

—
|
L]
o
1]
u
=
.—"_‘\
=
S|y
2 Moy
HJL
]

1

I.E sin L - i“-. — +lsin_1
2 2 2 .
ala 1| g7
_2l2 22 _%

5. Using cylindrical co-ordinates, find the volume of the cylindrical with base radius
a and height h.

Sol: x=rcosf, y=rsinf z=z
F—=0ioa
8 —= 0ol

J=r z —=0inh

a dx K 2
dred Bdz
Required volume= -I-I]. aQ” Ju 8 Jnr " = E'EME _wa'h

) ] 2
+ v + 2 N dxdvadz .
H @ty 27 )dxady taken over the region

6.Using cylindrical coordinates evaluate
O=z=x"+y° =1
Sol:

r—=0tal

& —0ialm

z =0l

x +y2 = J=r

1 2x 1

[ [ [¢*+z*vdraciz
Given integration= r-0 #-0z-0

r
=4
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MATHEMATICS -lI VECTOR CALCULUS

VECTOR CALCULUS

Introduction :

Vector calculus is concerned with differentiation and integration of vector fields
primarily in 3-dimensional Euclidean space R®. The term "vector calculus” is sometimes used
as a synonym for the broader subject of multivariable calculus. Vector calculus plays an
important role in differential geometry and in the study of partial differential equations. It is
used extensively in physics and engineering, especially in the description of electromagnetic
fields, gravitational fields and fluid flow. Vector analysis is very important in many fields
of engineering such as mechanical, civil, computer, structural and electrical engineering.
Scalar values, such as mass and temperature convey only a magnitude, but vectors such as
velocity employ both a magnitude and a direction. In physics, the term work is used to
describe the energy that is added to or removed from an object or system when a force is
applied to it. The work done by a force can be described by the dot product of the force
vector and the displacement vector.

Vector finds many applications in Electrical Engineering: The generator that generates
Electrical Energy or the Motor that Generates mechanical power work on the principles of
physics which are based on vector manipulation. Since vectors and matrices are used in linear
algebra, anything that requires the use of arrays that are linear dependent requires vectors. A
few well-known examples in Computer engineering are Internet search, Graph analysis,
Machine learning, Graphics, Bioinformatics, Data mining, Computer vision, Speech
recognition, Compilers, Parallel computing and Scientific computing. Robotics also have
Vector Calculus applications. Vectors can be used by air-traffic controllers when tracking
planes, by meteorologists when describing wind conditions, and by computer programmers
when they are designing virtual worlds.

Definitions :

Scalar : A quantity which is completely specify by its magnitude only.

Ex: Time, Temperature.

Vector : A quantity which is completely specify by its magnitude and direction.

Ex: Force ,Velocity.
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MATHEMATICS -lI VECTOR CALCULUS

Position Vector: Let A and B are two vectors then the position vector of AB is
AB=0B-0A.

If @=a,i+a,j+askthen |al=\/a,2 + a,® + a3
If @ is any vector then its unit vector is given by %

Dot Product

a.b=|al|b| cosd where @ is angle between two vectors

Weknowi.i = j.j = k.k =1and i.j = j.k = k.i=0
if@a=a;i+a,j+ask,b=>byi+b,j+bkthen a.b = aibi+achs+asbhs

Cross Product

i j k
=la; a, az| sinceixi =jxj =kxk=0
by b, bs

ixj=k; jxk=i; kxi=j; jxi=-k; ixk=-j; kxj =i
Scalar and Vector Point Functions

Consider a region in three dimensional space. To each point P(x,y,z), suppose we associate a
unique real number (called scalar) say ¢. This ¢(x,y,z) is called a scalar point function. Scalar
point function defined on the region. Similarly if to each point P(x,y,z) we associate a unique

vector f (xy,z), f is called vector point functions.

Examples:

For example take a heated solid. At each point P(x,y,z)of the solid, there will be temperature

T(x,y,2). This T is a scalar point function.

Suppose a particle (or a very small insect) is tracing a path in space. When it occupies a
position P(x,y,z) in space, it will be having some speed, say, v. This speed v is a scalar point

function.

Consider a particle moving in space. At each point P on its path, the particle will be having a
velocity V which is vector point function. Similarly, the acceleration of the particle is also a

vector point function.

Tangent vector to a curve in space
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MATHEMATICS -II VECTOR CALCULUS
Consider an interval [a,b].

Letx = x(t),y = y(t),z = z(t)be continuous and derivable for a<t <b.

Then the set of all points (x(t), y(t), z(t)) is called a curve in a space.

Let A= (x(a),y(a),z(a)) and B = (x(b),y(b),z(b)). These A,B are called the end points
of the curve. If A =B, the curve in said to be a closed curve.

Let P and Q be two neighbouring points on the curve.

Let OF = 7(¢), 00 = #(t + 8t) = 7 + 67.Then 87 = 00 — 0B/’= BQ

o — — PQ.
Then EIS along the vector PQ. As Q—P, PQ and hence r tends to be along the tangent

to the curve at P.

or dr . . dr :

Hence It —= — will be a tangent vector to the curve at P. (This. — may not be a unit
a0 5t dt dt

vector)

Suppose arc length AP = s. If we take the parameter as the arc length parameter, we can

ar .
observe that ™ IS unit tangent vector at P to the curve.

Vector Differential Operator

Def. The vector differential operator V(read as del) is defined as

\%

+IZ£.
0z

-0 <0
I —+]—
ox "oy

This operator possesses properties analogous to those of ordinary vectors as well as
differentiation operator.

We will define now some quantities known as “gradient”, “divergence” and “curl”
involving this operator V. We must note that this operator has no meaning by itself unless it

operates on some function suitably

Gradient of a Scalar Point Function
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MATHEMATICS -lI VECTOR CALCULUS

Let ¢(x,y,z) be a scalar point function of position defined in some region of space. Then the

op .0 0

vector function i'8—+ =+ Ea— is known as the gradient of ¢ or V¢
X z

(10,70 kD=, 00 O
V¢—(|ax+jay+kaz)¢ |6x+18y+kaz

Directional Derivative

Let ¢(x,y, z) be a scalar function defined throughout some region of space. Let this function
have a value ¢ at a point P whose position vector referred to the origin O is OP = r. Let

d+A¢ be the value of the function at neighbouring point Q. If g = # — Ar . Let Ar be the

A

length of A7. — gives a measure of the rate at which ¢ change when we move from P to Q.
AT

The limiting value of i—¢ as Ar — 0 is called the derivative of ¢ in the direction of @ or

simply directional derivative of ¢ at P and is denoted by dg/dr.

The physical interpretation of V¢

The gradient of a scalar function ¢(x,y,z) at a point P(x,y, z) is a vector along the normal to
the level surface ¢(x,y,z) = cat P and is in increasing direction. Its magnitude is equal to
the greatest rate of increase of ¢ .

Greatest value of directional derivative of @ at a point P = |grad ¢| at that point.

NOTE:
1.Let ;:xi+y]+zl2. Then szdxi+dyj+dzI2 if ¢ is any scalar point function, then

d¢=%dx+%dy+%dz = 7824_ ]@HZ@E .(idx+idy+Edz)=VCD.dF
OX oy 0z OX oy oz

2. grad® at any point is a vector normal to the surface ®(X,Y,z)=C through that point w

P(X,Y,2) where c is a constant.

3. The directional derivative of a scalar point function ¢ at a point P(x, y, z) in the direction

of a unit vector eisequalto e. grad ¢=e. V.

4.1f 6 is angle between two surfaces @,, @, then
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MATHEMATICS -lI VECTOR CALCULUS

Vo, VO,
Cos 6 =
[VO1IVD4]
i . Vo.
5.Unit Normal vector of a surface @ is %

Solved Problems
L.Show that V[f(r)] =" r where 1= xi +yj+ zk .
Sol: Since F= xi + yj + zk , we have r’= x?+y*+2z?

Differentiating w.r.t. ‘x’ partially, we get

2rg=2x zng.Similarlygz— o=
OX oX r oy r oL r

f () :(. 2,

+k

Q|

: 0 R NS PANCIIL WS
i ]f(r)_Zﬁ (r)ax_Zﬁ ()

0y 1O

= .r
r r

1 —
Note : From the above result, V(logr) = r—zr, Vir™) = nr"-2r.

2.Find the directional derivative of f = xy + yz+zx in the direction of vector

I +2]+ 2k at the point (1,2,0).

Sol: Given f = xy + yz + zx.

~of .of of - - _
Gradf=i—+j—+7Z—=(y+2)i+(z+X)j+(x+y)k
P Jay = (Y+2)i+(Z+X)]+(xX+Y)

If € is the unit vector in the direction of the vector i + 2] + 2k , then

ézﬂ:%(['FZI'FZE)

V12 422 422
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MATHEMATICS -lI VECTOR CALCULUS

Directional  derivative of f along the given direction = &vf

= %(I +2j+ ZE)[(y +2)i+(z+x)j+ (x + yE)]at (1,2,0)

[(v+z)+2(z+x)+2(x+y)](120) = ]_?G

L] =

3. Find the directional derivative of the function xy?+yz?+zx? along the tangent to the

curve x =ty = t5z = tatthe point (1,1,1).
Sol: Here f = xy?+yz*+zx?

