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Objectives:

1. The aim of numerical methods is to provide systematic methods for solving problems in a
numerical form using the given initial data and also used to find the roots of an equation.

2. To learn the concepts curve fitting, numerical integration and numerical solutions of first

order ordinary differential equations.

Evaluation of improper integrals using Beta and Gamma functions.

Evaluation of multiple integrals.

In many engineering fields the physical quantities involved are vector valued functions.

Hence the vector calculus aims at basic properties of vector valued functions and their

applications to line, surface and volume integrals.

kW

UNIT - I: Solutions of algebraic and transcendental equations, Interpolation

Solution of algebraic and transcendental equations: Introduction, Bisection Method, Method
of false position, Newton Raphson method and their graphical interpretations.

Interpolation: Introduction, errors in polynomial interpolation, Finite differences - Forward
differences, backward differences, central differences. Newton’s formulae for interpolation,
Gauss’s central difference formulae. Interpolation with unevenly spaced points - Lagrange’s
Interpolation.

UNIT - II: Numerical Methods

Numerical integration: Generalized quadrature - Trapezoidal rule, Simpson’s 1/3™ and
Simpson’s 3/8" rules.

Numerical solution of ordinary differential equations: Solution by Taylor’s series method,
Euler’s method, Euler’s modified method, Runge-Kutta fourth order method.

Curve fitting: Fitting a straight line, second degree curve, exponential curve, power curve by
method of least squares.

Unit I1I: Beta and Gamma functions

Introduction of improper integrals- Beta and Gamma functions - Relation between them, their
properties, Evaluation of improper integrals using Beta and Gamma functions.

Unit IV: Double and Triple Integrals

Double and triple integrals (Cartesian and polar), change of order of integration in double
integrals, Change of variables (Cartesian to polar).




Unit V: Vector Calculus

Introduction, Scalar point function and vector point function, Directional derivative, Gradient,
Divergence, Curl and their related properties, Laplacian operator, Line integral - Work done,
Surface integrals, Volume integral. Vector integral theoerem-Green’s Theorem, Stoke’s theorem
and Gauss’s Divergence Theorems (Statement & their Verification).

TEXT BOOKS:

1) Higher Engineering Mathematics by B V Ramana ., Tata McGraw Hill.
i1) Higher Engineering Mathematics by B.S. Grewal, Khanna Publishers.
iii) Mathematical Methods by S.R.K Iyenger, R.K.Jain, Narosa Publishers.
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i) Advanced Engineering Mathematics by Kreyszig, John Wiley & Sons.
ii) Advanced Engineering Mathematics by Michael Greenberg —Pearson publishers.
iii) Introductory Methods of Numerical Analysis by S.S. Sastry, PHI

Course Outcomes: After learning the contents of this paper the student will be able to

1. Find the roots of algebraic, non algebraic equations and predict the value at an
intermediate point from a given discrete data.

2. Find the most appropriate relation of the data variables using curve fitting and this
method of data analysis helps engineers to understand the system for better interpretation
and decision making.

3. Find a numerical solution for a given differential equation.

4. Evaluate multiple integrals and to have a basic understanding of Beta and Gamma
functions.

5. Evaluate the line, surface, volume integrals and converting them from one to another
using vector integral theorems.




MATHEMATICS-1I INTERPOLATION

UNIT-I
SOLUTION OF ALGEBRAIC AND TRANSCENDENTAL EQUATIONS,
INTERPOLATION

INTRODUCTION

Using mathematical modeling, most of the problems in engineering and physical and
economical sciences can be formulated in terms of system of linear or non linear
equations, ordinary or partial differential equations or Integral equations. In majority
of the cases, the solutions to these problems in analytical form are non-existent or
difficult or not amenable for direct interpretation. In all such problems, numerical
analysis provides approximate solutions are practical and amenable for analysis.
Numerical analysis does not strive for exactness. Instaed, it yields approximations
with specified degree of accuracy. The early disadvantages of the several numbers of
computations involved has been removed through high speed computation using
computers, giving results which are accurate, reliable and fast. Numerical approch is
not only a science but also an ‘art’ because the choice of ‘appropriate’ procedure
which ‘best’ suits to a given problem yields ‘good’ solutions.

Solution of algebraic and transcendental equations

Introduction:

Polynomial function: A function f (x) is said to be a polynomial function of n'" degree, if

f(x) isapolynomial in x. ie. f(x) = a@px™ + a;x™ '+ Hap X+ ay
where a, #0, the co-efficients a,,q,........... a, are real constants and n is a non-negative
integer.

Algebraic function: A function which is a sum (or) difference (or) product of two
polynomials is called an algebraic function. Otherwise, the function is called a transcendental
(or) non-algebraic function.

Bg: f(x) =x3—4x?+5x — 2 is a algebraic equation

Eg:  f(x) = xcosx —e* = 0 is a Transcndental equation

Root of an equation: A number & is called a root of an equation f(x)=0 if

f (a) =0. We also say that & is a zero of the function.

Graphical view of a root of an equation:

y

/

v

0 X
root

The roots of an equation are the points where the graph y = f (x) cuts the x-axis.
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MATHEMATICS-1I INTERPOLATION

Methods to find the roots of an equation f (x) = 0:

1. Direct methods: We know the solution of the polynomial equations such as linear equation

ax + b =0, and quadratic equation ax’ +bx+c =0, using direct methods or analytical methods.
Analytical methods for the solution of cubic and biquadratic equations are also available.But we are
unable to find roots of higher order (above fourth order) algebraic equations and also transcendental

euations.So,we go for Numerical methods i.e Iterative methods.

2. Iterative methods: The following are some iteravative methods to find an approximate
root of an equation

(1) Bisection Method
(2) Regula- Falsi Method
(3) Newton Raphson method

Intermediate value theorem: If fis a real-valued continuous function on the interval
[a, b], and u is a number between f(a) and f(b), then there is a ¢ € [a, b] such that f(c) = u.

Bisection method or Half-interval method:

Bisection method is a simple iteration method to find an approximate root of an equation.
Suppose that given equation of the form is f(x) = 0.
In this method first we choose two points xg x4 such that f(x,) and f(x;) will have opposite
signs (i.e f(xg). f(x;) < 0) then the root lies in interval (x,, x;). Now we bisect this interval
at x, ,if f(x,) = 0 then x, is a root of an eqution otherwise the root lies in (x, x;) or(x,, x;)
accordingly f(xo).f(x;) < 0 and f(x,).f(x;) <O.
Assume that f(xg).f(x;) < 0 then the root lies in interval (xy,X;) , now we bisect this
interval at x5, ,if f(x3) = 0 then x5 is a root of an eqution otherwise the root lies in (xg, X3)
or(x3, x,) accordingly f(xg). f(x3) < 0 and f(x3). f(x,) <O.
We continue this procedure till the root is found to the desired accuracy.

PROBLEMS

1. Using bisection method, find the negative root of x’ —4x+9=0
SOL:

Givenf(X)= x* —4x+9

f(-1)=-1+44+9=12>0

f(-2)=-8+8+9=9>0

f(-3)=-27+12+9=-6<0

Since f(-2)>0 and f(-3)<0 therefore root lies in interval (-2,-3)= (x,, X1)
Bisect this interval to get next approximation x,

ie x;=——=-25, f(-25)>0
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MATHEMATICS-1I INTERPOLATION

Since f(-2)>0 (-2.5)>0 f(-3)<0 therefore root lies in (-2.5,-3)
Bisect this interval to get next approximation x3

2573275, f(=2.75)<0

P

i.e X3:

Since f(-2.5)>0 {(-2.75)<0 {(-3)<0 therefore root lies in (-2.5,-2.75)
Bisect this interval to get next approximation x,

_2'5_2'75:--2.625, f(—2.625) <0

l.e x,=

Since f(-2.5)>0 f(-2.625)>0 {(-2.75)<0 therefore root lies in (-2.625,-2.75)
Bisect this interval to get next approximation xg

lexg=—227275_ 5 6875, f(—2.6875)<0

Since f(-2.625)>0 {(-2.6875)>0 f(-2.75)<0 therefore root lies in (-2.6875,-2.75)

Bisect this interval to get next approximation x

e xg=— 22 0 7187, f(~2.7187) <0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure
when two successive approximations are same up to four decamal places)

2). Find a root of the equation x’ — x—1=0 using the bisection method in 5 — stages
Sol. Given f(x) =x3—x—1
f)=-1<0
f(2)=5>0
~One root lies between 1 and 2
Now see f(1) is near to O than f(2). So root is near to 1
so again find f(1.1),f(1.2)......

Till one is + ve and another — ve.

Clearly (1.1)<0,f(1.2)<0

(1.3)=-0.103<0

(1.4)=0.344>0

Since f(1.3)<0 and f(1.4)>0 therefore root lies in interval (1.3,1.4)= (xq, x1)
Bisect this interval to get next approximation x,

ie. x, =%(1.3+1.4)=1.35

here f(2) =5>0

Since f(1.3)<0 f(1.35) > 0 f(1.4)>0 therefore root lies in (1.3,1.35)

Bisect this interval to get next approximation x3
1.3+1.35

1.e X3= =1.325, f(1.325) =0.0012>0

> =
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MATHEMATICS-1I INTERPOLATION

Since f(1.3)<0 f(1.325)>0 £(1.35)>0 therefore root lies in (1.3,1.325)
Continuing like above upto two iterations nearly same upto three decimals,we get
Therefore, Approximate root is 1.32.

3) Find a root of an equation 3x= e*using bisection method.
Sol

Let f(x)=3x—ex
f(l):0.281718>0
f(2):—1.389056<0

Since f(1)>0 and f(2)<0 therefore root lies in interval (1,2)= (x, X1)
Bisect this interval to get next approximation x,
Xo + X

=1.5 f(1.5) >0

Le x, =

Since f(1)>0 f(1.5)>0 f(2)<0 therefore root lies in (1.5,2)

Bisect this interval to get next approximation x3
1.5+2

iexs = =1.75 f(x3) = f(1.75) <0

P

Since f(1.5)>0 f(1.75)<0 f(2)<0 therefore root lies in (1.5,1.75)
Bisect this interval to get next approximation x,

—Po1.625,  f(1.625) = 1.666 > 0
Continuing like above up to 12 iterations we get

x11 = 1.512323

and

X1, = 1.512208
Therfore we got two successive iterations same up to three decimal places
Therefore, Approximate root is 1.512.
4. Find a root of an equation x log;o x= 1.2 using bisection method which lies between 2
and 3
Sol:
Given f(x) = x logox — 1.2
f(1)=-1.2<0
(2)=-0.59<0
f(3)=0.23>0
Since f(2)>0 and f(3)<0 therefore root lies in interval (2,3)= (xq, xX1)

Bisect this interval to get next approximation x,

. 243
1.e XZZT =2.5

Here f(2.5) <0

[.e x,=

Since f(2)<0 f(2.5)<0 f£(3)>0 therefore root lies in (2.5,3)
Bisect this interval to get next approximation x3
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MATHEMATICS-1I INTERPOLATION

2'5‘;3:2.75 Here f(x3) = f(2.75) > 0

Continuing like above ,we get xq = 2.7453 x,,=2.7406

i.ex3=

Therefore, Approximate root is 2.741.

5.Find a root of an equation x = cosx using bisection method.
SOL:

Given fx) = x - cos(x)

f(0)=0—-cos0O = -1 <0

f(1)=1-cosl = 04597 >0

then one root must be lies between in (0,1)

Here f(1)value is near to zero so

f(09) = 0.2784 >0

f(0.8) = 0.1033>0

f(0.7) = —0.0648 <0

Since f(0.7)<0 and f(8)>0 therefore root lies in interval (0.7,0.8)= (xq, x1)

Bisect this interval to get next approximation x,
e, x,=200% 0708 _ 975  £(0.75) = 0.0183 > 0

2 2
Since f(0.7)<0 £(0.75)>0 {£(0.8)>0 therefore root lies in (0.7,0.75)

Bisect this interval to get next approximation x3

) _xy+ %  07+075 y
Lexs=——"—= > = 0.725  f(0.725) = —0.0235<0

Since f(0.7)<0 f(0.725) < 0 £(0.75)>0 therefore root lies in (0.725,0.75)
Bisect this interval to get next approximationx,

X2+ x5 0.725+40.75

l.ex, = > = 2 = 0.7375 £(0.7375) = —0.0027 < 0

Since £(0.725) < 0 f(0.7375) < 0 f(0.75)>0 therefore root lies in (0.7375,0.75)
Bisect this interval to get next approximation xg

X, + x, 07375+ 0.75

i.exe= = = 0.7425 (0.7425) = 0.0057 > 0
> 2 2

We continue this procedure till the root is found to the desired accuracy. (stop the procedure
when two successive approximations are same up to four decamal places)

The required approximate root = 0.7392.
6. Find a root of an equation 3x = cosx + 1 using bisection method.
SOL:Given f(x) = 3x— cosx-1
f(0)=-2<0
f(1) = 14597 > 0
f(0.5) = —-0.3776 < 0
Since f(0.5)<0 and f(1)>0 therefore root lies in interval (0.5,1)= (xq, x1)

Bisect this interval to get next approximation x,
Xo+ X1 0.5+1

=——=0.75 f£(0.75) = 0.5183 >0

i.e x2=

2 2

Since f(0.5)<0 £(0.75)>0 £(1)>0 therefore root lies in (0.5,0.75)
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MATHEMATICS-1I INTERPOLATION

Bisect this interval to get next approximation x3

X2+ Xg _ 0.5+0.75

> S = 0.625 f(0.625) = 0.06403 >0
Since (0.5)<0 £(0.625) > 0 (0.75)>0 therefore root lies in (0.5,0.625)

Xo+ X3 _ 0.5+0.625 _
2 2

i.e x3=

Bisect this interval to get next approximationx, i.e x,=

0.5625 f(0.5625) = —0.1584 < 0
Since 1(0.5)<0 £(0.5625) < 0 f(0.625) > 0 therefore root lies in (0.5625,0.625)

X3+ X4 _ 0.5625+0.625
2 2

Bisect this interval to get next approximation x5 i.e X5=

0.59375  f(0.59375) = —0.0475< 0

We continue this procedure till the root is found to the desired accuracy.

(stop the procedure when two successive approximations are same up to four decamal places)
Therefore, Approximate root is 0.61.

7.Find the real root of the equation x*-5x+1=0 by bisection method.

Sol: given that f(x)= x3-5x+1
f(0)=1 >0,
f(1)=-3 <0
Hence the root lies between 0 and 1

e o 1
Let the initial approximation be Xo= O% =0.5

f(0.5)=-1.375<0
since f(0) > 0 and £(0.5)<0

therefore the root lies between 0 and 0.5
0+0.5 ~0.05

The second approximation Xi=

f(0.25)=-0.234 <0
since f(0) > 0 (0.25) <0 £(0.5)<0
therefore the root lies between 0 and 0.25

0+0.25

the third approximation x»= =0.125

Now £(0.125)=0.3749 > 0
f(0) > 0 £(0.125)>0 £(0.25) <0

therefore the root lies between 0 and 0.125

continue this procedure till the desired occurucy is obtained.