_-of of -—of _ : = -
Vi= i 15+k5— (y2+2xz)|+(22+2xy)1+(x2+2yz)k

At(1,1,1), Vf=3i+3j+3k

Let r be the position vector of any point onthe curve x =t,y = t%z = t°. then

or .
We know that Y is the vector along the tangent to the curve.

i+2]+3R _i+2]+3R

Vii2213 14

Unit vector along the tangent =e . =

) ) .. - 1 - - _ - . =

Directional derivative along the tangent = Vfe = — (i+2j+3k).3(i+]j+k
g g ﬂ( J ) 3(1+ J+k)

3 18

—@1+2+3)=—=

\/14( ) V14

4. Find the directional derivative of the function f = x?>—y?+22? at the point P =(1,2,3) in
the direction of the line PQ where Q = (5,0,4).

Sol: The position vectors of P and Q with respect to the origin are OP = i +2]j+3k and
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MATHEMATICS -lI VECTOR CALCULUS

OQ=5i+4k ; PQ=0Q —0P = 4i-2j+k

. . . — 4i-2j
Let & be the unit vector in the direction of PQ. Then € = Azalrx
N21

gradf= i+ 7 kT oxi—oyj+azk
ox oy o

The directional derivative of f at P (1,2,3) in the direction of PQ = & .Vf

1
J21

(41 — 2] +Kk).(2xi —2yj + 4zk) %(SX +4Y +42) 008 = (28)

%\‘H
'_\

5. Find the greatest value of the directional derivative of the function f = x?yz® at (2,1,-1).

Sol: we have

grad f = i ]gﬂzi: 2xyz°T +x%2%j+3x?yz’k =—4i—4j +12k at (2,1,-1).
ox oy oz

Greatest value of the directional derivative of f = |[Vf|=v16+16+144 = 44/11.

6.Find the directional derivative of xyz?+xz at (1, 1,1) in a direction of the normal to

the surface 3xy2 4+ y = zat (0,1,1).
Sol: Let f(x, y, z) =3xy*+y — z=0

Let us find the unit normal e to this surface at (0,1,1). Then

quyz, i:6xy+1,q=—1.
OX oy oz

Vi = 3y2i+(6xy+1)j-k
(VHo.1 = 3i+j-k = n

n_Si+j-k_3Si+j-k
Il Jo+1+1 J11

e=

Let g(x,v,z) = xyz®+xz, then
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9 _ yz® +z, a—gzxzz,a—g=2xy+x
OX oy 0z

Vg = (yz?+2)i + xz2j + 2xyz + x)k
And [V0] @11 = 2i+j+3k

Directional derivative of the given function in the direction of € at (1,1,1) = Vg.e

—2i+3K), (3I+]—kJ:6+1—3_ 4

Vi1 NIRRT

7.Evaluate the angle between the normal to the surface xy = z? at the points (4,1,2) and
(3,3,-3).

Sol: Given surface is f(x,y,z) = xy — z°
Let n, and N, be the normal to this surface at (4,1,2) and (3,3,-3) respectively.

Differentiating partially, we get

grad f= yi + xj —2zk
n=(gradf) at (4,1,2) =i +4j—4k

o n.n, _ (i+4j—4k) (Bi+3j+6k)
~[nn,| V116416 V9+9+36

B+12-24) -9
V3354 33./54

8. Find a unit normal vector to the surface x?+y?+2z% = 26 at the point (2, 2 ,3).

Sol: Let the given surface be f(x,y,z) = x?+y?+2z? — 26=0. Then
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grad f = ZI% =2xi + 2yj + 4zk

Normal vector at (2,2,3) = [Vf 23 =4i+4 j+12 k

VE 4@ +j+3k) i+]j+3k
M am

Unit normal vector =

9. Find the values of aand b so that the surfaces ax’~byz = (a+ 2)x and 4x*y +

z°= 4 may intersect orthogonally at the point (1, -1,2).

(or) Find the constants a and b so that surface ax’—~byz = (a + 2)x will orthogonal to
4x’y + z°= 4 at the point (1,-1,2).

Sol: Let the given surfaces be f(x,y, z) = ax’~byz = (a + 2)x ------------- (1)
And g(x,v,2) = 4x°y + 2°= 4 -----emeeu- 2
Given the two surfaces meet at the point (1,-1,2).
Substituting the point in (1), we get
a+2b—(a+2) =0=b=1

Now a, =2ax—(a+2), a =-bzand P =—hy.
OX oy 0z

- of
vi= ZI%z[(Zax—(a+2)]i—bz+bk = (a—2)i— 2bj + bk
= (a=2)i— 2j + k= n,, normal vector to surface 1.

Also ) = 8xy, a9 _ 4x2,8—g =3z
OX oy oz

Vg = Zl_g—?( =8xyi + 4x* + 3z°k

(VO)a-12 =—8i + 4j + 12k = n,, normal vector to surface 2.

Given the surfaces f(x,y,z), g(x,y, z) are orthogonal at the point (1,-1,2).
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[Vt [Vgl=0= ((a - 2)i — 2j + k).(—8i + 4j + 12k) = 0
——-8a+16—8+12 =a =5/2

Hencea = 5/2and b = 1.

Divergence of a vector

+

2|2

2|
+
I

1=

Let f be any continuously differentiable vector point function. Then i.

called the divergence of f and is written as div f .
ie,div f=i.—+ i.qﬂz.ﬂ:(' 0
oy

Hence we can write div f as
div f=V. f
This is a scalar point function.

ot of, oy
oXx oy oz

NOTE: If the vector f= fi+f, j+ f,k,thendiv f =
Solenoidal Vector

A vector point function f is said to be solenoidal if div f =0.
Physical interpretation of divergence:

Depending upon f in a physical problem, we can interpret div f (V. f).

Suppose F (x,y,zt) is the velocity of a fluid at a point(x,y,z) and time ‘t’. Though time
has no role in computing divergence, it is considered here because velocity vector depends on

time.

Imagine a small rectangular box within the fluid as shown in the figure. We would like to

measure the rate per unit volume at which the fluid flows out at any given time. The
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MATHEMATICS - VECTOR CALCULUS

divergence of F measures the outward flow or expansions of the fluid from their point at
any time. This gives a physical interpretation of the divergence.

Solved Problems
1. Find div f when grad(x®+y*+z°-3xyz)

Sol: Let ¢ = x*+y*+23—3xyz

b _ a2 g, 09 _ % 3,2 _
Then o =3x° —3yz, o 3y? —3zx, e =3z =3xy
¢ 8¢ op _ 2 NT (2 T L (92 AT
grad ¢=1— ax 6y +k == 7 =3[(X° —yz2)l +(y° —2xX) ]+ (z° = xy)k]
. -_afl of, of, N a B 0 _
div f __ax _8y az [3(x y2)]+ [3(y zx)]+ [3(z xy)]

= 3(2x)+3(2y)+3(22) = 6(x+y+z)
2.1f f= (x+3y)i +(y—22)j+(x+ pz)k is Solenoidal, find P.

Sol: Let f= (x+3y)i +(y—22)j+(x+pz)k = fi+f, j+f, k

OX oy 0z
e of
div f:a—1+@ —=1+14p =2+p

+
oXx oy oz
since f issolenoidal, we havediv f =0 =2+p=0=p=-2
3.Finddiv f= r"r. Find n if it is solenoidal?

Sol: Given f= r"r. where F=xi+yj+zk and r =|f]|
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We have r? = x2+y?+z?

Differentiating partially with respect to x , we get

2I’ﬂ=2x:>ﬂ=§,
OX oX r
Similarly o _Yogr_2
oy r oz r
f=r"(xi+yj+2zk)
div f_: i(rnX)+£(l’”y)+£(r”z)
OX 8y 0z

r_-
3

-

4. Evaluate V.( )Where F=xi+Yyj+zkandr =|f| .

Sol: We have T =xi +yj + zk and r = \|x* + y2 + 2°

3= r3%i+r3yj +r3zk = fii+ fof + fak

Hence V. ( r j-af1+%+%

r.3

X oy oz
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We have fi=r?x = x, =r31+ x(—3)r‘4.g
OX OX
x_ I e AL R et
OX y

va (L) =y 66—f1 =3r®-3r°Y x*=3r3-3r°r? =0
X

Curl of a Vector

Let f be any continuously differentiable vector point function. Then the vector function

defined by ix %+ ]x%HZx% is called curl of f and is denoted by curl f or (Vx f).

Theorem 1: If f is differentiable vector point function given by = f fi+f, j+ f, k then

curl f = GERNER %—%j]+ oy M\
oy oz 0z 0OX oX oy

i] ok

Note : curl f = K ° Y =Vx f
x oy o
fl fZ f3

Note (2) : If f isa constant vector thencurl f= 0.

Physical Interpretation of curl

If W is the angular velocity of a rigid body rotating about a fixed axis and V is the

velocity of any point P(x,y, z) on the body, then W =% curl V. Thus the angular velocity
of rotation at any point is equal to half the curl of velocity vector. This justifies the use of the

word “curl of a vector”.

Any motion in which curl of the velocity vector is a null vector i.e curl V = 0 is said to be

Irrotational.
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Def: A vector f is said to be Irrotational if curl f = 0.

If fis Irrotational, there will always exist a scalar function ¢(x, y, z) such that f
= grad ¢, This ¢ is called scalar potential of f .