False Position Method ( Regula — Falsi Method)

Using False position method we find the approximate root of the given equation f (x) =0 in
in this method first we choose two initial approximate values x, and x, such that f(x,) and

f(x1) will have opposite signs i.e f (xo) f (xl) <0. Therefore the root lies in interaval

(%0, %0)
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MATHEMATICS-1I INTERPOLATION

Here two cases occur (i) f(x,)<0, f(x)>0 (i) f(x,)>0, f(x)<0

y
B
(x1,f(x1))
f(x1)>0
C N
(0]
X3

f(x0)<0

FIGURE OF CASE (I)

v

root
A (x0,f(x0))

Let A:(xo,f(xo)) and B :(xl,f(xl)) be the points on the curve y = f(x) Then the
y—f(xo) | fx)—fxe) (1)

X—Xo X1—Xg

equation to the chord AB is

At the point C where the line AB crosses the x — axis, where f(x) = 0ie, y =0
substitute y = 0 in equation (1), then we get

S f (%) > (2)

f('xl)_f(XO)

x is given by (2) serves as an approximated value of the root, when the interval in which it

X=X,

lies is small. If the new value of x is taken as x, then (2) becomes

X, =X _—(xl—xo) X,
TN o () )
=xof(xl)—xlf(xo)
f(x)=1(x)

Now we decide whether the root lies between

. 3)

x, and x, (or)x, and x,
In the above graph clearly f(x2)<0
Therefore root lies between x; and x2

We name that interval as (x1 , xz)

The next approximation is given by x; =
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MATHEMATICS-1I INTERPOLATION

This will in general, be nearest to the exact root. We continue this procedure till the root
is found to the desired accuracy.

The iteration process based on (3) is known as the method of false position

The successive intervals where the root lies, in the above procedure are named as

(xo,xl),(xl,xz),(x2,x3) etc
Where x; < x;,1 andf(x,), f(x;;,) are of opposite signs.
xi_lf(xi)—xif (xi_,)
f(x)=f(xa)
CASE(ID f(x,)>0, f(x)<0

Repeate same procedure as case(i).

Also x,,, =

PROBLEMS:

1. Find an approximate root of the equation f(x) = logx — cosx by using Regula-Falsi
method.

Sol : Given equation is f(x) = logx — cosx

f(1) =logl— cos1l =—-0.5403 <0

f(2) =log2 — cos2 =1.1093 >0

Since f(1) < 0 and f(2) > 0 Therefore the root lies in interval (1,2) = (xq, x;)
Since f(x,) = —0.5403 < 0 and f(x;) = 1.1093 > 0
The next approximation to the root is given by
o Xof (1) = x4 f (x0)
2 f(x1) = fxo)
F(x,) = £(1.3275) = 0.04239 > 0

= 1.3275

Since f(x,) = —0.5403 < 0 , f(x,) = 0.04239 > 0, f(x;) = 1.1093 >0

Therefore the root lies in interval (x,,x,) = (1,1.3275)
The next approximation is
% = Xof (x2) — x2f (%)
f(xz) — f(xo)
Continue the procedure until the successive approximations are same up to four decimal
places

= 1.3035

2. Find an approximate root of the equation f(x) = e*sinx — 1 = 0 by using Regula-
Falsi method.
Sol: Given equation is f(x) = e*sinx —1 =10
fl0)=-1<0
f(1) =1.2873>0

Since f(0) <0 and f(1) >0
Therefore the root lies in interval (0,1) = (xq, x;)
Flxg) =—-1<0 and f(x;) = 1.2873 > 0
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MATHEMATICS-1I INTERPOLATION

The next approximation to the root is given by
Y = Xof (x1) — x1f (xo)
? f(x1) — f(x0)

= 0.4372

f(xy) = f(0.4372) = —0.3444 < 0

f(x;) =1.2873 >0 and f(x,) = —0.3444 <0

Therefore the root lies in interval (0.4372,1) = (x4, x;)
The next approximation is

Yo = x1f(x2) — x2f (1)
° fQe) = fxq)

Continue the procedure until the successive approximations are same up to four decimal
places

= 0.556

3. Find an approximate root of the equation f(x) = 2x — log,, x — 7 = 0 by using
Regula-Falsi method.
Sol: Given equation is f(x) = 2x — logi, —7 =0

f)=-5<0

f(2) =-33010<0

f(3)=-14771<0

f(4)=0.3979>0

Since f(3) <0 and f(4) >0
Therefore the root lies in interval (3,4) = (xq, x;)
f(xy) =—-1.4771<0 and f(x;) =0.3979 >0
The next approximation to the root is given by

4 xof (1) — x4 (xo)

Xy = F(r) = F(xo) = 3.7878

f(x,) =—0.0028 < 0
f(x;) =0.3979 >0 and f(x,) = —0.0228< 0

Therefore the root lies in interval (3.7878,4) = (x5, x;)
The next approximation is

u = Xof (1) — x1f (x3)
’ f(x1) = f(x)

Continue the procedure until the successive approximations are same up to four decimal
places
4. Find a root of an equation 3x= e* using False position method.

Sol.  Let f(x):Sx—e"

£(0)=-1,£(0.1)=-0.8,...
£(0.6)=-0.0221192 <0, £(0.7) = 0.086247 > 0

= 3.7893

Then

Since f (0.6). f (0.7) <0 and these values are near to zero

Therefore the root lies in the interval (0.6,0.7)= (xq, x;)
By False position method
The next approximation to the root is given by
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MATHEMATICS-1I INTERPOLATION

Y = xof (x1) — x1f (xo)
2 f(x1) = f(xo)

= 3.7878

_ 0.6£(0.7)—-0.7£(0.6)

f(0.7)-£(0.6)
=0.620451

Since f(x()<0 f(x,) =1(0.620451)=0.001587>0  f(x,)>0
Therefore the root lies in the interval (0.6, 0.620451)= (x,, X2)
The next approximation to the root is given by

o = xof (x2) — x,f (%)
T f(x) = fxo)

0.6£(0.620451)—0.6204511(0.6)
- £(0.620451)—£(0.6)
=0.619083

£ (0.619083)=0.000025>0
= The Approximate root is 0.6190
5. Find the root of xlog;, x — 1.2 = 0 using Regula falsi method.
Sol:
f(x) = xlog1ox—1.2
Here
£(2)=-0.59<0,
£(3)=0.23>0
Since f(2)<0 and f(3) >0 the root lies in the interval (2,3) = (x,,x;)
The next approximation to the root is given by
Xy = Xof (1) — x1f (o)
f(x1) = f(x)

2f(3)-3f(2)

-

=2.7195
Since f(x,)<0 f(x,) =1(2.7195)=-0.0184<0  f(x1)>0
Therefore the root lies in the interval(2.7195,3)= (x,, x;)
The next approximation to the root is given by

u = Xof (x1) — x1f (x3)
’ f(x) = f(x2)

_2.7195 f(3)—3£(2.7195)
o f(3)—f(2.7195)
=2.7403

1(2.7403)=-0.000302<0
Clearly (2.7403) is nearly equal to zero up to 3 decimal places
= The Approximate Root is 2.740
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MATHEMATICS-1I INTERPOLATION

6. By using Regula - Falsi method, find an approximate root of the equation
x*—x—10=0 that lies between 1.8 and 2. Carry out three approximations
Sol.

Let us take f(x):x4 —x—10 and x, =1.8,x, =2

Then f(x,)=/f(1.8)=-13<0and f(x)=f(2)=4>0

Since f(x,) and f(x)are of opposite signs, the equation f (x)=0 has a root between
X, and x,
The first order approximation of this root is
X%
(%)

fl)=f(x)" "
2-1.8
4+1.3
=1.849

We find that f(x,)=-0.161 so that f(x,) and f (x,) are of opposite signs. Hence the

X, =X, —

=1.8-

x(—1.3)

root lies between x, and x, and the second order approximation of the root is

—1.8490-| 21549 x(-0.159)
0.159

=1.8548
We find that f(x;)= f(1.8548)
=-0.019
So that f (x3) and f (xz) are of the same sign. Hence, the root does not lie between
x, and x; But f (x3) and f (xl) are of opposite signs. So the root lies between

X, and x;, and the third order approximate value of the root is  x, = x3 —
e

f(x1)—f(x3)
= 1.8548 — 221858 + (-0.019)

4+0.019
Therefore, approximate root is 1.8557

NEWTON RAPHSON METHOD:

The Newton- Raphson method is a powerful and eligant method to find the root of an
equation. This method is generally used to improve the results obtained by the previous
methods.

Let x, be an approximate root of f (x) =0 and let x, = x,+h be the correct root

which implies that f (xl) =0. We use Taylor’s theorem and expand f (x1 ) =f (xo + h) =0
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:>f(x0)+hfl(x0):0

f (%)

fH(%)

Substituting this in x, ,we get
f(x)

X =X, fl(xo)

.. X, 1s a better approximation than x,

=>h=-—

Successive approximations are given by

X2, X3 un eenwen o X1 Where x4 = x; — %
GEOMETRICAL INTERPRETATION
From below diagram tané?:%rf:m .................. (1)
adj xo—-x1
But slope =tanf = f1(x¢) ............... (2)
From (1) and (2) we have
f (%)
X =Xy T
f1(%)

f(xl)

f(x3)

PROBLEMS

1. Using Newton — Raphson method
a) Find square root of a number
b) Find reciprocal of a number
Sol.  a) Square root:

Let f (x) =x"—N =0, where N is the number whose square root is to be found. The
solution to f (x) is then x = \/ﬁ

Here f '(x) =2x

By Newton-Raphson technique
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i+1 i fl (Xi ) -xi 2xi

=X, ==X +—
2 X,

Using the above iteration formula the square root of any number N can be found to
anydesired accuracy. For example, we will find the square root of N =24.

Let the initial approximation be x, =4.8
1 24\ _ 1(23.04+24) _ 47.04
x =2 (48+2) =2( )= =49

2 4.8 9.6
o g0, 24212401524 4801, o0
2 49) 2 49 9.8
=L agogs 24 | 1[23.9904+24) 47.9904 _, o0
) 4898) 2\ 4.898 9.796

Since X, = x,, there fore the solution to f (x)=x>—24=0 is 4.898. That means,

the square root of 24 is 4.898
b) Reciprocal:

.. The reciprocal of Let f (x) = L N =0 where N is the number whose reciprocal is to be
X

found

The solution to f (x)is then = % . Also, f'(x)= -1

2

X
To find the solution for f (x)=0, apply Newton — Raphson method]
(5v)
-1/x?
For example, the calculation of reciprocal of 22 is as follows

Xip1 = X; — = x;(2 — x;N)
Assume the initial approximation be x, =0.045
~x, =0.045(2-0.045% 22)
=0.045(2-0.99)
=0.0454(1.01) = 0.0454
x, =0.0454(2-0.0454x 22)
=0.0454(2-0.9988)
=0.0454(1.0012) = 0.04545
x; =0.04545(2-0.04545x22)
=0.04545(1.0001) = 0.04545

x4 = 0.04545(2 — 0.04545 x 22)
= 0.04545(2 — 0.99998)
= 0.04545(1.00002)
= 0.0454509
~Reciprocal of 22 is 0.04545
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2. Find by Newton’s method, the real root of the equation xe* = cosx correct to
three decimal places.
Sol. Let cosx — xe* = f(x)

Then £(0)=1>0 , £(0.5)=0.053 > 0(0.6) =—0.267 <0
So root of f(x) lies between 0.5 and 0.6

Here (0.5) value is near to zero.
f(1) is near to zero. So we take x, =0.5 and f'(x)=—sinx—(x+1)e"
.. By Newton Raphson method,we have

Xipl = X; —% for i=0,1,2....

First approximation is given by
_ f (%)
XN =X~
fH(x%)
=0.5- (053222 0.68026
—2.952507

The second approximation is given by

flx
X, = X _—1( 1)
f (xl)
=0.68026 ——0'56569
-3.946485

=0.536920

.. Continue like above we have x3= 0.51809 x4= 0.517757
Approximate Root = 0.517

3. Find a root of an equation e* sinx = 1 using Newton Raphson method
Sol : f(x)= e* sinx -1

f(0)=-1<0

f(0.1)=-0.8<0 ....

(0.5)=-0.209561<0

(0.6)=0.028846>0

Since 1(0.5)<0 and £(0.6)>0 the root lies in the interval(0.5,0.6)
but £(0.6) value is near to zero.

So choose x0=0.6

and

fH(x)=(cosx +sinx)e*

By applying Newton Raphson method,we have

Xipy = X; — }ff(x;?) for i=0,1,2.....

f(x)
f(x%)
0.028846

=0.6————==0.58861
2.532705

First approximation x;, = x, —
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f(x)
fH(x)

=0.588611—

The second approximation x, = x, —

0.000196

2.498513
=0.588533

~ Approximate Root is 0.588
4.Find a root of an equation x+log;( x = 2 using Newton raphson method.
SOL:
Given f(x) = x + log1ox — 2
Here
f(1)=-1<0
f(2)=0.301>0
Since f(1)<0 and f(2)>0 the root lies in the interval (1,2)
Here f(2)is near to zero
So (1.9)=0.1788>0; f(1.8)=0.0553>0
Since f(1.8) is near to zero
Choose x, = 1.8 then
Fie =14 1280°
By Newton Raphson method, we have

Xiz1 = X; — RACT) R 1=0,1,2.....

frx)
_ . o) 0.0555
Xy = Xg = o S18 - R L755)
Now f(1.7552)=-0.00013 and f/(1.7552) = 1.2473
fl(x1)
Xy, = X4 ———=1.7555
270 fea)

Now f(1.7555) =-0.00000012
Hence Approximate root is 1.7555(coorect to 4 decimal places)

5. Using Newton — Raphson method
a) Derive formula for cube root of a number
b) Find cube root of 15.
SOL: Let f(x) =x3 = N where N is the real number whose root to be found.

Solution to f(x) is then x3 = N f (x) = 3x?

J160) X3-N
- - = Xl - 2
£ 3X

Newton Raphson formula to find X;; 1 = X;

Here f(2) =-7 <0 and f(2.5) =0.625 >0
so one root lies between (2,2.5)
take initial approx value is xy = 2

using Newton Raphson formula X;,; = X; — %
2)°-15
X = —()—2 = 2.58333
3(2)
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(2.58333)° - 15

X, = 2.58333 — = 247144
3(2.58333)
X = 2.47144 — (247144)° ~15 _ 2.46622
3T~ 3(2.47144)2 ~ ©
2.46622)3 — 15
X, = 246622 — ( ) — 246621

3(2.46622)>2
. Xg = X9 = 2.466221(upto 4 decimal places) is the required approximate root.

6.Find a real root of the equation3 x = cos x + 1 Using Newton Raphson method.
f(x) =3 x-cosx—1

f(0)=-2<0

f(1) =1.4597 >0

.. The root lies between 0 and 1.

Let x, =1

using Newton Raphson formula,we have

Xiz1 = X; — ;1((9:3) for i=0,1,2.....

f (x)=3+sinx

£'(1)=3+sin1=3.8414

flxo) | 04597
flxo)  3.8414
£(0.8804) = 2.6412—0.6368 —1=1.0044

And £ (0.8804)=3.7709

First approximate root X; = Xg — =(0.8804

fO) _ 10044
fi(x) 37709
£(0.6141)=1.8423—0.8172—1=0.0251

and
f'(().025 1)=3.5762

Second approximation is x, = x, — =0.8804-0.2663=0.6141

0.0251
Third approximation is x, = x, —%2). ~0.6141- =0.6141-0.007=0.6071
£(x) 3.5762

5 £(0.6071)=1.8213-0.8213-1=0

Hence Required Root is 0.6071
7. Find the root between 0 and 1 of the equation x3-6x+4 = 0 correct to five decimal
places.
Sol: Let f(x) = x>-6x+4
f(0) =4 >0 and f(1) =-1 <0
Therefore the root lies between 0 and 1.
Let the root is nearer to 1.
So, xo=1
f'(x) = 3x%-6, f(1)=-3
The first approximation to the required root is
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xi=xo- L0 _ %: 0.66666

f'(x0)

Second approximation is given by

w=x1 - 2% 2073015
"(x1)

Third approximation is given by

= x- L9 _ 073004
"(x2)

Fourth approximation is given by

X4= X3 - &: 0.73205

(x3)

The root is 0.73205 correct to five decimal places

ORDER OF CONVERGENCE

The deviation from the approximate root with actual root is called ERROR.
Error at n®, (n+1)" iterations are

€n =Xn - €n+1 = Xn4+1-«
If e,,1 <k e,” then the method is said to be of order ‘p’.
NOTE:

1. The method converges very fast if ‘k’ is very very small and ‘p’ is large.
2. Regula falsi and iteration methods converge Linearly.

1. Show Bisection method converges LINEARLY.

Sol: Choose initial approximations a, b such that f(a).f(b)<0
And let first approximation be x,

. a+b b-a
Distance between a and x; =x;-a= A=
. a+b b-a
Distance between b and x; =b — x; =b — - =
Here say root « lies between a and x; or b and x;
b—-a
|x1-al< ==
2
After n iterations, we get
b—a
|'X'T1._CK|S on
1b-a
Xpi1-A|S ——
| n+1 | 2 2n
1 . . .
ent1 < Eerll . Bisection method converges linearly

2. Show Newton Raphson method converges Quadratically
Sol: Let x,.be the actual root and x;, x;,;are ith,(i+1)th iterations in NRM.Then
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fx)= () (X=X (1)

Taylor’s theorem around x=x,
Is given by f(x,)=f(xi+h
= f(x)+ (xr — xi) f! (xl.)+(xr_2—xozf”(xi) + - (2)
Neglecting higher order terms and sub (1) in (2) ,we get
0=/11(x,- X, )+ (xr — xi) f'(x,) +@f” (%)
Solving
1(x;)

1)

fll(xi)

€irr=1/2.( D

Ye;> Where p=2 and k==-1/2 ( )
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Introduction:

If we consider the statement y = f (x);xo < x<x, we understand that we can find the
value of y, corresponding to every value of x in the range x, <x <x, . If the function f (x)
is single valued and continuous and is known explicitly then the values of f (x) for certain

values of x like x,,x,......... x, can be calculated. The problem now is if we are given the set

of tabular values

X XO X1 x2 ............... xn

y H Yo V1 Vo o | e, VYn

Satisfying the relation y = f () and the explicit definition of f (x) is not known, it
is possible to find a simple function say ¢(x) such that f(x) and ¢(x) agree at the set of
tabulated points. This process to finding ¢(x) is called interpolation. If #(x) is a

polynomial then the process is called polynomial interpolation and ¢(x) is called

interpolating polynomial. In our study we are concerned with polynomial interpolation
OR

Let Xo>* =77~ 7X. be the values x and y,,y,,y,,———,y, be the values of yand y =

f(x) be a unknown function .The process to find the value of the unknown function y =
f(x) when the given value of x and the value of x lies within the limits x,to x, is called

interpolation

Extrapolation:

Let *0°% =~~~ "% be the values x and Yos V1> Y2»——— Y, be the values of y and y=f(x) be
a unknown function . The process to find the value of the unknown function y=f(x) when the
given value of x and the value of x lies outside the range of x,fo x, is called Extrapolation

Note: If the differences of x values are equal in the given data then it is called equal spaced
points otherwise it is called unequal spaced points

Note:

1) Suppose a given value of x is nearer to starting value of x then we use Newton’s
forward interpolation formula.

i) Suppose a given value of x is nearer to ending value of x then we use Newton’s
backward interpolation formula.

11) Suppose a given value of x is nearer to middle value of x then we use Gauss
interpolation formula.

1v) Suppose the given data has unequal spaced points then we use Lagrange’s

interpolation formula
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Finite Differences:

Finite differences play a fundamental role in the study of differential calculus, which is an

essential part of numerical applied mathematics, the following are the finite differences.

1.

Forward Differences 2. Backward Differences 3. Central Differences

1.Forward Differences: The Forward Difference operator is denoted by A , The forward

differences are usually arranged in tabular columns as shown in the following table called a

Forward difference table

Values Values of | First differences Second Third differences Fourth differences
of x y (A) differences (A3) (A%
(A%)
xz) yO
Ay, =y =Y
X, Y Ay, =Ay, -y,
Ay, =y,—y A3y0 :Az)’l_AZYO
X, Ap) Azyl = Ay, — Ay, A4y0 :A3y1_A3y0
Ay, =y, =Y, AB)H :Az)b_Az)’l
X, Vs A%y, = Ay, — Ay,
X4 Vs Ays =y, —ys3
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2. Backward Differences: The Backward Difference operator is denoted by V and the

backward difference table is

X |y | Vy | Ay | Ny | Aly
Xo | Yo
Vyi
X1 | v V3y,
Vy2 V3ys
X2 | y2 V3y; Viys
VY3 V3y4
X3 | Y3 Viy,
Vya
X4 | ya

3.Central Difference Table: The central difference operator is denoted by & and the

central Difference table is

X Y | 8y | &%y | &y | &y
X0 Yo
oY1
X1 | yi 5y
dy3n 3yan
X2 | Y2 5%ya Sty4
dysn ysn
X3 | y3 5%y3
Oy
X4 | ya

Symbolic Relations and Separation of symbols:
We will define more operators and symbols in addition to A, V and ¢ already

defined and establish difference formulae by Symbolic methods

1
Definition:- The averaging operator y is defined by the equation uy, = E[yrn/z + yr—l/Z]

Definition:- The shift operator E is defined by the equation Ey, =y .. This shows that the

effect of E is to shift the functional value y to the next higher value y . A second
operation with E gives E’y, = E (Eyr) =E (yM): Vs

Generalizing E"y" =y ,,
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Definition:-

Inverse operator E~' is definedas E'y, =y,
In general E™"y, =y, ,

Definition :-

The operator D is defined as Dy(x) = ;—x [y (x)]

Relationship Between operators:
i) Relation between A and E
Proof: We have Ay, = y; — Yo

=Eyo —¥o = (E— Dy,
—A=E—1(0r)E=1+4A

ii) V=1-E"
Pf: We have Vy, = y; — y,
Vy, =y1 —E7'y;
Vy; = (1—E Ny,
V=I1-E"'
iii) 6= EV2 _g1?
Pf : We have Sy% =Y1 — Yo
1 —_
= Ezy1 — E 2y:
2 2
4 _1
0yr = (Ez —E 2)y1
2 2
5 = E1/2 _E—1/2
. 1 1/2 -1/2
iv =—(E"“+FE
) M 2( )
1
Pf: we have py, = p (yr% + yr_g)
1,1 -1
wyr =5 (E2y, + E"2y;)
1, 1 _1
uyy =2 (Ez + E"2)y,
1,1 _1
u= E (EZ + E 2)

V) w1 El+%é‘2
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1,2 1 9?
PR LHS =2 = [2(82 + E73)]

=S (E+E1+2)

=§[(E§—E‘§)2 +4 ]

=2 (82 +4)=RHS

vi). ProvethatA=%62 +65 /1+i62
Pf: Let R.H.s=§52 +6 /1+§62

=286 +2 [14+-62]
2 4

= 5[5 +Va+57 ]

= Lo(E2 - E7) + \[4 + (B2 = E72)2

1 1 _1 1 _1
= ~8[(E2 — E2) + [ (E2 + E2)?
1 1 _1 1 _1
=15[(E2—E72)+ (E2 + E72)

2
1
=152.E2
2
1
=0.E2
1 _1 1
:(Ez—E z)_Ez
—E—1=A=RHS.

vii) Relation between the Operators D and E

: 0 h2 h3
Using Taylor’s series we have, y(x+h)=y(x)+hy'(x) o y! (x)+§ Y (x)+———-

This can be written in symbolic form

212 313
ny:{1+hD+hD D +————} ",

+
2! 3!
E=ehd
X3 If f (x) is a polynomial of degree n and the values of x are equally spaced then

A'f (x) is a constant
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2. The converse of above result is also true. That is, if A" f (x) is tabulated at equal

spaced intervals and is a constant, then the function f (x) is a polynomial of

degree n

3. A(x) = AA(F(X))

Problems :
1.Evaluate
(i)Acosx
(ii)A2 sin(px+q)
(iii)A"e™™"
(iv). If the interval of difference is unity then prove that

Alx(x + D(x+2)(x+3) =4(x+ 1(x + 2)(x + 3))
Sol:  Let h be the interval of differencing

(i)Acosx=cos(x+h)—cosx
=-2sin (x+ﬁ]sinE
2 2

(ii)Asin(px+q):sin[p(x+h)+q]—sin(px+q)

ph) . ph
=2cos| px+qg+— [sin—
(p g 2j ?

. ph . (~x ph
=2sin—sin| —+ px+qg+-—
2 (2 - 2}

A%sin(px + q) = ZSin%A [sin [px +q+ % (m+ ph)”

2
:[Zsin%h} sin[px+q+%(7z+ph)}
(iii) Aeax+b Y ea(x+h)+b - eax+b
— e(ax+b)(eah—1)
A2eax+b — A[A(eax+b)] — A[(eah — 1)(eax+b)]
— (eah _ 1)2A(eax+b)
— (eah _ 1)Zeax+b
Proceeding on, we get A" (e“”" ) = (e“h —1)n ™’
iv) Let f(x) = x(x + 1) (x + 2)(x + 3)
given h =1
we know that Af (x) = f(x + h) — f(x)
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Alx(x + Dx+2)(x+3)] =+ D(x +2)(x+3)(x + 4))
—x(x+ D(x+2)(x+3)
=+ Dx+2)(x+3)[x+4—x]
=4(x+ D(x+2)(x+3)
2.Find the missing term in the following data
x 0 1 2 3 4
y 1 3 9 - 81

Why this value is not equal to 3’ . Explain
Solution: Consider A*y, =0
= Yy —4y; +6y; =4y +y, =0
Substitute given values, we get
81-4y,+54-12+1=0= y, =31
From the given data we can conclude that the given function is y=3". To find y,,
we have to assume that y is a polynomial function, which is not so. Thus we are not
getting y=3’ =27
Equally Spaced : If the differences of x values are equal in the given data then it is called

equal spaced points otherwise it is called unequal spaced points

Newton’s Forward Interpolation Formula: Given the set of (n+ 1) values
(x0, Vo), (X1, Y1), — — =X, ¥n) of x and y. It is required to find a polynomial of n™ degree
ya(X) such that y and ya(x) agree at the tabular points with x’s equidistant (i.e.) xi = xo+ith (i
=0, 1, 2.....n) then the Newton’s forward interpolation formula is given by

p(p-1)
2!

p(p—13)l(p—2) A3

y = f(x) =y, +ply, + Ay, +

p(p-D(P-2)-——(p-(n-1)
(p-(n-1)

n!

Yot ——

+

X0

where p = ad

Note : this formula is used when value of x is located near beginning of tabular values

Problems :

1.Find the melting point of the alloy containing 54% of lead, using appropriate
interpolation formula

Percentage of lead(p) | 50 60 70 80

Temperature (Q°) |205 | 225 |248 |274
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Solution: The difference table is

X y A A? A®
50 205
~
5
\*A
60 225 3
\\A

23 0
70 248 3

26
80 274

Let temperature = f (x)

We have x = 54,xy =50,h =10 p = x—hxo = 0.4

By Newton’s forward interpolation formula

-1 -1)(p-2
F(x) =y, + phAy, + %Azyo L@ 3>!(p ) A3y, + — — — —
04(04-1 0.4)(0.4—-1)(0.4 -2
f(54)==2054—0A(20)4———£75———2(3)+-( A 3!)( )(0)

=205+8-0.36 =212.64. Melting point = 212.64
2. The population of a town in the decimal census was given below. Estimate the

population for the 1895

Year x 1891 1901 1911 1921 1931
Populationin

46 66 81 93 101
thousands

Solution: The forward difference table is

X y A A’ A’ A
1891 46
9 \\20 -
1901 66 \55\\\\
15 "2\\\\\
1911 81 3 "3
12 1
1921 93 4
8
1931 101
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04)(04 -1 04—-1)0.4(04—-2
(4)(64 ) sy 04 )64<4 ) )

46 + (0.4)(20) +

given h = 10,x, = 1891,x = 1985 then p=2/5=04

By Newton’s forward interpolation formula

-+
fG) = yo + pAyy + FE= A%y +

(0.4)(0.4-1)(0.4—2)(0.4-3) (_3)

24

p(p+1)(p+2)
TAS)’O + — — ——- f(1895) = +

=54.45 thousands

3. Find y (1.6) using Newton’s Forward difference formula from the table

y 3.49 | 4.82 | 596 | 6.5

Solution: The difference table is

X y Ay | A%y Ay
1 | 349

14| 482 | 133

18] 596 | 1.14 :8'2(1) -1.41

22| 65 | 054 |

X—X 3

Letx = 1.6, x0=1,h=1.4-1=04,p = — =

Using Newton’s forward difference formula, we have
p(p+1) p(p+D(p+2)
fG) =yo+phyo + ———Nyo + T By + = ===

35 357

f(1.6) =3.49 + 3/2(1.33) + 5—25 (-0.81)+%(-1.41)

=4.9656
4.Find the cubic polynomial which takes the following values
X 0 1 2 3
Y=f(x) 1 2 1 10

Hence evaluate f(4).

Sol: The forward difference table is given by
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X y Ay Ay Ay
0 1
1
1 2 5
-1 12
2 1 10
9
3 10
p=*=0 ¢ i n=i

Using newton’s forward interpolation formula, we get

-1 -D(x-2
Y=yo+ % Ay, + X(T_z ) Aly,+ Ma—x—g) 1?; ) Ay,
_ 1l+x(D)+ x(xz— 1) (2)+ x(x—=1(x=2) (12)

= 2x>-Tx>+6x+1
Which is the required polynomial.
To compute f(4), we take x,=3 , x=4

X—X
So that p= " =]
P h

Using Newton’s backward interpolation formula , we get

Y4=Y3+PVy3+—p(f;1) v2y3+p(p-;12)(3p+2) Viy

3

= 10+9+10+12

=41
Which is the same value as that obtained by substituting x=4 in the cubic polynomial 2x3-
Tx2+6x+1.