It is easy to prove that, if f = grad ¢,thencurl f=0.

Hence Vx f = 0 < there exists a scalar function ¢ such that f = V¢.
This idea is useful when we study the “work done by a force later.
Solved Problems

1. Find curl f where f = grad(x*+y*+z°—-3xyz)

Sol: Let ¢ = x*+y3+2°—3xyz Then

grad ¢ = Zf% =3(x% —yz)i +3(y? =2x) ] +3(z% — xy)k

] k
curl grad ¢ = Vx grad ¢ =3 N 9 —
OX oy 0z

X*—yz y*—zx z°-xy

Ai(=x+x)— j-y+y)+k(=z+2z)]=0

“eurl f = 0.
Note: We can prove in general that curl (grad ¢) = 0. (i.e) grad ¢is always irrotational.

2.Show that the vector (x® —yz)i +(y? —2x) j+(z°> —xy)k is irrotational and find its

scalar potential.

Sol: let f= (xX*—y2)i +(y* —2x) j+(2* = xy)k
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] j
Then curl f =2 9
OX oy
X2—yz y*-x z®-xy

Q> =i

=>i(-x+x)=0

-. f is Irrotational. Then there exists ¢ such that f =V¢.

700 300 10— (32 (v —20) T4 (27 — XK
:>|8x+16y+k62 (X =y +(y°—2zx) j+(z° —xy)k

Comparing components, we get

%fzxz —yz:>¢='f(x2 —yz)dx:x—;—xyz+ f,(Y,2)...()

0 _ oy Y
8y_y X= ¢ 3 xyz+ f,(z,X)......(2)

op z2°
o2 xy=> = —xyz+ (X, Y)...... 3
P y=¢ 3 y 3 (X, ¥)....(3)

From (1), (2),(3), ¢ = L;Jrzg —Xyz

¢=%(x3 +y®+7°)—xyz+constant

Which is the required scalar potential.
3. Find constants a, b and c if the vector

f= (2x+3y+az)i +(bx+2y+3z) j+(2x+cy +32)k is Irrotational.

Sol: Given f = (2x+3y+az)i +(bx+2y+3z) j+(2x+cy+3z)k
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i j K

Curl f: ﬁ i 2 =
OX oy 0z

2x+3y+az bx+2y+3z 2x+cy+3z
(c-3)i—(2—a) j+(b-3)k
If the vector is Irrotational then curl f= 0

n2-a=0=2>a=2,b-3=0=>b=3,c-3=0=>c=3

4.1f f(r) is differentiable, show that curl { ¥ f(r)} = 0 where

F=xi+y+zk .

Sr? = x?2+y? 4 22

=2r gzZX:gzﬁ, similarly qzi,andqz—
OX OX r oy r oz r

curl{ F f(N} = curl{f () xi +yj+zk )} = curl (x.f(O)i+y.f(r)j+zf(r)k)

- 0 0
= |= Zl{a[Zf (] ==, Iy (r)]}

o o1, OF 1O [N et Y _winil=10
ZI{Zf (r)a—yf (I’)E}—Zl{zf (I’)r yf (r)r} 0.

5.Find constants a,b,c SO that the vector

A
(x+2y+az)i +(bx—3y—1z) j+ (4x+cy+22)k is Irrotational. Also find ¢ such that A

V.
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Sol: Given vector is A = (x+2y +az)i + (bx—3y —2) j+ (4x+cy +22)k

Vector A is Irrotational = curl A = 0
i i k
OX oy 0z

X+2y+az bx-3y—-z 4x+cy+2z

= (c+D)i+(@a-4)j+{bO-2)k=0

= (c+Di+(@a—4)j+((b-2)k = 0i +0j+0k
Comparing both sides,
c+1=0a—4=0,b—2=0

c= —-1a=4b=2

Now A = (Xx+2y+42)i+(@2x-3y—2z)j+(4x—y+2z)k, on substituting the values of

a,b,c
we have A =V¢.

90,99

L . . ~_ -0¢
SA=(X4+2y+42)i +(2x—-3y—2) |+ (4x—-y+22)k= | —+
(X+2y+4z)i +( y—2) ]+ (4x-y+2z2) x Iy

Comparing both sides, we have

2
Z_¢ =x+2y+4z = ¢= x7+2xy + 4zx+f1(y, z)
X

%:Zx—&/—z:ﬂl): 2xy = 3y%*/2 —yz + f,(x, 2)

%2436'_)/"'22 :>(|): 4xZ—yZ+ZZ+ f3(y;x)

0z
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Hence ¢ = x?/2 —3y?/2 + 2°+2xy + 4zx —yz + C

Laplacian Operator

_ 0 _¢ _¢ _% _ 82¢: 62 82 82 _ )
VoL ax{l 8x+16'y az) Zax2 (8x2 +6y2 +8zzj¢ Ve

2 2 2
Thus the operator V2 = 0 + + 0 is called Laplacian operator.

ox*  oy* or°

Note : (i). V2= V.(V¢) = div(grad ¢)

(ii). If V2 $=0 then ¢ is said to satisfy Laplacian equation. This ¢ is called a harmonic

function.

Solved Problems
1.Prove that div. (grad r™) = m(m + 1)r"-2 (or)V*(r™) = m(m1)r™-2 (or)
V2(r"M = n(n+ Dr"-2

Sol: Let T =xi +yj+zk and r = || then r? = x?+y’+2%

Differentiating w.r.t. "x’ partially, wet get ZrQ =2x =>— or 5.
OX oxX r
sinflarhe oz ndt" = &
oy r 0z r

- 0 - or - X -
Now grad(r™ = > i—(r")=Y imr™* —=>"imr™* ==>"imr™?x
g ™ Z 6x( ) z OX Z r Z

rdiv (gradr™) = Z%[mrm_zx] =m Z{(m —2)rm? o

X+rm?
OX

—mZ[(m 2r™x? + ] [(m 2rmy X +Zrm2]
= m[(m — 2)r"—4(r?) + 3r"-2]

= m[(m—2)r"-2 4+ 3r"-2]
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= m[(m—-2+3)r"-2] = m(m+ 1)r"-2.
Hence V2(r™) = m(m + 1)r™-2

2
a’f +E£:f“(r)+g f*(r) where r = |F|.
r

2. Show that V2[f(r)]=
[f(r)] dr? rdr

Sol: grad [f(r)] = Vf(r) = Zi%[f(r)] =i fl(r)%:Zi fl(r)é
~div[grad f(r)] = VIfM] = V.Vf(r)= Za—i{fl(r)ﬂ

0 et 1 0
Fo LT X=X ()

2

r

r(f“(r)g)r(x+ fl(r)j— fl(r)x(:j

l.2

=2

ff ”(r):_(x+ rfL(r)— fl(r)x()r(j

2

=2

r

Srf ll(r)§x+ 0 i)

r2 o

f11 o1 1 A

€ :-:-——Zfi(r)——afi(r)z:-:'
= I I

L0 - e

r? r

- 150+ 2 £4(r)

3. If ¢ satisfies Laplacian equation, show that V¢ is both solenoidal and irrotational.
Sol: Given V2¢ = 0 =div(grad ¢) = 0 = grad ¢ is solenoidal
We know that curl (grad ¢§) = 0=grad ¢ is always irrotational

4. Prove that curl grad ¢ = 0.
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Sol: Let ¢ be any scalar point function. Then

0p 0¢ 99
do=i2%
grad ¢=1i x +j—= 8y az
i j k
o o 0
curl(grad¢) = x 5 P
o 0¢ 09
oX oy oz

o9 3 9 A AN
ayaz azay oxdz Q20X axay ayax
Note : Since Curl(grad¢):5 , we have grad ¢ is always irrotational.

5. Prove that div curl f =0

Proof : Let f =fi + f,j+ f,k

i i k
curlf_:fo_:g 9 0
ox oy oz
f f, f,

[81‘3 afzJ (af af) [af2 aflj-
= =—-—|1 - === ]+ —=—-—1k
oy oz oXx oz oX oy

div curl T=v.(vxfy=2 T ) 0 (%_%}E of, ot
ox\oy oz ) oy\ox oz) oL\ ox oy

o, oM, Oy oty o,
Xy oxaz oyox | oyer | orox  cady

Note : Since div(curl?) =0, we have curl f is always solenoidal.
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VECTOR INTEGRATION

Line Integral
Any integral which is to be evaluated over a Curve C is called Line integral of F .

Note : Work done bylE along a curve c is IIE.d r

Solved Problems

11f F= (x2-27) i-6yz j+8x2z2 I; evaluate[ 7. drfrom the point (0,0,0) to the point
(1,1,1) along the Straight line from (0,0,0) to (1,0,0), (1,0,0) to (1,1,0) and (1,1,0) to
(1,1,2).

Sol : Given F = (x2-27)i -6yz]+8x22I;
Now r=xi+yj+zk = dr =dxi+dyj+dzk

F.dr = (x*—27)dx - (6yz)dy + 8xz’dz

(i) Along the straight line from O = (0,0,0) to A = (1,0,0)
Herey = 0 =z and dy = dz = 0. Also x changes from 0 to 1.