Newton’s Backward Interpolation Formula: Given the set of (n+ 1) values
(x0, Vo), (X1, 1), — = =X, V) of x and y. It is required to find a polynomial of n™ degree
yn(X) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) x; = Xxo+ih (i
=0, 1, 2.....n) then the Newton’s backward interpolation formula is given by

p(p+1)
2!

p(p+1)————[p+(n-1)] vy
n!

yn(x):)In‘l'pvyn-l' VZYn"’ ———+ 0

Where p = al _hx"

Note : This formula is used when value of x is located near end of tabular values

Problems :
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1. The population of a town in the decimal census was given below. Estimate the

population for the 1925

Year x 1891 1901 1911 1921 1931
Population in
46 66 81 93 101
thousands

Solution : The backward difference table is

X y Y V? V3 V4
1891 46

20
1901 66 -5

15 2
1911 81 -3 oy -3

12 - -1 -
1921 93 /7—4 -

8/

L7

1931 101

x—xp _ 1925-1931 _

given h = 10,x, = 1931,x = 1925 thenp = - n —-0.6
By Newton’s backward interpolation formula
p(p+1) plp+1)...[p+ (1 —-1)]
yn(x) = Yo + 0Vy, + TVZYn + —+ n V™,
—0.6)(0.4
~ f(1925) =101 + (—0.6)(8) + (2#(—4)
—-0.6)(0.4)(1.4 —-0.6)(0.4)(1.4)(2.4
LE000H0 | (000DAHEY
6 24
=96.21

2.Find y(42) from the following data. Using Newton’s interpolation formula
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x 20 25 30 35 40 45
y 354 332 291 260 231 204

Solution: since x=42 is located near end of the tabular values therefore we use NBIF

the backward difference table is

X y A A? A3 A* A5
20 354

-22
25 332 -19

-41 29
30 291 10 -37

-31 -8 /V 45
35 260 2 /' 8

-29 /v 0
40 231 " 2

/27

45 204

X—Xo
h

Givenx =42 and x,, =45,h =5, thenp = =—-0.6

We know that NBIF

+1 +1)(p+2
Ya(X) = yy + pVy, + BB y2y, o BEEDED g3y,

p(p+1)(p+2)(p+3) p(p+1)(p+2)(p+3)(p+4)
> Vy, + - Vey,

(_0_6)(2_0_6+1)(2)+0+(—0.6)(—0.6+1)(—0.6+2)(—0.6+3) (8) +

y(42) = 204 + (=0.6)(—27) + C

(—0.6)(—0.6+1)(—0.6+2)(—0.6+3)(—0.6+4)
120 (45)

=234.44

Central Difference Interpolation: The middle part of the forward difference table is
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X y Ay A’y Ay Aty Ay
Xy Y4

Ay, Az)’_4
X3 V3

Ay Azy—3 A3y74 A4y_4 A5y74
X, Voo

Ay, A2y72 A3y73 A4y73 A5y73
X Vi

Ay, Azy—l ASy—z A4y—2 Asy_z
X0 Yo

Ay, Azyo A3y71 A4y71 Asyfl
X Vi

Ay, Az)’] A3)’o A4y0
Xy Y

Ay, Azyz A3)’1
A3 V3

Ay,
Xy Y4

1.Gauss’s forward Interpolation Formula: Given the set of (n+ 1) values
(x0,¥0), (X1,91), — — =X, V) of x and y. It is required to find a polynomial of n™ degree
yn(X) such that y and yn(Xx) agree at the tabular points with x’s equidistant (i.e.) x; = Xo+ih (i
=0, 1, 2.....n) then the Gauus Forward interpolation formula is given by

p(p-1) p(p—-1(p+1) p(p-1)(p+1)(p-2)
Yn(x) =yo +PAYo + =~ APy 1+ =———Ay_4 + . Ay, + ——-—

X—Xo
h

Where p =
Note:- We observe from the difference table that
AYy =08y, Ny =87y, Ny, =6y,,,A'y , =5y, and so on. Accordingly the

formula (4) can be rewritten in the notation of central diffe
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p(p—l)azy +(1v+1)p(p—1)

2! 0 3!
) (p-1)p(p=2)
41

yp:[y0+p5y1/2+ 53)’1/2

54)70 +____]

2.Gauss’s Backward Interpolation formula: Given the set of (n+ 1) values
(x0,¥0), (x1,y1), — — =%, ¥n) of x and y. It is required to find a polynomial of n degree
ya(x) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) xi = xo+ih
(1=0, 1, 2.....n) then the Gauus Backward interpolation formula is given by

r(p+1) pp+ D(p— 1)A3
21 3! Y-z

N p(p + 1)(p4—' D(p+2) Ay,

Note: Gauss forward and Backward formulae used when x is located middle of the

A%y_; +

y=Yo+pldy_, +

tabular values
Problems :

1.Use Gauss Forward interpolation formula to find f(3. 3) from the following table
x 1 2 3 4 5

y=f(x) |15.30 15.10 15.00 14.50 14.00

Solution: the difference table is

X y Ay A%y A3y Aty

1 x2 15.3y2
-0.2

2 X1 15.1 y 0.1
-0.1 -0.5

3 xo 15.0 yo\ -0.4 A%y_, ~_ /O.9A4y_2
-0.5 Ayo 0.4A3y_,

4 xi 14.5 yi 0.0
-0.5

5x2 14.0 y2

X—Xo
h

Given x=3.3 , xo=3 ,h=1 hence p = =0.3

We know that Gauss forward interpolation formula is
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-1 +1 -1
Yp z[yo+p(Ay0)+p(Z' )A2y71+(p )3p'(p )A3y71
+1 -1 -2
+(p )(p-Dp(r )(A4y72)+————]—>(4)
4
B (0.3)(03-1) (0.3)(0.09-1) (0.3)(0.09-1)(0.3-2)
—15+(O.3)(0.5)+f( 0.4) + — (0.4)+ (0.9)
=14.9
2. Find f (2.5) using following Table
X 1 2 3 4
y 1 8 27 64
Solution: The difference table is
X |y | Ay |Ay Ny
1 1
7
2 8 12
19
3 27 18 6
37
4 64
h=1
p XX, _25-2 .
h 1
Using Gauss Forward interpolation formula,
_8+(0.5)19+ (0.5)(2—0.5) 12)+ (0.5—- 1)(06.5)(1.5 +1) ©6)
=15.625
3. Use Gauss forward interpolation formulae to find f(3.3) from the following
X 1 2 3 4 5
y 15.30 15.10 15.00 14.50 14.00
Solution:
X y Ay A%y Ay Aty
1 15.30
2 | 1sa0 | 0% L 0a0 |
3 15.00 _0'50 -0.40 0 '40 0.90
4 14.50 _0'50 0.00 )
5 14.00 '
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—15+(0.3)(-0.5) + M;)(‘O-”

+(0.3)(0.4) —(_0'76) @3

+ (03)(-0.7)(13)(-13) (~0.9) = 14.8604925 = 14.9

24
4. Find f(2.36) from the following table
x: | 1.6 1.8 2.0 2.2 2.4 2.6
y: | 4.95 6.05 7.39 1 9.03 | 11.02 13.46
Solution:
X y A A? A3 A* A>
1.6 4.95
L1 0.24
1.8 6.05 134 0.06 0.0
0.3 0.06
2.0 7.39 0.05 ’
1.64 035
2.2 x, 9.03 yo —L_ / \\0.1/ ! &
1.99
0.45
2.4 11.02 5 44
2.6 13.46

X—Xo

here we have x =236 ,x, =22,h=0.2,p = - =0.8
—1 +1 —1
yp:[yo"'p(AyO)_'_p(lZ), )A2y71+(p )3p'(P )A3 -1
+1 —1 -2
+(p )(p 4')p(p )(A4y2)+————]—>(4)

Substituting all above values in the formula then

f(2.36) =9.03 + (0.8)(1.99) +

(0.8)((2).8—1)(0‘35)_'_ (0.8+1)(0é8)(0.8—1)(0.1)+ (0.8+1)(0-8)(2(28—1)(0-8—2)(0.05)

=10.02

5. Find f(22) from the following table using Gauss forward formula
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x 20 25 30 35 40 45
y 354 332 291 260 231 204
Solution : the middle part of the difference table is
X y A A? A3 A* AS
20x, 354y, \}22 .
25 332 -19
-41 29
30 291 10 -37
-31 -8 45
35 260 2 8
-29 0
40 231 2
-27
45 204

X—Xo
h

Given x =22 and x, = 20, h =5, thenp = =04

The Gauss forward formula is
Y = Yo + pAy,
= 354 + (0.4)(—22)
=345.2

6. Find by Gauss’s Backward interpolating formula the value of y at x=1936, using the

following table.
X 1901 1911 1921 1931 1941 1951
y 12 15 20 27 39 52

Solution: The difference table is
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X y Ay A’y Ay Aty A%y
1901 x5 12ya3
3
1911x2 15y 2
5 0
1921 x1 20y, 2 3
/ 7Ay—1\ / 3A3y—2 /-IOASy—3
1931x0 27 yo 5AM%y_, Aty _,
12 -4
1941 x4 39y 1
13
1951x,  52y»
Given x=1936 and let xo =1931 and h=10 then p = "‘h"" =0.5
By Gauss backward interpolation formula we have
(p+ Dp (p+ Dplp—-1)
Y= Yo+ pAy+———A0% 30 Ay_,
+1 - 1D(p-2
L@ )p(p4' )(p —2) Ny, 4 ———

=27+(O.5)(7)+0'5)(25+1) (5) + (0.5)(1.2)(—0.5) (3) + (0.5)(1.5)(-0.5)(-1.5) (_7) +

24

(0.5)(1.5)(-0.5)(—1.5)(2.5) (_ 1 0)
120

=32.345

7. Using Gauss back ward difference formula, find y(8) from the following table

x 0 5 10 15 20 25

y 7 11 14 18 24 32

Solution: The difference table is

X

y Ay A%y A3y Aty Ay
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O0x2 7ya2
4
Sxa 1lya -1
3 2
10x 14 yo/ T 1 — \“-1
4 1 0
15 x; 18 yi 2 -1
6 0
20 x2 24y, 2
8
25 x3 32y3

X—Xo
h

=-04

Given x=8 and let xo =10 and h=5 thenp =

By Gauss backward interpolation formula we have

(p+1p (p+Dp(p—-1)

Y =Yo+pAyy +——— Ay + 30 Ay,
+Dpp—1)(p -2

N (p )p(p4' )p—2) A4

(-0.4)(—0.4+1)(-0.4—1)
6

Yoot —

14+(0.4)(3)+(‘°"”<2¢+” (1) + (2) +

(-0.4)(—0.4+1)(—0.4—-1)(—0.4—-2)
24

(—-1)=12.704

Lagrange’s Interpolation Formula: Let f(x) be continuous and differentiable (n+1)
times in the interval (a, b). Given the (n+1) points as(xo, Yo), (x1,¥1), (X2, ¥2).....
(Xn,yn) Where values of x not necessarily be equally spaced then the interpolating polynomial
of degree ‘n’ say f(x) is given by

(xm ) (2=, oo (2= x,) (=) (=, )=,
f(x)= o f(x,)+ “— f(x1)
(*) (xo—xl)(xo—xz) ......... (xo—xn) (%) (xl—xo)(xl—xz)....(xl—xn) !

(x=2x0) (x=21) (x=%32) (X —2) (x=x0) (X=%1) reeem (x—xpn-1)
(x2=x0)(X2=21) eereenn (x2=xn) f(xZ) o (Xn—x0) (Xn=2x1) wevvnee. (Xn—%n-1) f(xn)

Note: This formula is used when values of x are unequally spaced and equally spaced

PROBLEMS

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD)




MATHEMATICS-1I INTERPOLATION

1. Using Lagrange formula, calculate f(3) from the following table

x |0 1 2 4 5 6

f (x) 1 14 15 5 6 19

Solution: Given x5 =0,x; =1,x, =2,x3 =4,x, =5,x; =6
F(x%)=Lf(x)=14,f(x)=15f(x)=5f(x,)=6f(x5)=19

From Lagrange’s interpolation formula

=£—§x14+§x15+§x5—§x6+2x19
60 40

240 60 48 48
=0.05-4.2+11.25+3.75-1.84+0.95 =10

f(x3)210

2. Find f(3.5) using Lagrange method of 2"’ and 3" order degree polynomials.
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x 1 2 3 4
fx) |1 2 9 28
Sol: By Lagrange’s interpolation formula For n=4 ,we have

| (35-2)(3.5-3)(3.5-4) . (3.5-1)(3.5-3)(3.5-4)
RS e T (S CP7 & iy v e o oy
(3.5-1)(3.5-2)(3.5—4) o (3.5—-1)(3.5—-2)(35—-3) (28)

B-DB-2)B-4) (4-DE-2)4-3)
=0.0625+(-0.625)+8.4375+8.75

=16.625
x—2)(x—=—3)(x—4 x—1)kx—-3)(x—4
ou 10 - ETDETDE=D ) o DE-Da=9)
Tt (x—l)(ZC_—ZZ))(x—4) 9) + (x—l)(x;Z)(x—S) (28)
x*2—-5x+6)(x—4 x2=3x+2)(x—4
=( —6)( )+(x2—4x+3)(x—4)+( _2)( )(9)
x2—-3x4+2)(x-3
+( )( )(28)
6
x3 —9x2% 4+ 26x — 24 x3 —7x%+14x -8
= 3 +x3—-8x2+19x—12 + = 9
x3 —6x%2+11x—6
(28)
6
[—x3+9x2—26x+24+6x3—48x2+114x—72—27x3+189x2—378x+216+308x+28x3—l68x2—168]
- 6

3 1.2
:6x 186x +18x:>f(x):x3—3x2+3x

< £(3.5)=(3.5) -3(3.5)" +3(3.5)=16.625

3. Find f (4) use Lagrange’s interpolation formulae.
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X 0 |2 |3 |6
Y=fx) | 4 |2 |14 |158

Soluiotn:
(x—xz)(x—x3)(x—x4) (x—xl)(x—x3)(x—x4)

(xz _xl)(xz _x3)(x2 _x4)

(x—x)(x—x,)(x—x,)
Y2+(x3—xl)(x3—x2)(x3—x4)y3+(x4—xl)(x4—x2)(x4—x3)
Where x=4,x, =0,x,=2,x;,=3,x, =6
_(4-2)(4-3)(4-6)
— (=2)(-3)(-9)
(1) (1) (=2) 4x2x(-2)
_42)@)
6@() "
224 158 —4—18+224+158

—4
=T ()22 20
9( )+ 9 v 9 9

><(74)+

=40

4. The following are the measurements T made on curverecorded by the oscilograph
representing a change of current I due to a change in condn s of anelectric current

T[1.2 [2 25 |3
I [1.36 | 0.58]0.34 | 0.2

Solution:
Since data is unequispaced, we use Lagrange’s interpolation
— (-x_xl)(-x_xz)(x_x3) (—x—xo)(x_xz)(x_ x3)
(xo _-xl)(x() _xz)(xo_x3) 0 (-x1 _-x())(-xl _xz)(xl_x3) '
(X—XO)(X—XI)(X—X3) (x_xo)(x_xl)(x_ X2)
3

2

(305 — xp ) (X, — X (X, — x3) (x5 — X)) (x5 —x ) (X5— ;)

v = aA.6—1.2)1.6—2)(1.6 —3) (1.36) + (1.6—1.2)(1-6—2.5)(1-6—3) (0.58)
a.6—1.2)1.6—2)1.6—3) 2—1.2)2—2.5A.6—3)
N a.e—1.21.6—21.6—3) 0.34) + ada.oe—1.2)(1.6—2)1.6—2.5) 0.2)
a.e—1.21.6—21.6—33) ad.e—1.2)a.6—2)1A.6—2.5)

=0.8947 .. 1 =0.8947

5. Find the parabola passing through points (0,1), (1,3) and(3,55) using Lagrange’s
Interpolation Formula.

x [0 |1 1|3
y |1 |3 |55

Solution: Given Lagrange’s interpolation formula is
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_ (r=x)(x—x,) N (x—x))(x—x,)
(X —x)(x) — x,) ’ (x4 = x)(x, — x,) 1
N (x—x)(x—x,)
(X, = X%)(% = %) "
(x D(x— 3) (x=0)(x-3)
(0 1)(0— 3) 1-0)1-3)
+(x—0)(x—1) (55)
B-0)3-1)
== [48x% — 36x + 6]
=8x2 —6x+1

3)

6. A Curve passes through the points (0,18),(1,10),(3,-18) and (6,90). Find the slope of
the curve at x = 2.

x |0 1 3 6
y |18 [10 |-18 90
Solution: Given data is

Since data is unequispaced, we use Lagrange’s interpolation

— (x_x1)(-x_x2)(x_x3) (x_xo)(x_xz)(x_x3)
(xo —X )(xo ) )(Xo_ Xs) ’ (xl — X )(xl —X )(Xl - X3) 1
(x—x)(x—x)(X—x;) N (x—x)(x—x)(X—x,)

(6, = %)% = X)X, = X)) 7 (5 = %) = 1) =%,)
_G-DE=3)x-6) o x-0)x=3H(x-6),
~(0-1)(0—-3)(0—6) 1-0)d-3)(1-6)

L D -DHx-6) (-18) L D& =Dx=3)

(3-0)3-D(3B-6) (6)(6-1)(6-3)
_ = DE=3)(x=6) o G=0x=3)(x-6),
~(0-1)(0-3)(0- 6) (1-0)1-3)1-6)

LD =D(x-6) (-18) L WE=Dx=3) o

B-0)3-D3B-6) (6)(6-1)(6-3)
=2x3-10x’+18

d
22— 6x2 — 20x
dx
=~ Slope of curve at x = 2 is 6(2)* — 20(2) = —
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UNIT-II
NUMERICAL METHODS

Numerical Integration

Introduction :
The process of evaluating a definite integral from a set of tabulated values of the integrand
f (x), which is not known explicitly is called Numerical Integration.

Newton —Cote’s Quadrature Formula:

We want to find Definite integral form f: f(x)dx, where f(x ) is unknown explicitly,then
We replace f(x) with interpolating polynomial.

Here we replace with Newton Forward Interpolation formula

Divide the interval (a, b) into n sub intervals of width h so that

a =xg<x1=Xxg+h... ..<x,=x,+h=D>bThen

p(pzv_l) A’y + oo, + p(p_1)(”_2)”’”"(19_(”_1)) A"y,
! n:

¥, (X) =y, + pAy, +

X—Xq

Where p = hdp =dx atx=xy=> p=0andx=x,=> p=n

b n n y_
fa f(x)dx = f;o y,(x)dx=h f;i) (y0+pAy0+ P(];! D Ao+ e )dp

n
N th (y()"'pA)’o"'p(pT’_l)Azyo"_ )dp

=nh [, + %Ay + 2 2n-3)A%y +m-2)2A%y, +....]
Yo ) Yo 12( ) Yo 24( ) Yo

This is Newton Cotes Quadrature Formula.
. . . . . b
Derive Trapezoidal Rule for numerical integration of fa f(x)dx

IL.TRAPEZOIDAL RULE:

Sub n=1 in Newton Cotes Quadrature formula and taking the curve y = f(x) passing
through (x,, yo)and (x1,y;) as a straight line so that differences of order higher than first

become zero( i.e., A%, Aetc become zero) (n=number of intervals)
X h .
fxol fQ)dx = h[ +%Ay0]=5 [Vo + V1loeemeieiiiiiii, (i)

Similarly we get
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[ fOdx =2 [y; + y,] et i)

Adding above we get
n h
f,i) ydx = ;[()’0 +y)+20n+y, + ———— +yn_4)]

h
j ydx = 3 [(sum of the Ist & last oridinates) + 2(sum of the remaining ord.)]

X0

Geometrical interpretation of Trapezoidal Rule:

¥
ERROR
e " b x
x1 xk i

x0

Here trapezoidal rule denotes sum of areas of above trapeziums.
. . . . . b
Derive Simpson’s 1/3 Rule for numerical integration of fa f(x)dx

I1. Simpson’s 1/3 Rule (n=2)

sub n=2 in Newton Cotes Quadrature_Formula and taking the curve y = f(x) passing
through (xg, ¥o), (x1,¥1) and (x,,y,) as a parabola so that differences of order higher than

second become zero( i.e., A3, A*etc become zero)
f;:z f(x)dx = 2h[y0+Ay0+éA2 Yol

We know E = 1+A A

then [32 fOdx =3 [yo +4y1 + 72 ]
Similarly f;‘; f(x) dx=2h[y,+4y,+y,]

n h
and so on f;n_z flx)dx = 3 [Vn-2 + 4Yn—1 + ¥n]
Adding
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[o) ydx = 2o +yn) + 401 + Yot o Ynt) + 200 + vt o+ Yno))]

Xn

h
f ydx = 3 [(sum of the first and last oridinates) + 4(sum of the odd ordinates)

Xo
+ 2(sum of the remaining even ordinates)]|
This is known as Simpson’s 1/ 3 Rule (or) Simply Simpson’s Rule. .
II1. Simpson’s 3 / 8 Rule

n 3h
[olydx = 2100 +¥) + 301 + vz + 4+ Yst + Yn1) + 20+ Yo+ o+ Ynos)]
Note: -

1. Trapezoidal Rule is applicable for any number of subintervals

2. Simpson’s 1 / 3 rule is applicable when the number of subintervals must be even
3. Simpson’s 3 / g Tule is applicable when the number of subintervals must be multiple of 3

Compare Trapezoidal Rule and Simpson’s 1/3 rule
In trapezoidal rule we take n=1(no of subintervals) between every two points we are taking a
straight line(LINEAR) where as in simpsons rule n=2 means we are taking a parabola so

error is less compare to trapezoidalrule.

PROBLEMS

1. Evaluate f: %dx by using trapezoidal and simpson’s 1/3 rules taking n=6

b_
SOL: h = — =2
6
Here %1 since lim ——=1
0 x>0 X
X 0 n 21 3 4n 5 T
6 6 6 6 6

sinx 0 0.5 0.866 1 0.866 0.5 0
Sinx/x 1 0.9549 0.8270 0.6366 0.4135 0.1910 0
i) Trapezoidal rule :

01 ﬁdx = zﬁ [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) |

= 1”—2 [ (1+0) +2(0.827+0.4135+0.9549+0.6366+0.1910) | = 1.8446

ii) Simpson’s 1/3 rule:
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f —dx— —[(sum of the Ist & last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]

= l[(1+0)+2(0.827+0.4135)+4(O.9549+0.6366+0.1910)] =1.852

2. Evaluate f dx by using trapezoidal , simpson’s 1/3, Simpson’s 3/8 rules.

SOL: We want to use above 3 rules so take n=6

b—-a 1-0 1
h=—=—=

n 6 6
T rapezoidal rule :

f mdx =— [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) |

=§ [ (1+0.5) +2( 0.8571+0.5454+0.75+0.6+0.6666) | = 0.69485

ii) Simpson’s 1/3 rule:
f :dx— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]
= % [(1+0.5)+2(0.75+0.6)+4(0.8571+0.6666+0.5454)] = 0.6931

iii) Simpson’s 1/3 rule:

flLdX =

0 1+x

3h
?[(}’0 +¥) + 3+ Y, FYatystoo A+ Yu) 203 F Yet .+ Yno3)]

= —[(1+0.5)+2(0.6666)+3(0.8571+0.75+0.6+0.5454)] = 0.6932

3. Evaluate [ 45'2 logx dx by using trapezoidal , simpson’s 1/3,Simpsons 3/8 rules from

X 4 4.2 4.4 4.6 4.8 5 5.2
logx | 1.3863 | 1.4351 | 1.4816 | 1.5261 | 1.5686 | 1.6094 | 1.6487
Yo Y1 Y2 Y3 Ya Ys Yo

SOL: Here h=4.2-4=0.2

i) Trapezoidal rule :

f logx dx == [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]

1/6

2/6

3/6

4/6

5/6

6/6

Yo

0.8571
V1

0.75
V2

0.6666

V3

0.6
Vs

0.5454
Vs

0.5
Ve
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:02;2[(1.3863+1.6487)+2(1.4351+1.4816+1.5261+1.5686+1.6094)] = 1.8277
ii) Simpson’s 1/3 rule:
f —dx— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]
%[(1.3863+1.6487)+2(1.4816+1.5686)+4(1.4351+1.5261+1.6094)] =1.8279
iii) Simpson’s 3/8 rule:
Jy 78%= 200 + ) + 301 + Y2 +Ya + Y5+ F Yno1) + 20 + Vet + Yna)]
6[(1 3863+1.6487)+2(1.5261)+3(1.4351+1.4816+1.5686+1.6094)] = 1.8278

4. The velocity v (m/sec) of a particle at distance S(m) from a point on its path given by
following table

S (0 [10]20 3040|5060
v |47 |58 64|65 |61 52| 38

Estimate the time taken to travel 60 meters by Simpsons 1/3 and 3/8 rules.

d
SOL: Letv = d_: be the velocity of particle at any time ‘t’

d
Then dt = 75 Integrating on both sides with limits 0 to 60

601
Thent = fo > ds

S |0 10 20 30 40 50 60

v |47 58 64 65 61 52 38

1/v [ 0.0212 | 0.0172 | 0.0156 | 0.0153 | 0.0163 | 0.0192 | 0.0263

I) Simpson’s %rule:

(sum of the first and last oridinates)
f60 Lds= — +4(sum of the odd ordinates)
+2(sum of the remaining even ordinates)

= 13—0[(0.0212+O.0263)+2(0.0156+O.0163)+4(0.0172+0.0153+0.0192)]= 1.0603 sec
ii) Simpson’s % rule:
60 1
t=[, - ds= _[(yo+yn)+3(y1+yz+y4+y5+ + Yno1) + +2(y3 + Yot .+ Yn_3)]

=§[(0.0212+0.0263)+2(0.0153)+3(0.0172+0.0163+0.0192)]= 0.8857 sec
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5.Evaluate | : /2 gsinxdx correct to four decimals places by Simpsons 3/8rule

SOL: Here h=—
12

X 0 n 2n 3 4 S5n n
12 12 12 12 12 2
y 1 1.2954 1.6487 2.0281 2.3774 2.6272 2.718

Simpson’s % rule:
60 1 3h
t=J, - ds=F[0o+y) +301+y2+ya+yst + Y1) + 423 + Y6+ .+ Yn-3)]

= Z[(142.718)+2(2.0281)+3(1.2954+1.6487+2.3774+2.6272)=3.1015

1

6. Evaluate Il ! > dx using Simpson’s 3/8 rule
+x

0
1

Divide the interval into 6 sub intervals & tabulate the values of f(x;) = T2 88

Ans.
follows
x; |0 |1/6 2/6 | 3/6 4/6 5/6 6/6
f(x;) |1 1097291 0.90 | 0.80 |0.69231 | 0.59016 | 0.5
Here h=1/6

Using Simpson’s rule
1 3h
I=Jy =dx =2 [ +¥6) +30n + 2+ y4 +5) + 2y3]

1+x2

(1.0 + 0.50) + 3(0.9729 + 0.90 + 0.69231 + 0.59016) + 2(0.80)]

:%[

1
=1G (12.5662) = 0.785395 = 0.7854

1
dx, taking 5 sub internals & by using Trapezoidal rule.

1
7. Find the value of I 5
o 1+x

Sol:

Construct a table of values of x;&y; = f(x;) as follows
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X; 0.0 0.2 0.4 0.6 0.8 1.0
Vi 1.00 0.961538 | 0.832069 | 0.735294 | 0.609755 | 0.50

Using Trapezoidal rule we get

1
1= 1+1 S dx = 0;22 (1.0+0.50) +2(0.961538+0.832069 +0.735294 +0.609759) |
0 X

=0.783734
8. Find the area bounded by the curve f (x)=y and x-axis from x=7.47 to x=7.52

X; 7.47 7.48 7.49 7.50 7.51 7.52
Yi 1.93 1.95 1.98 2.01 2.03 2.06

Sol: - Here h =0.01

Area formed by the curve y = f (x) and x — axis from x=7.47 to x=7.52 is

Area = 7J§2f (x)dx

7.47

Applying Trapezoidal rule we get

7.52

Area = j f(x)dx=g[(y0 +)’5)+2()’1 + ¥, +Y3+y4)]

7.47

001
2
=0.0996

[(1.93+2.06)+2(1.95+1.98+2.01+2.03)]

1
9.Find'|.x3dx with 5 sub intervals by Trapezoidal rule
0

Sol: - Here a=0,b:1,n:5&y:f(x):x3
an=2m2_ 1705
n 5
The values of x & y are tabulated below
X 0.2 0.4 0.6 0.8 1
y 0.008 |0.064 |0.216 |0.512 |1

By Trapezoidal rule
1 h
fo x3dx = > [(Vo +ya) +2(y1 + 2 + ¥3)]
= % [(0.008 + 1) + 2(0.064 + 0.216 + 0.512)]

=0.2592= 0.26
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10. Evaluate ][‘t sin zdr using Trapezoidal rule
(0]

Sol:- Divide the interval (0,7) in to 6 parts each of width & = %

The values of f (z)=rsinz are given below

t 0 /6 2716 | 37/6 | 4x/6 | Sx/6 | 7w
f(r)=y 0 0.2618 | 0.9069 | 1.5708 | 1.8138 [ 1.309 |0
Yo N Y2 Y3 Y4 Ys Y6
By Trapezoidal rule

T . h
Itsmtdt=5[(y0 +36)+2(n o+ v+ v+ 5) |
0
- %[(o+o)+ 2(0.2618+0.9069+1.5708 +1.8138 +1.309) |
T
=2 (11.7246
L )

=3.0695 = 3.07

11. Find the value of jﬂ by Simpson’s 1/3 rule. Hence obtain approx. value of log,.2
1 X

Sol:- Divide the interval (1,2) in to 8(even) parts each of width 7 =0.125

X 1 1125 [125 1375 |15 1625 [ 175 |1.875 |2
1 |1 0.8888 | 0.8 | 0.7272 ]| 0.6666 | 0.6153 | 0.5714 | 0.5333 | 0.5
y=-—
oy » ¥, ¥ Y ¥s Yo ¥, s

By Simpson’s 1/3 rule

2d h
Z =[G+ Ys) + 4 + Y3+ ¥s + ¥7) + 2y, + Va + V6)]

1 x 3

- 0';25 [(1+0.5)+4(0.8888+0.7272+0.6153+0.5333) + 2( 0.8 + 0.6666 + 0.5714) |

222154110584+ 4.076] =015 166344]  =0091

By actual integration,

2

J.ﬂ = [logx]]2 =log2—logl=1log2
T X

Hence log2 =0.6931, correct to four decimal places
12. A rocket is launched from the ground. Its acceleration is registered during the first
80 seconds and is given in the table below. Using Simpson’s 1/3 rule, find the velocity of

the rocket at t = 80 seconds
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t (sec) 0 |10 [20 [30 [40 |50 |60 [70 |80
f(cm/sect) |30 | 31.63[3334]3547(37.75 [ 40.33 [ 43.25 | 46.69 | 50.67

L ) 0
Sol:- We know that the rate of velocity is acceleration Le., f = 8—‘;

.. Velocity of the rocket at 7 =80sec is given
v=["fdt
10
=3 [(30 +50.67) + 4(31.63 + 35.47 + 40.33 + 46.69)2(33.34 + 37.75 + 43.25)]

= 1[80.67 + 616.48 + 228.68] =~ (925.83) =3086.1

13. A river is soft wide. The depth ‘d’ in feet at a distance x ft from one bank is given by

the table

x [0 10]20]30|40|50]|60|70 |80
y|O(4 |7 |9 |12|15]|14|8 |3

Find approximately the area of cross-section

Sol:- Here h=10,y,=0,y,=4,y,=7,y,=9,y,=12,y,=15,y,=14,y, =8& y, =3

. 80
Area of cross section = J‘ ydx

0

= h
Area = g[(yo+y8)+4(y1+y3+)’5 +}’7)+2(y2+y4+y6)]

:?[(O+3)+4(4+9+15+8)+2(7+12+14)]

=2[3+144+66]
3

=710sq.ft

T

14. Evaluate _[sin xdx by dividing the interval(0,7) in to 8 sub intervals & using

0
Simpson’s 1/3 rule
Sol: - Given a=0,b=m,n =8&f(x) =sinx

b_a=ﬂ_0=7z/8
8

n
Tabulate the values of sin x as follows

x; |0 |\ #/8 | x/4 | 3x/8 | w/2 | 5Sx/8 | 67x/8 | Tn/8 | &
sinx; |0 [038 |0.71 |0.92 1 0.92 0.710 |0.38 0

Simpson’s 1/3 rule for n =8 is
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b h
1 =If(x)dX=§[(yo+ys)+4(yl Y Y+, )+ 2(V, + Y+ e ) ]
:8—”3[(0+0)+4(0.38+0.92+0.92+0.38)+2(0.71+1.0+0.71)]

=1.99

15. Find the area bounded by the curve y = e_)% , X axis between x =0& x =3 by using
Simpson’s 3/8 rule

Sol:- Divide the interval (0,3) into 6 sub intervals - p=2""—0.5

The values of y, =e™* are tabulated as follows

x; 100105 1.0 1.5 2.0 2.5 3.0
y(x;) | 1.0 ] 1.33 | 1.649 | 3.080 | 7.389 |22.760 | 90.017

By Simpson’s 3/8 rule we get

3h
e /2 dx = ) [(Vo +¥6) + 31 + Y2 + ¥4 +¥5) + 2y3]

Rn-t

I =

w o

C2[(1.00 +90.017) + 3(1.33 + 1.649 + 7.389 + 22.760) + 2(3.080)]

=36.8551
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Numerical solutions of ordinary differential equations

The important methods of solving ordinary differential equations of first order numerically

are as follows

1) Taylor’s series method
2) Euler’s method
3) Modified Euler’s method of successive approximations

4) Runge- Kutta method
To describe various numerical methods for the solution of ordinary differential equations, we
consider the general 1* order differential equation.