_ . 1 3 1 _
of Fudr=| pe2nx= | -27x| = 1o27-72
By, < 3 o 3 3

(i) Along the straight line from A = (1,0,0) to B = (1,1,0)

Herex =1,z=0 = dx = 0,dz = 0.y changes from 0 to 1.

j F.dr= j(—6yz)dy =0
y=0

AB
(i) Along the straight line from B = (1,1,0) to C = (1,1,1)
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x =1 =y dx=dy=0and zchanges from0 to 1.

j F.dr= J1'8xzzdz = ZJ:8xzzdz = {8—;3} ' :2

0
BC =0

88

(i)+(ii)+(iii):>'c|' Fudr ==

2. If F =(5xy—6x2)i +(2y—4x)], evaluate ]'IE.dF along the curve C in xy-

plane y = x*from (1,1) to (2,8).

Sol: Given F _ (5xy — 6x2) i+ 2y — 4x)], ....... )

Along the curve y = x3,dy = 3x%dx
F = (5x4—6x2)i + (2x°—4x) j, [Putting y = x%in (1)]

dr = dxi + dyj = dxi +3x%dx |

F.dr = [(5x*—6x?)j _|_(2x3-4x)j].[ dxi+3x2dxi}

= (5x*- 6x%) dx + (2x° - 4x)3x3dx
= (6x°+5x*—12x% —6x)dx

-
Hence j F .dr:j(6x5+5x“—12x3—6x2)dx

y=x 1

6 5 4 3
= 16X 45X 12X 5% :(x6+x5—3x4—2x3)2
6 5 4 4 X

= 16(4+2-3-1) — (1+1-3-2) = 32+3 =35
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3. Find the work done by the force F = zi +x]+ yE, when it moves a particle along the

arcofthecurve ; = costi + sint j —t kfromt = Otot = 2r
Sol : Givenforce F = zi + xj +y kandthearcis = costi + sint | — tk
i.e.,x = cost,y = sint,z = —t

sdr = (—sinti +cost | — k)dt

. F.dr= (-t i+cost ] +sin't k). (-sint i +cost ] - k )dt = (t sin t + cos? t — sin t)dt

no u
Hence work done = j F.dr = j (tsint+ cos?t—sint)dt
0 0

2f1+ Cos 2t

2r 2r
[t(—cost)]i” - _[ (—sint)dt + dt—_[sintdt
0 0

0

.. 1 sin2t)” A
— 27 —(cost)? ot +(cost);

0

==27-(1-1) +%(27r)+ 1-)=-27r+n=-nx

Surface Integral
Any integral which is to be evaluated over a surface S is called surface integral

and it is denoted by jlz.r_lds
S

Let F = Fy i+F2 j+Fs k, where F1 ,F2 |F3 are continuous and differentiable functions of

X,Y,Z.

Then  [F.ndS = [ Fdydz + F,dxdz + F,dxdy
S s
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‘dxdy

2. Let R be the projection of S on yz plane.then JF ndS = _U ‘__ dydz

Note: 1.Let R be the projection of S on xy plane.then IF ndS = J‘J' ‘__

3. Let R be the projection of S on zx plane.then JF ndsS = ”‘__| dxdz
n.j

Solved Problems

1.Evaluate J'I_:.ndS where F = zi + xj— 3y%zk and S is the surface x? + y2 = 16

included in the first octant between z=0and z=5.

Sol: The surface S is x? + y? = 16 included in the first octant between z = 0 and z = 5.

Let p=x+y*=16
men vy =i jRL R ot 2y
oXx "oy oz

unit  normal
ﬁ: V(I) _ X|+y.l (,', X2 +y2:16)
‘V(p‘ 4

Let R be the projection of S on yz-planeThen
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[Fnds = [[Fn Wz .
o
Given F =zi + xj — 3y%zk
- = 1
F.n==(Xxz+Xxy)
4
— - X
and n.lr=—
4

Inyz-plane, x =0,y =4

In first octant, y varies from 0 to 4 and z varies from 0 to 5.

[Fnds

= j j (y +z)dz dy = 90.

y=0 20
2:1f F = zi + xj— 3y°zk, evaluate jﬁ.ﬁdSwhere S is the surface of the cube
S

boundedbyx = 0,x = ay = 0,y=a,z = 0,z = a

Sol: Given that S is the surface of the x = 0,x = a,y = 0,y = a,z = 0,z = aq,

and

F =2zi + xj— 3y2zk

we need to evaluate IF.ndS.
S
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(For OABC

Equation is z =0 and dS = dxdy

n =—k

[Fnds= —[" —[ g2 dxay=o0
Sl y=20

x=0
(IMFor PQRS
Equation isz = a and dS = dxdy
n =k

4

Ends= ([ _AN
S{F.ndS- [ ( y_jo y(a)dy) dx = >

(11)For OCQR

Equation is x =0, and n =-i,ds= dydz

S[F.nds = | jo Axzdydz =0

y=0 z5
(IV)For ABPS

Equation isx=a, and N =—i, dS = dydz

[Fnds = ja( ja4azdz)dy =2a*

y=0

(V)For OASR Equation isy =0, and n = —], dS = dxdz

[Fnds = ja fayzdzdx=0
Ss

y=0 z=0
(VI)For PBCQ Equationisy =a, and n = —], dS = dxdz

[Fnds = - ja jayzdzdx:o
Se y=0 z=0
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Adding (i) to (vi)

_ 4 4
we get IF.ndS:O+%+o+ 2a* +0 —a4:3%
Se

Volume Integrals

Let V be the volume bounded by a surface r=f (u,v). Let F ( F) be a vector point function

define over V. Divide V into m sub-regions of volumes oV,,dV,,...0V ....0V,,

Let Pi ( r i ) be a point inoV, .Then form the sum Iy = Z I5(ri)éVi. Let m — o0 insuch a way

i=1
that OV, shrinks to a point,. The limit of Iy if it exists, is called the volume integral of F ( I_’)

in the region V is denoted by jlz(r_) dvor I Fdv.
\Y Vv

Cartesian Form : Let IE(r): Fli_+ F, i+ F3I2Where F1, F2, F3 are functions of x,y,z. We

know that dv = dx dy dz. The volume integral given byj Fdv = ”_[(Fl i+ F, i+ F, IE) dx dydz

= I”J‘ F dxdydz + ] _[” F, dxdydz + IQJ.” F, dxdydz
Solved Problems

1I1f F=2xzi-xj+y?k evaluate [ F dv over V where V is the region bounded by

thesurfacesx = 0,x =2,y =0,y = 6,z = x%,z = 4.
Given F =2xzi—xj+y2%k.
The volume integral is given by

[F dv= foz fy6=0 fz4=x2(2xz i—xj+y*k)dxdydz
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= i foz fyio fz4=x2(2xz)dxdydz —j foz fy6=0 fz4=x2(x )dxdydz +

2 r6 4
k fO fy=0 fz:xZ(yz)dXdde

(2 6 (2 6 2 6
=i fyzox(16—x4) dxdy —j |, fyzox(4—x2) dxdy +k |, fyzoyz(x2 -

4) dxdy

2 6 (2 6 2 6
=i fy=0(16x—x5) dxdy —j |, fy=0(4x—x3) dxdy + k | fyzoyz(x2 -

4) dxdy
=i [ 6(16x — x5) dx — j [ 6(4x — x¥) dx + k [, 72(x? — 4) dx
=i [(96x — 6x%) dx — j [7(24x — 6x3) dx + k [ (72x* — 218) dx

=128i — 24j — 384k
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Vector Integral Theorems
Introduction

In this chapter we discuss three important vector integral theorems: (i) Gauss
divergence theorem, (ii) Green’s theorem in plane and (iii) Stokes theorem. These theorems

deal with conversion of

(i)
.[ F.nds into a volume integral where S is a closed surface.
S
(ii)
j F.dr into a double integral over a region in a plane when C is a closed
C
curve in the plane and.
(iii)

.[ (Vx A) .nds into a line integral around the boundary of an open two sided
S

surface.
Gauss Divergence Theorem

(Transformation between surface integral and volume integral)

Let S be a closed surface enclosing a volume V. If F is a continuously differentiable vector

point function, then
[divFdv=[F.n ds
\ S

When n s the outward drawn normal vector at any point of S.
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Solved Problems

1. Verify Gauss Divergence theorem for F = (x* — yz)1— 2x%yJ + zk taken over the

surface of the cube bounded by the planes x =y =z = a and coordinate planes.

Sol: By Gauss Divergence theorem we have

j F.ndS = j divFdv
S \Y

Now div F=Y7 |-y Le s
ox) ox oy oz
= 3x?—2x*+1

Here the cube bounded by the planes x =y = z = a and coordinate planes.

Hence
x »0toa
y *0toa
z ®0toa
2R b R a
RHS = J J J (3x% — 2x° +1)dx n{_vd:=JJJ(1':—l:ld1' d_vn{:=J J (?—I) dy d
000 000 oo ¢

_IH%Za}dydz =H%3+a}(y)§dz :[%3+a)aidz :[%3+aj(a2) =a§+a3 ...... (1)

0

Verification: We will calculate the value of jE.ﬁdS over the six faces of the cube.
S

(i)

For S1 = PQAS; unit outward drawn normal 1 =1
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x=a,ds=dydz; 0<y<a0<z<a y

~Fn=x-yz=a’—yzsincex=a Q

_[ I F.ndS = j' 'T (a®— yz)dydz

S z=0y=0

I
[ C—

(i)

(1)
For S3=RBQP;z=a;ds = dxdy; i =k
0<x<agq0<y<a

F. I=a sincez =a

=1
]

”Eﬁds = T i adxdy =a°.....(4)

y=0 x=0
(iv)
For S4 = OASC;z=0; 7 = —k, ds = dxdy;

0<x<aq0<y<a
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Fan=—z=0 sincez =10

J F.fd5=0..(5)

—

v)
For Ss =PSCR;y=a;n =],ds = dzdx;
0<x<aq0<z<a
F.il=-2x%y=-2ax? sincev=a
. =z
J F.fids = J J (—2ax2)dzdx
£ x=0z=0
a
j (—2ax’z)?_,dx
x=0
= —2a? [X—E)E i (6)
.3/, 3
(vi)

For Ss = OBQA;y=0; 1 ==],ds = dzdx;

0<x<aq0<y<a

F.ii=2xy=0sincey =0

o —
L‘_-_'h
)|
b
o
LA
Il
=

[
L
||
=l
o
Ly
[l
L
LI
+
k1 ‘_‘_-—
=
+
L‘_-_'h
LS
+
LS
L
+
L
LS
+
LS
LS

- . ]
— ?4.@3 :J J J V.F dvusing (1)

Hence Gauss Divergence theorem is verified

2. Use divergence theorem to evaluate [ [ F.ds where F = 4xi — 2y%j + zk and S is

the surface bounded by the region x?+y?=4, z=0 and z=3.

Sol: We have
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— - 0 0 0
divF =V.F =—(4X) +— (-2y})) +—(z¥) =4 -4y + 2z
ax( ) 8y( y°) az( ) y

By divergence thearm,

[[raseffres

5
z Va—xT 3
= J J (4 —4y + 2z)dx dv dz
x=-2 y=—ET-zT =0
,
= J [(4—4yv)z+ z7]; dx dy
Sh AT

- [12(1—v)+ 9] dx dy

o

J (21 —12v)dx dy
i

= J 21 dy — 12 J vy | dx

- P —_—

—vid—x —vg—x

2

N
= j [21x2 j dylZ(O)]dx

[Since the integrans in first integral is even and in 2" integral it is on add function]

ol

=42 J (VI dx

-

2 2

=42 \JA4—x*dx =42x 2| /4 - x*dx
J v
-2 0

x / = 4 _1:)- &
= 34 [— 4 —x° +—sin —]
2 2 ;
T
=84 [{: +2.o- n:::] = 84r

3. Verify divergence theorem for 2x2y i -y? j +4xz%k taken over the region of first octant

of the cylinder y?+7z2=9 and x=2.
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(or) Evaluate .[ .[ F.ndS,where F =2x%yi-y?j+4xz2kand S is the closed surface of the

region in the first octant bounded by the cylinder y?>+z> = 9 and the planes x= 0,x =
2,y=0,z=0

Sol: Let F=2x?yi-y?j+4x2k ..V =—(2x )+ ( y )+ (4xz) 4xy — 2y +8xz
A°
E D
C LA
(9] > Z
B
Y A

2 g0 =y

J J J V.Fdv = J J J (4xy =2v + 8xz)dz dy dx
v Z=0 =0 =z=0

—

o ISAE

2 3
= JJ E-=1-11,—21,:|_—81 ?l dy dx
0 g 3

=0

-

3
J -[41'_1,' —2vI49— vi+4x(9— _v:)] dy dx
o

L
=1

|
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L™t }

n+1

{ Since [/ (<tfeo1° dx

9 7

= J {% (1—2x)[0—27] + 4x[27 — 9]} dx = J [—18(1 — 2x) + 72x]dx

o o

2 2
[—18(x —x2)+72 X?} = —18(2 —4) +36(4) =36 +144 =180...(1)
0

Now we sall calculate J F.71 ds for all the five faces.

5

j F.ndS = j F.ndS + j FndS+.. ... .+ j F.ndS
s S S5

)

Where S; is the face OAB, S; is the face CED, Ss is the face OBDE, S4 is the face OACE and
Ss is the curved surface ABDC.

(i)
Oon S, :x=0,n=—i -.F.n=0 Hence jE-HdS
S
(i) on Sz:X=2n=l ~FEn=8y
3 \9-72 3 yz 9-2*
F.ndS = 8ydydz =8| — dz
fFies={ o Jo{7 ]
3 ; gy 3
=4J[9—:-)a{:= [9:—'?) =4(27-9)=72
b |:
(iii) On S,:y=0n=—j...Fn=0 Hence | F.ndS
(iv)On S,z =0,1n = —} F.n=0. Hence J F.nds =

V(y?+27%)  2yj+2zk yj+zk yj+zk
‘V(y2+22)‘ Jay?+4z22 49 3
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== -y z 1 2
F.n= d nk=—-==49-
3 3 3 y
Hence B F.ids = | - F.n ':ITTEI Where R is the projection of §5; on xy — plane.
- - 2 3
PIR -2 ) 1
= J J 1—'1(1{1' dy = J J [4x(9— y*) —¥® ["} —v7) f]n{_v dx
VI —y* S
R =0 y=0
3
Tofind | y3(J9-y?)dy
0
sub
y=3sind
dy =3cosé
3 2
jy3(«/9—y2)dy:jsin36?d0
0 0
sub

sin® @ =3sin @ —sin 36
We get

iys(w/Q— y?)dy = 'z[sin30d49 =18
0 0

Hence
I F.nds
S3

- a
= i a2

. o~ )
= J T2x dx — 18 J dx = ?2-(?) —18(x =144 — 36 = 108

o G " e

Thus [ F.Aids=0+72+0+0+108=180... ... 2)

Hence the Divergence theorem is verified from the equality of (1) and (2).

4. Verify Gauss divergence theorem for F = x*T+ y*J+ 2%k taken over the cube
boundedbyx = 0,x = ay= 0,y = a,z = 0,z = a

Sol: We have F = %1+ v¥j+ 2%k
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VE

ag( )+—(y)+ (z) 3x* +3y* +327°

J V.Fdv = J J J[E:L':—E_v: +3z%)dx dy dz

@ o a
=3 J J J (x*+v? +z)dx dvdz
=0 y=0x=0
a a /3 ) e
=3 J J (?—x}"—:'x dv dz
Z=0y=0 ~ ]
(ird (ird .
- - 'ELE
=3 J J (——-FL‘.'—EL:')G[‘. dz
!
E=0y=0 -
a /g3 3 a
=3 J (—v— a—+ EL::U) dz
= 3 -
z=0 g

To evaluate the surface integral divide the closed surface S of the cube into 6 parts.
ie.,
S1: The face DEFA  ; S4: The face OBDC

S, : The face AGCO ; Ss: The face GCDE

Ss3: The face AGEF  ;Sg: The face AFBO
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[3 I;ﬂ
A

GnSi,uenaueﬁ=Ex= a

”Eﬁds— I j(a i+y3j+z k)ldydz

z=0 y=0
J JF.ﬁd5= J J [:n:EI—_vE_T—-E’} Tdydz
5 =0 y=0
= Jadvdz—ag—l[xjc dz
2=0 ¥=0 0

On S, we haven=—Lx =10
”Fnds—j j(y j+z k)( i)dydz:O
z=0 y=0

3 e hapme = 7 1w =
nS;,we haven=jJ,v=a

a

[[Fivs= | | (oo oot ] ] oo —afo a0

z=0 x=0 z=0 x=0
=a5
ons., we have i=—J,v=10 y
A
= =
. c g
- o= -37 -
J JF‘ nds = J J[:L I+ 2 } (—jldxdz= 0 > "
5, z=0x=0
= T +» X
OnS.,wehaven=k,z=a A
B

2]
]
9]

o=
=

On S, we haven = —
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[ird =

J, J F.Ads = i J (x3T+ v37). [:—E}n{x dy = 0

5 y=0x=0

ThuSJ JF.ﬁd5'= a®+0+a*+04+a®4+0=3a°

[

.. The Gauss divergence theorem is verified.

5. Compute [(ax® + by + cz*)dS over the surface of the sphere x2+y?+72 = 1

Sol: By divergence theorem jE.ﬁdS: f. V.F dv
S

Given F.i = ax*® + by?

- Normal vector 7 to the surface ¢ is

\7¢:[i2+]£+ﬁﬁj(x2 +y°+17° —1): 2(xi+Yj +zK)
ox "oy oy

2(xi+yj+2k)

2x* +y? +7°

- Fn=F.(Xi+Y]j+zK) = (ax? +by? +cz?) = (@ xi+by j + czk).(xi + y j + zk)

Unit normal vector =n= =Xi+yj+zk Since x> +y’+2z°=1

ie, F=axi+byj+czk WV.F=a+b+c
Hence by Gauss Divergence theorem,

. ) ) ,1 . 4
J (ax=+ by +cz7)dS = J (a+b+c)dv= (a—b—c)lf’=?‘?(a—b—c)

5

47t
[Sfﬂce = 3 iz the volume of the sphere of unit radius

6. Use divergence theorem to evaluate ”E.dgwhere F =x3i+y3j+z%k and S is the surface
S

of the sphere x?+y?+z? = r?
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Sol: We have V.F = &(x)+ (y)+ (z) 3(x* +y* +17%)

~ By divergence theorem,

= [[, IV.Fdv :”J.fﬂ(x2 +y? +z%)dxdydz
=3 J J J T:[T:sinﬁd?dﬁdc;‘uj
r=08=0&=0
Applying spherical coordinates,
JJF.Q{S=3 J J?‘L'sinﬁ' Jdr:p dr df
5 r=08=0 ¢=0

I Ir sin@(2z—0)drdf = 672'! Usin@d@}dr

r=06=0 r=0 0
el el
=6m J r*(—cos8)] dr = —EHJ 77 (cosm — cos0) dr
=0 ]
= - -
T e Lima’
= 12w J rrdr = 12 |[—| =
5 5

0 ¢

7. Verify divergence theorem for F = x*i = y*j + z* k over the surface S of the solid cut

off by the plane x+y+z=a in the first octant.