—3: = f(x,y)------- (1) with the initial condition y(Xxo)=yo

The methods will yield the solution in one of the two forms:

i) A series for y in terms of powers of x, from which the values of y can be obtained by direct
substitution.

ii) A set of tabulated values of y corresponding to different values of x

The methods of Taylor belong to class (i)

The methods of Euler, Runge - Kutta method, belong to class (ii)

TAYLOR’S SERIES METHOD

To find the numerical solution of the differential equation ? = f(x,y)2(1)
X

With the initial condition y(x,) =y, > (2)

y(x) Can be expanded about the point x, in a Taylor’s series in powers of (x—x,) as

(x— xo)

Y0 = (o) + S22y () + EZ () 4+ EZL () 4. - (3)

In equation (3), y(x,) is known from initial condition equation. The remaining coefficients
V' (x), () eenvennn y"(x,) etc are obtained by successively differentiating equation (1) and
evaluating at x,. Substituting these values in equation, y(x)at any point can be calculated

from equation. Provided h=x-x, is small.

When x, =0, then Taylor’s series equation can be written as
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2 n

v(x) = y(0) + x.y'(0) + (YO +%y”(0) Foeen >4)

Note: We know that the Taylor’s expansion of y(x) about the point x in a power of

(x — Xxop) is.

300 = y0) + Ly 4 By o L)

X 3t y" (xg)+...>() Or

()c—xo)y,+ (x—x,)° v (x—x,)’°

YOO =yot 21 3]

If we let x — xo = h. (i.e. X = X0 + h = x1) we can write the Taylor’s series as

h ? n h'
- nr + ..
YR =y =yo+ 5 ¥+ yTE YT+ Y
° h ! hz II h nr (4)
i.e.y1=yo+ ﬁ)’o + el Yo+ ;yo " yo 2(2)

Similarly expanding y(x) in a Taylor’s series about x = x;. We will get.

nr 4
Y= y1+1,y1+2,y1+;y1 +4|y(1) ....... 9(3)

Similarly expanding y(x) in a Taylor’s series about x = x, We will get.
n h nr
ys—yz+1, Y, + ;y2+3, Y2 + L 7 y2 2@
In general, Taylor’s expansion of y(x) at a point x= x, is
h _, h? " " Y
Yos1=Yn + Fyn + ;yn N yn o y,(lv) F o crriierae @D

Merits and Demerits of Taylor series method:

In this method taking h very small and taking upto order h* terms we get less error but finding
derivatives may be complicate in some of the problems

PROBLEMS:

d
1. Solve d_y = xy +1 and y(0) = 1 using Taylor’s series method and compute y(0.1).
x
. dy
SOL.:. Given that I I =xyand y(0) =1
X

Hered—y=1+xyandyo=1,xo=0.
dx
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Differentiating repeatedly w.r.t ‘x” and evaluating at xo =0

y'(x)=1+xy, y'(0)=1+0(1)=1.
y'x)==x.y" +y, y" (0) = 0+1=1
y'x)=xy"+y +y y'"(0)=0.(1)+2(1) =2

The Taylor series for f(x) about xo =0 is

2 3

y(x) =y(0) + x_ y' (0) + % y'" (0) + %y”’ (0)  (Neglecting higher order terms)

Substituting the values of y(0) , y' (0), y'" (0), ....

2 3

x x
X)=1l+x+ —+ —(2
y(x) 5 6()

2 3
X

y(x):1+x+%+? >)

Now put x = 0.1 in equ (1),

y(0.1)=1+0.1+

(0.1)° N (0.1)3'
2 3

=1+ 0.1 +0.005 + 0.000333 = 1.105
2. Solve the equation ? = x— y*> with the conditions y(0) = 1 and y’ (0) =1. Find y(0.2)
X

and y(0.4) using Taylor’s series method.
SOL: Given that y'=x—y*,y(0)=1Here y, =1, x,=0

Differentiating repeatedly w.r.t ‘x’ and evaluating at x=0

Y )=x-y",y 0 =0-y(0)" =0-1=-1
Y)=1-2y",y"(0)=1-2y0)y'©0)=1-2(-1) =3
ST =1-2p" -2(/Y,y @=-250)."0)-2.(’0)y =-6-2=-8

The Taylor’s series for f(x) about xo = 0 is

2 3
X 122

y(x) =y(0) + % y' (0) + Y y" (0)+ %y (0) (Neglecting higher order terms)
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Substituting the value of y (0), y’ (0), y"' (0),.....

yx)=1 —x+%x2— §x3

6
3 4
=1-x+=x*-=x* =21
y(x) X+ X - 2X (1)
Now put x =0.11in (1)
3 2, 4 3
y(0.1) =1-0.1 + 5(0.1) + 3 (0.1)° = 0.9138
Similarly put x = 0.2 in (1)
3 ) 4 3
y(0.2)=1-0.2 +5(0.2) "3 (0.2)° = 0.8516.

3. Tabulate y(0.1), y(0.2) and y(0.3) using Taylor’s series method given that y'= y*>+ x

and y(0) = 1.
Sol: Giveny’ =y*+x .......... (D),
YOV =T oo )

Here xo =0, yo=1. Take h=0.1then x; =xo+ h=0.1,x2=0.2, x3=0.3

Differentiating (1) w.r.t ‘x’, we get

y'=2y-y'+1 2(3)
y"'=2ly-y' + ') >4)
y(iv) — 2[y _ynl + ylyn + zyr yll] — 2[y .y/// +3 y/ yn] 9(5)

Put xo = 0, yo= 1 in (1), (3), (4) and (5), we get
Yo =(1)*+0=1

yo =2(1) (D +1=3,

Yo =2((1) 3+ (1)) =8

Yo7 =20(1)(®) + 3(N3)] = 34

Take h = 0.1.

Stepl: By Taylor’s series expansion, we have

h 1A hz n h3 24 h4 i
YX1) =y1=Yo+ Yo+, Vo +5 Vo "'ZY(EW)’L“" >(6)
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on substituting the values of yo, ¥, ¥'’ etc in (6),we get

(0. 1) . O 1) . 0 1)

y(0.1) =yi=1+ (0.1)(1) +

=1+0.1+0.015+0.001333 +0.000416 = y;=1.116749
Step2: Let us find y(0.2),we start with (x1,y1) as the starting values
Here x;=xp+ h=0+0.1=0.1 and y; = 1.116749
Putting these values in (1),(3),(4) and (5), we get

y1 = yi+xi=(1.116749)* + 0.1 = 1.3471283

yi' =2y1y4 + 1 =2(10116749) (1.3471283) + 1 = 4.0088

Y = 2(yiy! + (y))?) = 2((1.116749) (4.0088) + (1.3471283)?] = 12.5831

n

y1 _2y 1y +6y1y1'=2(1.116749) (12.5831) + 6(1.3471283) (4.0088) = 60.50653
By Taylor’s expansion

"r (lv

y(x2) =y, =y1 + )’1 "‘_)’1 31 3’1 B }’1

y(0.2)=y,=1.116749 + (0.1)(1.3471283)+ (0'21)2 (4.0088)+ (0-61)3 (12.5831)+ (02-?4
(60.50653)

y2=1.116749 + 0.13471283 + 0.020044 + 0.002097 + 0.000252 = 1.27385

y(0.2) = 1.27385

Step3: Let us find y(0.3),we start with (x2,y2) as the starting value.

Here x,=x;+ h=0.1 + 0.1 =0.2 and y> = 1.27385

Putting these values of x2 and y2 in eq (1), (3), (4) and (5), we get

yh= v} +x2=(1.27385)2 + 0.2 = 1.82269

yy=2y2yh + 1 = 2(1.27385) (1.82269) + 1 = 5.64366
yi'=2[yyy + (¥y)?] = 2[(1.27385) (5.64366) + (1.82269)?]
= 14.37835 + 6.64439 = 21.02274
yP= 2y, + ¥4 + 65y =2(1.27385) (21.00274) + 6(1.82269) (5.64366)

=53.559635 + 61.719856 =115.27949
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By Taylor’s expansion,
YO) = yamyrHhyy + iy g Sy

(0.1)° (0.1y° 0.1)*
y(0.3)=y3=1.27385+(0.1)(1.82269)+ : + 7 (115.27949)

=1.27385 + 0.182269 + 0.02821 + 0.0035037 + 0.00048033 = 1.48831

y(0.3) = 1.48831

4. Solve y'= x* —y, y(0) = 1 using Taylor’s series method and evaluate y(0.1),y(0.2),y(0.3)

and y(0.4) (correct to 4 decimal places)
Sol: Given y'=x>—y
Here xo=0,y0=1

Differentiating (1) w.r.t ‘x’, we get

y'=2x-y’ 2> 3
yIII: 2_ yII 9 (4)
Y =-y" >

put xo =0, yo=11in (1),(3),(4) and (5), we get

Y= X, -yo=0-1=-1,

Yo'=2%0-y5=20)-(-)=1

V= 2y =2-1=1,

(W) "

Yo =-Yo =-1 Take h =0.1
Step1: by Taylor’s series expansion

n

h_ , h* ,
Y1) =y1=Yo+ ;Yo + ;Yo + ; Yo
On substituting the values of yo, ¥§ , V4

(0. 1)

2>(1) and y(0)=1

++—y

(0.1)3

22

5 e D)

etc in (6), we get

(0 1)

y(0.1) =yi =1+ (0.1) (-1) +

(D) +

-Dt...

=1-0.1 + 0.005 + 0.01666 — 0.0000416+....

=0.905125 ~ 0.9051 (4 decimal place).

Step2: Let us find y(0.2) we start with (x1,y1) as the starting values
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Here x=x0+h=0+0.1=0.1 and y; = 0.905125,

Putting these values of x; and y; in (1), (3), (4) and (5), we get
yi = x; -y1=(0.1)>-0.905125 = -0.895125

yi =2x1-y; =2(0.1) — (-0.895125) = 1.095125,

yi'=2-y{ =2-1.095125 = 0.904875,

¥ = 2y = 0.904875,

By Taylor’s series expansion,

nr

h , hZ " h3 h4 .
y(xz):yzzy1+;yl +;y1 +;y1 ++ZY§1V) +....

(0.1)°
2

©.1 (0.904875)+ ©.D

y(0.2)=y,=0.905125+(0.1)(-0.895125)+

(1.09125)+ (-

0.904875)+....

y(0.2) =y,=0.905125 — 0.0895125 + 0.00547562 + 0.000150812 — 0.00000377
=0.8212351 ~ 0.8212 (4 decimal places)

Step3: Let us find y(0.3), we start with (x2,y2) as the starting value

Here xo =x1 + h=0.1+ 0.1 =0.2 and y, = 0.8212351

Putting these values of x2 and y in (1),(3),(4), and (5) we get

Y5 = x; - ¥, = (0.2)2-0.8212351= 0.04 — 0.8212351 = - 0.7812351

y5=2x2 - y5 =2(0.2) + (0.7812351) = 1.1812351,

yy'=2- yy =2-1.1812351 = 0.818765,
yP= - yyr =-0.818765,

By Taylor’s series expansion,

h_, h2 " h3 " h* .
yX3)=ys=y2+ V25 V2 Y2 +Zy§"’) +...
2 3 .
v(0.3)= y3 =0. 8212351+(0.1)(-0.7812351)+ (0'21) (1.1812351)+ (0'61> (0.818765)+ (02-2 .

0.818765)+....

y(0.3) =y3 =0. 8212351-0.07812351+ 0.005906 + 0.000136 — 0.0000034
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=0.749150 ~ 0.7492 (4 decimal places)
Step4: Let us find y(0.4), we start with (x3,y3) as the starting value
Here x3=%x2 + h=0.2+ 0.1 =0.3 and y3 = 0.749150
Putting these values of x3 and y3 in (1),(3),(4), and (5) we get
y3 = x; -y3=(0.3)>-0.749150=-0.65915,
y3=2x3 - y5 =2(0.3) + (0.65915) = 1.25915,
y3'=2- y3 =2-1.25915 = 0.74085,
Y= - yy =-0.74085,
By Taylor’s series expansion,

nr

h_, hn® , nd ht G
YO) = Vamys+ TYR 5V v Ve HH Vs e

y(0.4)=y,=0.749150+(0.1)(-0.65915)+

2 3
O.h (0.61) (0.74085)+

1.25915)+
> ( )

0.D*

(0.74085)+....

y(0.4) =y, =0.749150 — 0.065915+ 0.0062926+ 0.000123475 — 0.0000030

=0.6896514 ~ 0.6897 (4 decimal places)
5. Using Taylor’s expansion evaluate the integral of y'—2y =3¢", y(0) =0, at
a)x = 0.1,0.2,0.3 b) Compare the numerical solution obtained with exact solution.
Sol: Given equation can be written as 2y +3e* =y, y(0) =0
Differentiating repeatedly w.r.t to‘x’ and evaluating at x=0

y'(x)=2y+3e",y'(0) =2y(0)+3e° =2(0)+3(1) =3
y'(x) =2y +3e", y"(0) =2y'(0) + 3" =2(3) +3=9
y"(x) =2.y"(x)+3e*, y"(0) =2y"(0)+3e’ =2(9) +3 =21
' (x)=2.9"(x)+3e", y" (0) =2(21) + 3¢ = 45
y'(x)=2.y" +3e*,y"(0) =2(45)+ 3¢’ =90+3=93

In general, y"*"(x)=2.y"(x)+3e" or y"*"(0)=2.y"(0)+3¢’

The Taylor’s series expansion of y(x) about x, =0 is

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL METHODS

2 3 4 5

X x x* x
y(x) =y(0) +xy"(0) + -7 y"(0) + 57y (0) + 7 y¥(0) + o y¥(0) + -
Substituting the values of y(0), y'(0), y"(0), y"(0),..........
21 5,45 4 93

y(x):OJrf'chrgx2 +—x +
2 6 24 120

9 , 7 5 15, 31 4
=3X4+ =X =X+ — X +—X .. 2> (1
y(x)=3x 2x 2x 8x 40x (1)
Now put x=0.1 in equation
9 2 7 3 15 4 31 5
0.)=30.)+=(0.1)"+=(0.1)" +—(0.1)" + —(0.1)’ =0.34869
y()()z()z()g()m()
Now put x=0.2 in equation
v(0.2) =3(0.2) +2(0.2)2 +z(0.2)3 +E(O.2)4 + 2(0.2)5 =0.811244
2 2 8 40
Now put x = 0.3 in equation(1)

¥(0.3) =3(0.3) + % (0.3 + % 0.3y + %(0.3)4 + i—(l) (0.3)° =1.41657075

Analvytical Solution:

The exact solution of the equation % =2y+3e" with y(0)=0 can be found as follows
X

4y _ 2y=3e" This is a linear in y.

dx

Here P=-2,0=3¢"

LF=e/p@dx _ o[ —2xdx _,-2x

General solution is y.e™* = I3ex.e’2xdx +c=-3¢ " +c
sy=-3¢"+ce”* Wherex=0,y=0 0=-3+c =c¢=3
The particular solution is y =3e™ —3e* or y(x)=3e** —3e"

Put x=0.11n the above particular solution,

y=3." -3e"" =0.34869
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Similarly put x=0.2
y =3e"* —3¢"* =0.811265

putx =03 y=3¢"" =3¢ =1.416577

6. Using Taylor’s series method, solve the equation % =x"+y” for x=0.4 given that
X

y=0whenx=0

Sol: Given equation is % =x+y*>and y=0 when x=0 ie. y(0)=0
x

Here y, =0, x,=0

Differentiating repeatedly w.r.t ‘x” and evaluating at x=0
y'(x)=x2+y%y'(0)=0+y2(0)=0+0=0

y'(x)=2x+y".2y,y"(0) =2(0) +y'(0)2.y =0

y"(x)=2+2yy" +2y".y",y"(0) =2+ 2.y(0).y'(0) + 2.¥'(0)?> = 2

yWe) =2.yy" +2.y",y" +4.y".y,y'(0) =0

The Taylor’s series for f(x) about x, =0 is

2 3 4

(%) = y(0)+ xy'(0) +;—! ¥"(0) +% Y"(0) +Z—! Y"(0) +..

Substituting the values of y(0), y'(0), ¥"(0),.....

3 3

y(x)=0+x(0)+0+ 23i' +0+........ = % + (Higher order terms are neglected)
3
Sy(0.4) = ©4) = 0.064 =0.02133
3 3
. . dy dz 2
7. Find y (0.1),y (0.2), z(0.1), z(0.2) given I =x+ y,d— =x—y° and y(0)=2, z(0) =1by
x X
Using Taylor’s series method
SOL: Giveny’ =x + z, take xo =0, yo = 2 ,h=0.1
We have to find y; = y(0.1) and y2 =y(0.2)
Now y' =x+z, y"=1+7z', y'""=2" ... q))
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Given z' = x-y*
take XO: O , Zo= 1 ,h S 01
we have to find z;-z(0.1) and z>-2(0.2)

now 7' :X_y2’ 7! :1_2y. yl, ylll =2 [y yll . (yI)Z] .................................... 1)

By Taylor’s series for y 1 and z Ve have

nr

2 3
y(X) = yo+ hyg+ % Yo + % Yo (neglecting higher order terms)....(1)

nr

2 3
z(X) = zo+ hzg + % Zy+ % zy' (neglecting higher order terms)................... (2)

From (I) and (II), we get

y0=2 Z0=1

y0’: x0+Z0: 0+1=1 ZOI = xo—y02=_4
v =1+z5=1+ Xo-yo> =1+0-4= -3 : Zo"' =1-2y0. ¥o' =1-2(2)1=-3

Yo''=zy"" =3 . 20""=2[y0. 0" +(¥0')?*] = 10

Substituting these values in (1) and(2)

yi=y(0.1)= 2+(0.1) 1+ 20 (-3) + 225(-3)=2.0845.

21=2(0.1)= 1+(0.1)(-4)+ "Zﬂ (-3)+ %(10):0.5867.
Similarly
By Taylor’s series for y»,z, are
! h'z 144 h3 nr
y2=y1 + h. yl + ; yl + ?yl .................... (3)
2 3
Z=21+h z{ + % z{ + %Z{” ....................... (4)

Now we have

y1=2.01845, 2o 1,
! =x142:1=0.140.5867=0.6867 2= xi-y1°= -4.2451

yi <14z) =1+ X1-y1° = -3.2451 . z," =1-2y1.y,' =-1.8628

yi'=z,"" =-1.8628 .z, =-2[y1.yyi + (y1)*] = 12.5856

Substituting in (3) and (4).We get
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0.01 0.001

y2=y(0.2)=2.0845+(0.1)(0.6867)+ -~ (-3.2451) + — (-1 .8628)=2.1367.

0.01 0.001

2>=2(0.2)= 0.5867+(0.1)(-4.2451)+ -~ (-1.8628)+ T(12.5856):O. 15497.

EULER’S METHOD:

It is the simplest one-step method and it is less accurate. Hence it has a limited application.

Consider the differential equation Z—y fix,y) =2(1) With y(x0)=yo =2(2)

o=
Consider the first two terms of the Taylor’s expansion of y(x) at x = Xo
y(X) = y(x0) + (X = X0) ¥'(X0) 2>(3)

from equation (1) y'(xo0) = f(X0,y(X0)) = f(xq, Vo)

Substituting in equation (3)

S y(X) = y(x0) + (X = x0) (g, yo) At x = X1, Y(X1) = y(X0) + (X1 — X0) (g, ¥o)

S ¥1=Yo+ hf(xg,¥o) where h = x1 — Xo

Similarly at x = X2, y,=y;+ h{(x;,y1) ¥ 4
Error

. (=1, ¥1)

Proceeding as above, yn+1 = yn + h f(Xn,yn) //'
(xo, M{l
:f— oL |3
This is known as Euler’s Method h
) ¥ o

From the fig,

oy

o o o0 Ho h
Tanazﬂ =22
adj h

Implies opp = h Tana

But Tana=slope at (xq,y,) = Z—z at(xy, vo)=f(x0, Vo)

~opp=h f(xo, yo)

Hence yi=yo+opp implies y;=y,+ hf(xq,y,) [NEGLECTING ERROR]

We remove that error by using EULER’S MODIFIED METHOD.
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PROBLEMS:

1. Using Euler’s method, solve for y at x =2 from Z—y = 3x? + 1,y(1) = 2,taking step size
X

(i) h= 0.5 and (i1) h=0.25

Sol:  Here f(x,y) =3x>+ 1, X0 = 1,yo=2

Euler’s algorithm is Yn+1 = yn + h {(Xn,yn), n=0,1,2,3,..... >(1)
()h=0.5 SLX1=X0+h=1+05=1.5
Taking n=0in (1) , we have x2=xXx1+h=15+05=2

y1= Yo+ h f(Xo,y0)

Le.yr=y(1.5)=2+(0.5) f(1,2) =2+ 0.5 3+ 1)=2+(0.5)(4) =4
Here xi=xo+h=1+05=1.5
Ly(lS)=4=y
Taking n=1 in (1),we have
y2=y1 + hf(x1,y1)
ie y(x2) = y2 =4+ (0.5) f(1.5,4) = 4 + (0.5)[3(1.5)* + 1] = 7.875
Here xo=x4+h=15+05=2

. y(2)=17.875

(i) h=0.25 Sx1=1.25,x2=1.50,x3=1.75, x4 =2
Taking n =0 in (1), we have

y1= Yo+ h f(xo,y0)
re.yxi)=y1=2+(0.2511,2)=2+0.25)3+1)=3

y(x2) = y2=y1 + h f(x1,y1)

ie. y(x2) = y2 =3 +(0.25) f(1.25,3) = 3 + (0.25)[3(1.25)> + 1] = 5.42188

Here x;=x1+h=1.25+0.25=1.5
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y(1.5) =5.42188

Taking n=2 in (1), we have

ie. y(x3) = y3 =y, + h f(X2,y2)
=5.42188 + (0.25) £(1.5,5.42188)
=5.42188 + (0.25) [3(1.5)*> + 1]=7.35938

Here x3=x2+h=1.5+0.25=1.75

- y(1.75) =7. 35938

Taking n =4 in (1),we have

y(x4) = ya=y3 + h f(x3,y3)

1.e. y(x4) = ya =7.35938 + (0.25) £(1.75,7.35938)
=7.35938 + (0.25)[3(1.75)* + 1] = 9.90626

Note that the difference in values of y(2) in both cases (i.e. when h = 0.5 and when h =
0.25).The accuracy is improved significantly when h is reduced to 0.25 (Exact solution of the

equation is y = x> + x and with this y(2) = y> = 10.

2. Solve by Euler’s method, y'(xo) = x + y, y(0) = 1 and find y(0.3) taking step size h =
0.1. compare the result obtained by this method with the result obtained by analytical

solution

Sol: Here f(x,y) = x+y, X0 =0,y0=1

Euler’s algorithm is Yn+1 = yn + h f(Xn,yn), n=0,1,2,3,..... >(1)
Given h=0.5 S X1=X0+h=0+0.1=0.1
Takingn=01n (1), we have Xx2=x1+h=0.1+40.1=0.2

y1= Yo+ h{(xo0,y0)
ie.y1=y0.1)=1+(0.1)f0,1)=1.1
~y(0.1)=1.1

Here x=x1+h=0.1+0.1=0.2
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Taking n =1 in (1),we have y2=y; + h f(x1,y1)
ie. y(x) = ya= 1.1 +(0.1) (0.1.1.1) =1.22

Similarly we get  ys = y(0.3) = 1.362

Analytical solution:

The exact solution of ? =x+y, y(0)=I can be found as follows.
X

The equation can be written as a _ y=x

dx

This is a linear equation in y [i.e, EZ +py=0]

thenp:-l’Q:X. I_F:e,'.p‘b‘:e."(—l)dx:e—x
General solution is y . I.LF= jQXI Fdx+c
y.e™= J.x.e’xdx +c

y.e™*= - e*(x+1)+c. or y=-(x+1)+ce™
whenx=0,y=11e, I=-(0+1)+corc=2
Hence the particular solution of the equation is

y=-(x+1) +2e*=2e*- x -1.
Particular solution is y = 2e* — (x + 1)
Hence y(0.1) = 1.11034, y(0.2) = 1.3428, y(0.3) = 1.5997

We shall tabulate the result as follows

X 0 0.1 0.2 0.3
Euler y 1 1.1 1.22 1.362
Exact y 1 1.11034 1.3428 1.5997

The value of y deviate from the exact value as x increases. This indicate that the method is

not accurate
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3. Given y =x”—y, y(0) =1 find correct to four decimal places the value of y (0,1),

by using Euler’s method.
Sol: Wehave f(x,y) =x2—vy x,=0;y,=1 and h=0.1
By Euler’s algorithm

Yol = Yn + h f(Xn, yn) >()

.. From (1), for n = 0, we have

y1 = yo + h f(X0,y0) = 1+(0.1)(0,1) = 1+0.1(0-1) = 0.9

- ¥1=0.9

4. Use Euler’s method of find y(0.1),y(0.2) given y = (x3 + xyz)e*x, y(0)=1
Sol: Given y' = (x3 + xyz)e*", y(0)=1

Consider h=0.1
Here f(x,y) = (x*+xy»)e ™%, x0 = 0, yo = 1,x1=xo+h=0.1,x2=x1+h=0.2
Euler’s algorithm is yn+1 = yn + h f(Xn,yn) 2>(1)
.. From (1), for n = 0, we have
y1 = yo + h f(x0,y0) = yo+h(xo>+x0y0°)e "0 = 1+(0.1)(0) =1
~y(0.1)=1
Again Xp=x;1+h=0.2
From (1), for n=1, we have
y2 = y1 +h f(x1,y1) = y1s h(x 42y, 7)e ™
=1+ (0.1)[(0.1)> + (0.1)(1)*] = 1.0091

= (0.2) = 1.0091

S. Given that Z—y =Xy ,y(0) =1 determine y(0.1),using Euler’s method.
X

Sol: The given differentiating equation is Z—y= xy, y(0) =1
x

a=0, b=0.1

Here f(x,y) =xy, xo=0and yo = 1
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Since h is not given much better accuracy is obtained by breaking up the interval (0,0.1) in to

five steps.
ie.h=229_01_¢0
5
Euler’s algorithm is Yn+1 = yn + h f(Xn,¥n) 2>(1)

.. From (1) for n =0, we have

y1=yo+h f(X0,y0) =1 + (0.02) f(0,1) = 1 + (0.02) (0) =1

Next we have x1 =xo+h=0+0.02=0.02

.. From (1), for n = 1, we have

y2 =y1 + h{(x1,y1) =1+ (0.02) f(0.02,1) =1 +(0.02) (0.02) = 1.0004
Next we have x> = x; + h=0.02 + 0.02 =0.04

.. From (1), for n = 2,we have

y3 =y2 + h {(X2,y2) = 1.004 + (0.02) (0.04) (1.000) = 1.0012

Next we have x3 = x2 + h =0.04 + 0.02 =0.06

.. From (1), for n = 3,we have

ya =y3 + h {(X3,y3) = 1.0012 + (0.02) (0.06) (1.00012)= 1.0024.
Next we have x4 = x3 + h=0.06 + 0.02 =0.08

.. From (1), for n = 4,we have

ys5 = ya + h {(X4,y4) = 1.0024 + (0.02) (0.08) (1.00024)= 1.0040.
Next we have xs = x4+ h=0.08 + 0.02 =0.1

When x = x5, y=ys

y =1.0040 when x =0.1

6. Given that j—y =3x? +y, y(0) = 4.Find y(0.25) and y(0.5) using Euler’s method
X
Given B _ 2.2 _
Sol: Given =3x"+yand y(1) =2.
dx
Here f(x,y) = 3x2 + y,x0=(1),yo=4

Consider h=0.25
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Euler’s algorithm is Yn+1 = Yn + h f(Xn,Yn) >(1)
.. From (1), for n = 0, we have

y1 =yo+ h{(X0,y0) =2+ (0.25)[0 +4]=2+1=3
Next we have x1 =xo+h=0+0.25=0.25

When x =xi1,y1 ~y

- y=3whenx=0.25

.. From (1), for n = 1, we have

y2 = y1 + h f(X1,y1) = 3 + (0.25)[3.(0.25)* + 3] = 3.7968
Next we have x2 =x1 +h=0.25+0.25=0.5

When x = X2, y ~ y2_.. y = 3.7968 when x = 0.5.

MODIFIED EULER’S METHOD

From fig
VoA Parallel
Avg slope = parallel line slope Slope 2= f(z, ;")
(%1 1) Average slope
0 ’ Alope 1= f{zm,
_f(x0,y0)+f(x1,y{?) wow_ £ e =3
- 2 — (7™
b
Hence
Ho ¥o
(0)
y1 = Yot hf(Xo, yo)
(©) % " g
(1) fx0,y0)+f(x1,y, ™) 0
Y1 =Yot !

()
f(x0,y0) +f(x1,y7 ")
y1(n+1)=y0+ : 2 1

Continue till any two consecutive iterations nearly same upto three or four decimal places.
To find y,, y5.....