Sol: By Gauss theorem, If.ﬁds = _[ divFdv

o _ 08,08,
ox oy ez

< oradd=S"192 Zit 74k
gradg Zax j

Unit normal = grad ¢ - _JT__
|grad ¢l V3

Let R be the projection of S on xy-plane
Then the equation of the given plane will be x+y=a = y=a-x

Also when y=0, x=a
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F.ndxd
[P ][

= [ (57 [2x% + 2v? — 2ax + 2xv — 2av + a®ldx dv

o -0

o—x

dx

] 2__1;3 ] b P
2x°y + =5 T xyv- —2axyv—ayv- +ay

[
&

x

F

2

I
[ —

x=0

4

_[ F.ndS = J(——x +3ax® -2a X+2a jdx—a—, on simplification...(1)
. 3 3 4
Given F =x%i+y?j+2%k

d|vF_—(x)+ (y)+ (z) 2(x+y+12)

Now _mdlvF dv=2 j ajxa I y(x+ y + z)dxdydz

x=0y=0 z=0

fird

]

—x

J [:[1‘ - ) —; - dx dv

=0y e

-x

a—x—-y

[n:—n—u)[l—u —T' dx dv

I

[
|| ‘-____‘ .
|| *-____‘ 2]

oy

—x

- J J (a—x=1)[a+x+ ylde dy

X
E -x oa—x

o3
J a® — (x +y)?] dvdx = J J (a® —x®— v —2xv)dx dy
o

o0

[2x(a—x) + EEEL —x)¥+xla—x)?—2ax(a—x) —ala—x)*+ a*(a —x)dx
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Hence from (1) and (2), the Gauss Divergence theorem is verified.

8. Use Gauss Divergence theorem to evaluate [ [ (yz*1+ zx*J+ 22°k).ds, where S is

the closed surface bounded by the xy-plane and the upper half of the sphere x>+y?+z?=a2
above this plane.

Sol: Divergence theorem states that

'I'II
||

Here —(yz )+ (zx)+ (22) 47

j!f.ds = fJf4zdxdydz

Introducing spherical polar coordinates X =rsiné@cosg, y =rsinésin g,

z =rcoséthen dxdydz = r’drd9d ¢

a 7 27

~[[Fds=4] [ [ (rcoso)(r*sinodrdodg)

r=0 0=0 4=0
= J JT‘E sinf cos@ J dep | dr df

r=0g8=0

J r¥sinfcosd (27— 0)dr df

r=08=0

Il
=

i}

= 4x J re [J gin 28 d#f

r=0 (]

= (—2m) chc 31— 1)dr=20

dyr = 4 f?‘g [—

r=0

cos 260"
] far
2/,
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9. Use Divergence theorem to evaluate”(xi+ yij+ ZZE).ﬁdS. Where S is the surface

bounded by the cone x>+y?=z2 in the plane z = 4.

Sol: Given [ [(xT+ yj+z%k).7i.ds Where S is the surface bounded by the cone x?+y?=2z?

9=

in the plane z = 4, Let F=xt+yj+z%

By Gauss Divergence thearem, we have

J, J'[:XI_}T—::E}IE.G{S _ J J J,FIF_dﬁ

= 0 0 N 3
V.F _&(x)+5(y)+§(z )=1+1+22=2(1+72)

On the cone, X’ +y®=z*and z=4 = X+ y* =16

The limitsarez=0tod,v=o0to+/16—x%,x =0to 4.

42+16—x= 4

[[[rra=] [ [a+odaa

1] 1] o

INRCHEI™

4162 4
2[ [ [4+8ldxdy = 2x12j[y]01647dx
0 0

=24 J 5 (16 — x2dx = 24 J-\ 16 — 16 sin” 8 .4 cosfPdf
2

|:.

[putx =4sin &= dx =4cosAd6. Also x=0=6 =0 and X=430=%]

7[

.-.j”v.Edv=96x4j 1—sin 9cos9d9_96x4jcos 0do
\

N\:a

cos°8 df

S —

JJJF.FdL*: Jﬂl-\l—s'n 8 cosfdf =96 X 4
- 5
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Green’s Theorem in a Plane(Transformation b/w Line Integral and Surface Integral )

If S is Closed region in xy plane bounded by a simple closed curve C and if M and N are

continuous functions of x and y having continuous derivatives in R, then

[fiMdx+ Ny = [ (Z—N—%jdxdy. Where C is traversed in the anti clock-wise direction
X
C R
1 y =d E
~ _A"®
Al
Y= =
SC-==A = b¢ -
S

Solved Problems
Verify Green’s theorem in plane for $(3x”— 8y )dx + (4v — 6xy)dy where C is the
region bounded by y=+/x and y=x7 .

Sol: Let M=3x=-8x" and N=4y-6xy. Then

o) AN
= —16y,—— = —6V
r - &

'-'.|:-|';'-L"

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) Wi




MATHEMATICS -lI VECTOR CALCULUS

We have by Green’s theorem,

OoN oM
[ﬁde+ Ndy = '”(__Ejd dy.

oN oM

Now j j [&—Ededy = jR j (16y — 6y dxdy

R

—1ojjydxdy 10 j j ydydx = 10[ ( j&dx

Xny

(D
Verification:
We can write the line integral along ¢
=[line integral along y=x*(from O to A) + [line integral along v *=x(from A to O)]
=1,+1,(say)

Now Iizjjzc_{[ﬁxj —8(x?)?)dx + [4x° — 6x(x)] 2xdx] [ y=x>= Z—x =2x

:_Jr: (3x3 4+ 8x% — 20x%)dx = —1

And 1, :j.[(3x2—8x)dx+(4\/;—6x3 )—dx} j). 3x? —11x+2
1

1
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syt heyis =3

From(1) and (2), we have [ﬁ Mdx + Ndy = ” (@ —ﬂjdxdy.
C R

ox oy
Hence the verification of the Green’s theorem.
2.Evaluate $(3x*— 8y )dx + (4v— 6xv)dy Iover triangle enclosed by the linesy =
0,x= :13, y = Z?X using Green’s theorem.
Sol : Let M=y-sinx and N = cosx Then
-1 and OV gin x
Ay Bx

. By Green’s theorem [ﬁ Mdx + Ndy = J:[(ﬂ a xdy.
¢ ox oy

R

= I(y —sin x)dx + cos xdy = ” (=1-sin x)dxdy
c R

= ;z,:: JT; (1 + sinx) dxdy

s AlaGina b 15" dx

—h, x(sinx + 1)dx

7
— j 1(—cos x + x)dx

0

T

=_?2[x(—cosx+ x)]O

E

= [x[— cosx + x) +sinx —IT]

- i
- T/

:T[—xcosx —xﬂ—:—sin x]. = i['_—— l] =-— (E—i]
m 2 0

3.A Vector field is given by F =(sin y)i+ x(1+cos ) j
Evaluate the line integral over the circular path x*+v* = a*, z=0

(i) Directly (ii) By using Green’s theorem
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Sol: (i) Using the line integral

_;ﬁ F.dr = gﬁc Fydx + F,dy = 95.; sin vdx + x(1 + cosy)dy
:Djsin ydx + x cos ydy + xdy = [ﬁd(xsin y) + xdy

Given Circle is x*+v* = a*. Take x=a cos& and y=a sin & so that dx=-a sin& 4& and

dy=acosfdf and 8 =0 = 2n
. $F.dr = f;"? d[a cosfsin(a sinf)] + fc_:x a( cosfB)a cosf df
=[a cosfsin(a sin #)]3* + 4a’ IEF: cas’ 8 do

2

—0+4a’ % =ra

N |-

(i1)Using Green’s theorem

Let M=sin v and N=x(1 + cos ). Then

amM ax
—=cosv and —=(1—~ cosv)
dy Bzx

By Green’s theorem,
dex + Ndy = ”(@ —ﬂjd dy
msin ydx + X(1+cos y)dy = H (—cosy+1+cos y)dxdy == ” dxdy
¢ R
= ”dA: A= ra’ (. area of circle = za?)
R

We observe that the values obtained in (i) and (ii) are same to that Green’s theorem is

verified.
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Show that area bounded by a simple closed curve C is given by 195 xdy — vdx and

hence find the area of

2 2

(i)The ellipse x=acos@,y =bsing  (ie)~s+L =1
a

b2

-

(ii )The Circle x=acos8,v = asinf (i.e)x” + ¥y~ =a”

Sol: We have by Green’s theorem m Mdx + Ndy = ”(% - %]dxdy
C R

Here M=-y and N=x so that 2= = —1 and 2 = 1

Djxdy —ydx = Zf dxdy = 2Awhere A is the area of the surface.
c R

a=[xdy— ydx = A
()For the ellipse x=aces& and y=bsin & and 8 = 0 — 2m
~ Area, .:L'IZ%QS xdy — vdx = lJ’E_:'T [(.:1 cosf (bcosd) — [b sinf (—a sin E]}]d g

P

=lab f:x(cosfﬁ + 5in?8) df = Zab(6) =2 (27 — 0) = wab

(i))Put a=b to get area of the circle A=wa’

5. Verify Green’s theorem for [ [(xy + v?)dx +x*dy], where Cis bounded by y=x and
y=x?

Sol: By Green’s theorem, we have m Mdx + Ndy = “‘(% - %]dxdy
C R

Here M=xy +»~ and N=x"
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c2

Cq

Now []jde+ Ndy=jde+ Ndy+Jde+Ndy ...... @ (1)
c o

Along ¢, (i.e.y = x7), the line integral is

1
[ M+ Nely = [[X() +x*Tdx+ X°d (x°) [ (0 x4 25k = [ (3% x“)alx
G ] c 0

Along ¢, (i.e.v = x) from (1,1) to (0,0}, the line integral is

I Mdx + Ndy = I(x.x+ x2)dx + x’dX [ dy = dx]

C, C2

gy O
=L= 3xidx =3 ff xidy =3 (%]1 = (x?)7=0-1=-1 ..3)

From (1), (2) and (3), we have

[ Mdx+ Ndy= = —1=22
c 20 20
...(4)
Now

”[@—@jd xdy :”(ZX—X—Zy)dXdy

:J’E'-l[[l.: _ ?4.':) _ (1.3 _ ﬁ.';':l]dﬁ.' — J’E'l (:‘4.';'— ?.'Ejldﬁ.'
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(343,512 0
5 o 5 2
From(4)and(5),We have deX+ Ndy:-[j[%_lj_%jd d
¢ R

Hence the Green’s Theorem is verified.

E Verify Green’s theorem for [ [(3x* — 8y*)dx + (4y — 6xy)dy] where ¢ is the region

bounded by x=0, y=0 and x+y=1.

Sol : By Green’s theorem, we have

[Max+ Nay = [ I[%—T—%jdxdy
¢ R

Here M=3x~ — 8y~ and N=4y-6xy

y &

8 k(.1
\\

x =0 s ‘J/\\,

© y =0 A (1,0) *

oN
.'.@:—my and —=-6Yy
oy OX

Now _[de+ Ndy = _[ Mdx + Ndy + j Mdx + Ndy + _[ Mdx + Ndy...(1)
c OA AB BC

Along OA,y=0 «dy =20

g+ 1
. S - SR 0
fﬂAzﬂrfdx + Ndy = jc- 3x-dx = EEJD =1

Along AB, x+y=1 - dv = —dx and x=1-y and y varies from 0 to 1.

J Mdx-+Ndy = [[3(y-1)? -8y*I(~dy)+[4y +6y(y ~D]dy
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MATHEMATICS - VECTOR CALCULUS

:f; (—5v? —6v + 3)(—dv) + (6v* — 2v)dy

1 - ard ol 1
=[, (11y* + 4y —3)dy = [11--?_ 4Z — 3y)
L 2 Ao

3 3

Along BO, x=0 . dx =0 and limits of yare from1to 0

o

) R L L B R
f,, Mdx+ Ndy = [ 4ydy = [4 : ji = (21 = -2

from (1), we have [ Mdx+ Ndy =1 + 2 —-2= E

”{%—@ xdy = Jl' 1] (-6y+16Yy)dxdy
x=0 y=0

2. 1—a&

=10 [*_ [ = _vd_v] dx =10 [H(2) dx
X e

—5f (1—x)? dl—.’:—b[li; ]:

“[(1—1)% — (1—0)° ]

3

From (2) and (3), we have I Mdx + Ndy = j j [@ —%jdxdy

Hence the Green’s Theorem is verified.
Apply Green’s theorem to evaluate ¢ (2x* — y*)dx + (x* + y*) dy, where c is

the boundary of the area enclosed by the x-axis and upper half of the circle

-

x-+y-=a"
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MATHEMATICS -II VECTOR CALCULUS
Sol: Let M=2x% — y* and N=x? + y° Then
YA
ORB .
Figure
am

Bv Green'sTheorem, Ide+ Ndy = J‘J‘[ﬁ_ﬂ Xdy
c R

ox oy

1@ = y?)dx+ (¢ + y?)dy] = [ [ (2x+2y)dxdly

=2 [ (x+y)dy

=2Jr|: _J: r(cosf + sin 8 ).rd Bdr

[Changing to polar coordinates (r,&], r varies from 0 to a and 8 varies from 0 to ]

= IE@xX = y*)dx+ (X + y*)dy] = 2[ r’dr [ (cos 0 +sin 6)d 6
c 0 0

=2. 5 (l + l:l = T
E. Verify Green’s theorem in the plane for [ (x* — xy®)dx + (y* — 2xy)dy
Where C is square with vertices (0,0), (2,0), (2,2), (0,).

Sol: The Cartesian form of Green’s theorem in the plane is

[Max+ Ny = [ I[Z—T—%]dxdy
c R

Here M=x* — xv? and N=v* — 2xv
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MATHEMATICS -lI VECTOR CALCULUS

aM 2 =AY
w —=-3xviand —= —2v
dy ' dx -
Y4 y=2
(0<.:2) B2.2)
S
x=0 ¥ x=2
S I
(0.0 y=0 A
(2.0

Evaluation of [ (Mdx + Ndy)

To Evaluate [.(x? — xy*) dx + (y* — 2xy)dy, we shall take C in four different segments

viz (i) along OA(y=0) (ii) along AB(x=2) (iii) along BC(y=2) (iv) along CO(X=0).

())Along OA(y=0)

fc(l': —xv)dx + (v — 2xv)dy = f; xldx = (%] = ’
()
(i)Along AB(x=2)

jc[x': —xvdx + (v = 2xy)dv = f; (vi—4yldy [vx=2dx =0]

(52, = (-0)=s(-3) =%
...(2)
(iii)Along BC(y=2)

(x2— xv¥dx + (vF = 2xv)dy = [((x2—8x)dx [vv=2.dv= 0]
c 2

(iv)Along CO(x=0)

. o
(x? —xv¥dx + (v? — 2xv)dv = ,::' vide [vx=0,dx=0]= (=] =—=
I: - LY

3/, 3
(4
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MATHEMATICS -lI VECTOR CALCULUS

Adding(1),(2),(3) and (4), we get

;|:(x2—xy3)dx+(y2—2xy)dy g—%+4—£—g 2;' 8 .5

Evaluation of ”[@—%Jd dy

Here x ranges from 0 to 2 and y ranges from 0 to 2 .

j j [@—@jdxdy :ﬁ(—zy+3xy2)dxdy

-

2 3z 44T
= (—2-1'1.'——1."] dy
o 5 - 2 - ] -

2
=!(—4y+6y2)dy ~(=2y?+2y"),

= -8+16=8 ..(6)

From (5) and (6), we have

oN oM
jde+Ndy ”[__E]d dy

Hence the Green’s theorem is verified.

Stoke’s Theorem (Transformation between Line Integral and Surface Integral)

Let S be a open surface bounded by a closed, non intersecting curve C. If F is any

differentiable vector point function then

5}5{ F.d F:Jrs curl F.7lds where c is traversed in the positive direction and

fl is unit sutward drawn normal at any point of the surface.

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) Wit




MATHEMATICS -lI VECTOR CALCULUS

Solved Problems
1. Apply Stokes theorem, to evaluate [[j(ydx+ zdy + xdz) where c is the curve of

intersection of the sphere x* + v* + =% = a* and x+z=a.
= a” and the plane x+z=a is a circle in

-

Sol: The intersection of the sphere x* + v + =
the plane x+z=a with AB as diameter.

=

- =1

el

Equation of the plane is x+z=a= i +

~.OA=0B=ai.e,, A=(a,0,0) and B=(0,0,a)

~. Length of the diameter AB =+/a?+a? +0=ay2

Radius of the circle, r=—
Let F.dr = yvdx + zdv + xdz = F.dr = F. |: Tdx + jdv + Ed:} = vdx + zdy + xd=z

—F=y

5
[vgl

Let # be the unit normal to this surface. i =

Then s=x+z-a, VS :i_|_E N A= I'*___:al ==
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MATHEMATICS -lI VECTOR CALCULUS

Hence gSEF. di = [ curl F.fids (by Stokes Theorem)

2.Prove by Stokes theorem, Curl grad ¢ = 0

Sol: Let S be the surface enclosed by a simple closed curve C.

~ Bv Stokes thearem

L(mcﬂ grandg).fi ds = L("?:-:"?ci:).ﬁ ds = 35:: Vg.dr = Eﬁc Vgodr

:m[%ﬁ+i%+kgj.(idx+]dy+kdz)

:@(%dx+%§dy+g—fdz]=1d¢=[¢]p where P is any point
onC.

. Jeurl gradg.fi ds =0 = curl gradg =0

3. Verify Stokes theorem for F = —+%7 — x#7, Where S is the circular disc
x*+yi<1l,z=0,

Sol: Given that F = —+ 37 + x*j. The boundary of C of S is a circle in xy plane.

- -

x*+ v = 1z=0We use the parametric co-ordinates X=C0S

B,v=sind,z=10,0 =<8 =< 2m;
dx=-siné d& and dy =cos#& d&
5}55 F.dr = L Fidx + F,dv +Fdz = ] —vidx + x3dy
:Jr.;_:T [—sin®@(—sind) + cos® BcosBdE = J’E_:E(caséﬁ' + sin*8)d@

:_Jr::r (1—2sin’8 CGS:E:I-:{E':J';'T dg — %-ch:'_ (2sinf cosB)* d@

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) W}




MATHEMATICS -lI VECTOR CALCULUS

— i 1p2m ., 2 o _ 1 pIm _
—fc_ dﬂ—;fc_ sin®2d8 = (2w — Q) ;_Jrc_ (1 — cos48)dE

:ZH—[—lﬁ'—lsinﬂlﬁ']m =, _IZ _5% _ 3%
4 16 o 4 4 2
T 7 k
_ 8 a2 Cm 2 2
NowVv x F = 3% 3y - = k(3x 3v<)
—v? x¥ 0

J;('E’ x F).fids =3 J;(x: + vk Ads

We have (k.n)ds = dxdy and R is the region on xy-plane
2 [ (Vx F)ads =3 [[_(x* +y%) dx dy

Put x=r cos@, v = v sin@ . dxdy = rdr d@

ris varying from0to 1and 0= @ = 2m.

A J(VXF)ads =37 [ ».rdrdg = =

L.H.S=R.H.S. Hence the theorem is verified.

4. Verify Stokes theorem for F = (2x — v)i— vz°J — v*zk over the upper half surface of

the sphere x* + v~ + =% = 1 bounded by the projection of the xy-plane.
Sol: The boundary C of S is a circle in xy plane i.e == + v==1, z=0
The parametric equations are X=cos8, v = sinf, 8 = 0 = 2w

dx = —sind df, dyv = ros8 d8
IE.dF = IEldx+E2dy+E3dz = I(Zx— y)dx — yz?dy — y*zdz
:J;(Ex — v)dx(since z = 0 and dz = 0)

2z 2 2z
:—J' (2cos@—sin@)sinOd o = jsinz Hde—j sin260d6@
0 0 0

-
&7

= ;:,} 1—::539 df — Jf,;.:x sin2@ df = EE‘ - %51’?1:25' —%. 53525‘]&
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MATHEMATICS -lI VECTOR CALCULUS

:}(Q-IT —Q0)+0 —}. (cosdm — cos0) = m

T i k
. _ 8 8 2 _ _
Again v x F=| - — — |=1—2yz+2vz)—J(0—-0)+k(0+1) =k

2x—v -
[V x Fj.ﬁa{szfs k.7ds = fﬁf dxdy

Where R is the projection of S on xy plane and k.7ids = dxdy

dv=a(t (T gvdr = 4t VI aTdes a|EvT =T tein1 o]
Nowjfji?dld}—‘lfx:ﬁj;_zc_ d_uch—-’-}j;:&\,l X -:1{1—4:*.,1 x* + sin :LE.

=4 [}Sin_i l] =2'§:;r
.~ The Stokes theorem is verified.

5.Evaluate by Stokes theorem 955(1- +vldx +(2x — z)dv + (v + z)dz where C is the
boundary of the triangle with vertices (0,0,0), (1,0,0) and (1,1,0).

Sol: Let F.d7 = F.( idx + jdw + kdz) = (x + y)dx + (2x —z)dy + (v + z)dz
ThenF=(x+v)i+(2x=z)7+ (v +2)k
By Stokes theorem, ¢_F.d7 = [ [, curl F.iids

Where S is the surface of the triangle OAB which lies in the xy plane. Since the z Co-
ordinates of 0, A and B

Are zero. Thereforeit = k. Equation of OA is y=0 and

that of OB, y=x in the Xy plane.

. curl F.ads=curl F.K dx dv = dx dv

gSEF. dF = fj___ dedy = L dd = A = areaof the A OAB
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MATHEMATICS -lI VECTOR CALCULUS

='0A x AB = E><:|.><:|.=1
! 2 2

8(1,1,0)

i

P A(1,0,0)

6: Verify Stoke’s theorem for F = (x> =+ v?)T1— 2xvj taken round the rectangle

bounded by the lines x==a.v = 0, v = b.

Sol: Let ABCD be the rectangle whose vertices are (a,0), (a,b), (-a,b) and (-a,0).
Equations of AB, BC, CD and DA are x=a, y=b, x=-a and y=0.

We have to prove that ¢ F. d7 = [ curl F.7ids

gSEF. di = gsc{(x: — 3T — 2xvihf Tdx + jdy}

zgfac (x° =¥y ) dx — 2xvdy

N AE‘_-JrS‘c_-JrC.D_-JrDA (D)
VA
C(-a,b) y=b Bla,b)
x=-aJ _ x=a
D(-a,0) e Voo AwOl

(1) Along AB, x=a, dx=0

ook i

b
fi 1, [ =(_ —2avdy=—-2a|=—| =—ab’
rom (1) IAS J;.--c- ay dy -:1[ - ]c- ab
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MATHEMATICS -lI VECTOR CALCULUS

(i)Along BC, y=b, dy=0

X=—a 3 _ EE
from (1), I:I (X2+b2)dx:{%+b2x} =—— —2ab’

BC «x=

(iii) Along CD, x=-a, dx=0

0 270
from (1), j = I 2aydy = Za{y—} = —ab?
CD y=b Z y=b

(iv)Along DA, y=0, dy=0

from (1), ls[A:X:[ax dx_{ 3} -
(D)+(in)+(iii)+(iv) gives

= =
- B -
a —2a 2 12/ 2a

gSEF.dF =—ab -/~ 2ab” — ab’ +T = —4ab- .2

Consider [ curl F.1dS

Vector Perpendicular to the xy-plane is i1 = k

> | T
Il

=

]

Lol

~ curl F=

"-':"‘l'-'.u b |
= T

(x2+ v —2xv
Since the rectangle lies in the xy plane,
7 =k and ds =dx dy
Jrs curl F.ndS = Jrs —4vk. kdx dy = Jr;:_c _er: o 4y dx dy
b a b
=J;f’= I —4ydxdy=4 I y[x] dy=-4 I 2aydy
y=0 -a y=0

=—4a[y?]2-, = —4ab” ...(3).Hence from (2) and (3),

Stoke’s theorem Vverified.
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7.Verify Stoke’s theorem for F = (v —z + 2)1+ (vz + 4)j — xzk where S is the surface

of the cube x =0, y=0, z=0, x=2, y=2,z=2 above the xy plane.
Sol: Given F = (v —z + 2)i+ (vz + 4)] — xzk where S is the surface of the cube.
x=0, y=0, z=0, x=2, y=2, z=2 above the xy plane.

By Stoke’s theorem, we have [ curl F.iids = [ F.d7

I 7 k
vxF=| 2 2 Ll=to+y)—jl—z+D+RO-D=yi-(1-2)]—k
dx dy 2=
yv—z+2 v+4 —x=

" UXFA=VxFk=(i-(1-2z)j—k)k=-1

n [Vx Fads = jc: J::: —ldxdy (vz=0,dz=0)=—4
(D)
To find [ F.dF
[Fdr=] ((u —z+2) T+ (vt 47— 1‘:EJ (dxt + dyJ + dzk)

= [[(y—z+2)dx+ (yz = 4)dy — (xz)dz]

Sis the surface of the cube above the xy-plane

o [Fodi= [(v+2)dx+ [4dy

Along 04,y =0,z = 0,dv = 0,dz = 0,x change from 0 to 2.

Jo2de=2[x3=4 (2)
Along BC,v = 2,z=0,dyv = 0,dz = 0,x change from 2 to 0.
J; 4dx=4[x]2=-8 L .(3)

Along 45, x = 2,z =0,dx = 0,dz = 0,y change from 0 to 2.
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9 2
[F.dF= [ady=[4y] =8 . (4)
0 0
AIong CO,x=0,z=0,dx =0,dz =0, v change from 2 to Q.

Jy 4dy=—8 ()

Above the surface When z=2

Along 0'4’, [*Fdr=0 ....(6)
Along 4'B",x = 2,z = 2,dx = 0,dz = 0,y changes from 0 to 2

2 2 272

IF.dr=I(2y+4)dy=2{y7} +4[y] =4+8=12 (7
0 0 0

Along B'C’,v = 2,z = 2,dy = 0,dz = 0, xchanges from 2 to 0
JyFdr=o0 (8)

Along €'D’,x = 0,z = 2,dx = 0,dz = 0, y changes from 2 to 0.

j(2y+4):2{y7} +4[y] =-12 e(9)

2
(2)+(3)+(4)+(5)+(6)+(7)+(8)+(9) gives
JFd7F=4-8+8-8+0+12+0-12=—4 .....(10)
By Stokes theorem, We have
[ F.dr=[ curl F.fids=-4

Hence Stoke’s theorem is verified.
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