The formula is given by ylg?l =y, +

h/2 [f(xk,yk) + f(xkﬂ,ylg_ll))] ,Jdi=12...andk=0,1....
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Working rule for Modified Euler’s method

YI§21 = yx +h/2 [f(xk:yk) +f (xk+1: 3’15?1”)] i=12...and k =0,1.....

ii) When i=1 y°,, can be calculated from Euler’s method

To find y (x1) = y1 at X = X1 = Xo+h

Now take k=0 in modified Euler’s method

...... We get v, =y, +h/2|:f(x0,y0)+f(xl,yl(i_')):|........................... 3)
Taking i=1, 2, 3...k+1 in eqn (3), we get
yéo) =y, + h[f(xy,y0)] (By Euler’s method)

20—y _|_h/2|:f(x0,y0)—|—f(xl,yl(O)):I

1= sy 112 Y )]

3 =3 4112 f (s 0) + F (3007 |

(

(k+1)

are sufficiently close to one another, we will take the

If two successive values of y, © >V

common value ........... asy, = y(x,) = y(x; +h)
Now we have Z_Z = f(x,y)withy = y; at x = x; to get y, = y(x,) = y(x; + h)
Now we have % =f(x,y) with y=y , at x=x To get y,=y(x,)=y(x; + h)

We use the above procedure again
PROBLEMS

1. Using modified Euler’s method find the approximate value of x when x=0.3

given that dy/dx=x+y and y(O)zl

sol: Given dy/dx=x+y and y(O)=1
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Here f(x,y) =x+y,%,=0,and y, =1

Take h = 0.1 which is sufficiently small

Here x,=0,x,=x,+h=0.1,x,=x,+h=02,x;,=x,+h=0.3
The formula for modified Euler’s method is given by

yk+l(i) =y, +h/2|:f(xk + yk)+ f(xk+1, ka(H))] —)(1)
Step1: To find y1= y(x1) =y (0.1)

Taking k = 0 in eqn(1)

N =yo+2 [f(xo +yo) + f(xl,yfi_l))] = (2)

when i=1 ineqn (2) yl(l) =Y +% flxo+vo) + f(xl,yl(o))]
First apply Euler’s method to calculate y1(0) =Yyi
W =y +h f (X6, ¥0)
= 1+(0.1)f(0,1)=1+(0.1)(0+1)
=1+0.1)=1.10

Now [x, =0,y =1,x; = 0.1,y,(0) = 1.10]
© o = 3+ 0172 S (00 ¥ )+ S (%3 |
= 14+0.1/2[f(0,1) + £(0.1,1.10)
= 140.12[(0+1)+(0.1+1.10)]=1.11
When i=2 in eqn (2)

)’1(2) =Y +h/2[f (xo’y0)+f(xl’yl(]))]

= 1+0.1/2[£(0.1)+£(0.1,1.11)]

=1+0.12[(0+1)+(0.1+1.11)]=1.1105
)’1(3) =Y +h/2[f(x0’yo)+f(x1>)’1(2))]

= 1+0.1/2[f(0,1)+£(0.1 , 1.1105)]
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= 1+0.1/2[(0+1)+(0.1+1.1105)] = 1.1105
Since y? =y
s y1=1.1105
Step:2 To find y2 = y(x2) = y(0.2)

Taking k =1 ineqn (1), we get
yz(i) =y +h/2|:f (xl’y1)+f(x2,y2(i7])):| —)(3) where 1= 1,2,3,4,.....
Fori=1

O +h/2[f(x1,yl)+f(x2,y2(o))]

y2(0) is to be calculate from Euler’s method

v\ =y +h f(x,0)
=1.1105 +(0.1) (0.1, 1.1105)

=1.1105+(0.1)[0.1+1.1105]= 1.2316

woyt = 1.1105+0.172[ £(0.1,1.1105) + £ (0.2,1.2316) |
=1.1105 +0.1/2[0.1+1.1105+0.2+1.2316]= 1.2426
v =yl 2] f (v)+ £ (20") ]

= 1.1105 + 0.1/2[f(0.1 , 1.1105) , £(0.2 . 1.2426)]
=1.1105 + 0.1/2[1.2105 + 1.4426]

= 1.1105 + 0.1(1.3266)= 1.2432
Y =302 f (xon)+ (60,7 ]

= 1.1105+0.1/2[£(0.1,1.1105)+£(0.2 , 1.2432)]

=1.1105+0.1/2[1.2105+1.4432)]
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=1.1105 + 0.1(1.3268) = 1.2432
Since y2(3 ) = y2(3)
Hence y> = 1.2432

Step:3 To find y3 = y(x3) =y y(0.3)

Taking k =2 in eqn (1) we get

3w =yt h 2] £ (3 3)+ f (5 007) | > (4)

For i=1, y3(1) =Y, +h/2|:f(xz’)’2)+f<x3’)’3(0))}

y3(0) is to be evaluated from Euler’s method .

=y, +hf(x,,y,)
=1.2432 +(0.1) (0.2 , 1.2432)

= 1.2432+(0.1)(1.4432) = 1.3875
Loy o= 1.2432+°—é1 [£(0.2 , 1.2432)+£(0.3, 1.3875)]

=1.2432 +0.1/2[1.4432+1.6875]

= 1.2432+40.1(1.5654) = 1.3997
3 = vy 1 2] f (3 3) 4 f (200,

= 1.2432+0.1/2[1.4432+(0.3+1.3997)]

= 1.2432+ (0.1) (1.575) = 1.4003
= vy 12| f (532 f (x0.7) ]

= 1.2432+0.1/2[f(0.2 , 1.2432)+£(0.3 , 1.4003)]
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= 1.2432 + 0.1(1.5718) = 1.4004
=y, 12| f(3)+ f(5.9.0)]

=1.2432 + 0.1/2[1.4432+1.7004]
= 1.2432+(0.1)(1.5718) = 1.4004

®) (4)

Since y,” =y,

Hence y, =1.4004

. The value of y at x = 0.3 is 1.4004

2. Using Modified Euler’s method find y(0.2 ) y(0.4 )with h=0.2,given that Z—i:x + siny,

y(0)=1
SOL: f(x,y) =x+siny x, = 0;y,=1and h=0.2

Here x,=0,x,=x,+h=0.1,x,=x,+h=02,x;,=x,+h=0.3
x1=xo+h=0.2; x2=x1+h=0.4

The formula for modified Euler’s method is given by
)’k+1(i) =y, +h/ 2|:f (xk + yk)+ f ('xk+1’ yk+1(i71) )] - (1)

Step1: To find y1= y(x1) =y (0.2)

Euler’s modified method is given by
wV = yo +1/2|fGeoy0) + (20, 3)] k=0, i=1)
First apply Euler’s method to calculate yl(o) =y

W = yo+h f (%0 3)

= 1+(0.2)f(0,1)=1+(0.2)(0+sinl)

=1.163

Now [ = 0,55 = 1,x; = 02,5 = 1.163]

y™M = 140.2/2[f(0,1) + £(0.2,1.163)
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= 1+0.1/2[1+1.163]
=1.1916
When i=2 in eqn (2)
y1(2) =y, _|_h/2|:f(x0,y0)+f(xl,yl(l))]
= 1+0.2/2[1(0.1)+£(0.2,1.1916)]
=1.2038
W=y, +h/2|:f(xo,yo)+f(x1>y1(2))]

= 1+0.2/2[f(0,1)+£(0.2 , 1.2038)]
=1.2045
Since y? =y

Soy1=1.204
Step:2 To find y2 = y(x2) = y(0.4)

Taking k =1 ineqn (1), we get

NUMERICAL METHODS

0=y Jrh/z[f(x],yl )+ f (% y2<f—1>)] —>(3) where i=1234,...

Fori=1, v, =y +h/2| £ (x.3)+/ (%:3.”) |
yz(o) is to be calculate from Euler’s method

yz(O) =y +h f(xl’ yl)
=1.204 + (0.2) (0.2 , 1.204)

1.4313

yiP =1.204 40.1[1.1337+1.4313]

=1.4611

YR AR
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=1.204 + 0.1/2[f(0.2 , 1.204) , (0.4 . 1.416)

=1.462
o ey ()]

= 1.204+0.1/2[f(0.2,1.204)+f(0.4 , 1.462)] = 1.464

Since y, = y2(3)

Hence y> = 1.46

3. Using modified Euler’s method find the approximate value of x when x=0.3
given that % =x—yandy(0) =1

Sol: Given g =x—yandy(0) =1
Here f(x,y) =x -y, xo=0and yo = 1
Take h=0.1
Here x, =0,x,=x,+h=0.1x,=x,+h=02,x,=x,+h=0.3
Step1: To find yi= y(x1) =y (0.1)
First apply Euler’s method to calculate yl(o) =y
W=y R f (% 3)
= 1+(0.1)(0-1)
=1-(0.1)
=0.9

Now [xo = 0,55 = 1,%, = 0.1,y{” = 09

N =0 +h/2 [f(xo'yo) + f(xl'yl(O))]
= 140.1/2[-1 - 0.8]
= 1-0.09

=091
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0 =30+ h12] £ () + £ (50"

=14+0.1/2[-1 + (0.1-0.91)]
= 1+0.1/2[-1.81]
=1-0.0905

=0.9095

yl(3) =y, +h/2[f(x0,y0)+f(x1,yl(2)ﬂ

= 140.1/2[-1+(0.1-0.9095)]
= 14+0.1/2[-1.8095]
=1-0.090475

=0.909525

) ®)

Since y,"” =y,

. y1=0.9095
Step:2 To find y2 = y(x2) = y(0.2)

yz(o) is to be calculate from Euler’s method

yz(O) =V +h f('xl’ yl)
=0.9095+(0.1)(-0.8095)
=0.82855

yz(l) = +h/2|:f(x1’yl)+f(x2’y2(0)):|

= 0.9095+0.1/2[-0.8095-0.62855]
=0.9095-0.0719

=0.8376

y2(2) =y +h/2|:f(x1, y1)+f(x2y2(l)):|
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= 0.9095+0.1/2[-0.8095-0.6376]
=0.9095-0.075355

=0.837145

sty oot

=0.9095+0.1/2[-10446645]
=0.9095-0.07233

=0.83716

Since y,?) =y,

Hence y> = 0.8371

Step:3 To find y3 = y(x3) = y(0.3)

y3(0) is to be evaluated from Euler’s method

20 =y, +hf(x,,,)
=0.837140.1(-0.6371) = 0.7734

v =y hl 2] (5 3) 4 (03,7

=0.8371+ 0.1/2[-0.6371-0.4734]

= 0.8371-0.0555 = 0.7816
P =y, w112 f ()4 f (2005

=0.8371+ 0.1/2[-1.1187]

=0.8371-0.056 =0.7811
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»=y, +h/2[ f(xz,y2)+f(x3,y3(2)ﬂ

=0.8371+ 0.1/2[-1.1182]

= 0.8371-0.05591 = 0.7812
w9 =y, 102 f () + f(509.0)]

=0.8371-0.0559 = 0.7812

Since y3(3) = y3(4)

Hence y3 =0.7812

The value of y at x=0.3is 0.7812

Runge-Kutta Methods

LFirst order R-K Method

EULER’S METHOD is the R-K method of the first order.

I1. Second order R-K Method

Yi+l = yit % (Ki+Ko),

Where K = h (xi, yi)

K> = h (xi+h, yi+ki)

For i=0,1,2-------

NOTE:EULER’S MODIFIED METHOD IS R-K METHOD OF SECOND ORDER

III1. Third order R-K Formula
Visl = yﬁ% (Ki+4Ko+ K3),

Where Ki = h (xi, yi)

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL METHODS

K> =h (xi+h/2, yo+ki/2)
Ks = h (xi+h, yi+2ka-k1) For i= 0,1,2---—
IV. Fourth order R-K Formula
yirt = yik = (Ki+2Ko+ 2K; +Ka),
Where K; = h (xi, yi)
Kz = h (xi+h/2, yi+ki/2)
K3 = h (xi+h/2, yi+ka/2)
K4 =h (xi+h, yi+ks)
For i=0,1,2------
> Advantages of Runge kutta method Over Taylor series method.

In RK METHOD no need to find derivatives where as we find derivatives in taylors
method. Sometimes it may be complicate to find derivative of some function, sowe go for RK

Method at that time.

PROBLEMS:

d
1. solve d_y = xy using R-K method for x=0.2,0.4 given y(0) =1, y (0)-0 taking h = 0.2
X

d
SOL: Given d—yzxy : y0)=1.
X

Here f(x, y) = xy ,x0=0, yo=1 and h=0.2

X1 =Xo+h =04+0.2=0.2., X2 =x1+#h =0.2+0.2 = 0.4

By 4" order R-K method, we have
1
Y11= Y()+g (k1+2k2+2k3+k4)

Where ki=h f(X0,y0)=(0.2)f(0,1)=0

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL METHODS

h kq

ko=hft (X0+E, yo+?) =(0.2)[f(0.1,1)] = (0.2)(0.1) = 0.02
h k,

ks=h f((xo+5,yo+7):(0.2)f (0.1,1.01) = 0.202

k4= h f(xo+h,yo+ks3)=(0.2)f(0.2,1.202)=0.04808

Hence yi1=1+ % (0+0.04808+2(0.02+0.202)=1.08201

Step2: To find y(0.4)=y>

Here x1=0.2, y1=1.08201 and h=0.2

Again by 4" order R-K method, we have
y2= yr = (Ki+2ko+ 2Kkstky)

Where ki=h f(x1,y1)=(0.2)[f(0.2,1.08201)] =0.04328

h k
ko= hf (X1+E’ y1+?1)=0.2(f(0.3,1.10364)=O.0662

k3:hf(X1+§, y1+%)=(0.2)[f(0.3,1.1151)] =0.0669
k4 =h f(x1+h,y1+k3)=(0.2)[(0.4,1.1489)]=0.0919

y2=1.082+ % (0.04328+0.0919+2(0.0662+0.0669)=1.14889

2. Solve the following using R-K fourth method y = y—x, y(0) =2,/ =0.2 Find y(0.2).
d
SOL: Given d—y —y-x; y(0)=2
x

Here f(x, y) = y-x ,x0=0,y0=2and h=0.2
x1 = Xo+h =0+0.2 =0.2.

By 4" order R-K method, we have

y1= yore (ki+2ko+2ks+ka)

Where ki=h f(x0,y0)=(0.2)f(0,2)= 0.2(0.2-0)=0.4
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ko= h f (xo+5, yo+=)
= (02[£(0.1,2.2)] = (0.2)(2.2 — 0.1) = 0.42
k3: h f((Xo+%,yo+%)

=(0.2)f (0.1,2.21)=0.2(2.21-0.1)= 0.422
k4: h f(Xo+h,yo+k3)

=(0.2)£(0.2,2.422)=0.4444
Hence yi1=2+ § [0.4+0.4444+2(0.42+0.422)]
~ y(0.2)=2.4214

3. Using Runge-Kutta method of second order, find y(2.5)fr0m = x+y y(2)=2,

X X
taking h = 0.25 .

Sol: Given P = Y yo)-9,
X X

Here f(x, y) = 222 x9=2, yo=2 and h = 0.25
X

. X1 = Xo+h =2+0.25 =2.25, xo = x1+h =2.25+0.25=2.5
By R-K method of second order,
Vier=Vi +1/2(ky + k3), ky = hf(xi; vk, = hf(xi +hy +k)i=01... — (1)

Step -1:- To find y(x1)i.e y(2.25) by second order R - K method taking i=0 in eqn(i)
1
We have y, =y, +§(kl +k,)

Where ki= hf (x0,¥0 ), ko= hf (xo+h,yo+ki)
f (x0,y0 )=1(2,2)=2+2/2=2

ki=hf (xo0,y0 )=0.25(2)=0.5
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ko= hf (xo+h,yo+k1)=(0.25)f(2.25,2.5)
=(0.25)(2.25+2.5/2.25)=0.528

S oy1=y(2.25)=2+1/2(0.5+0.528)=2.514

Step2:

To find y(x2) i.e., y(2.5)

i=1in (1)

x1=2.25,y1=2.514,and h=0.25

yo=y1+1/2(ki1+k2)

where ki=h f((x1,y1 )=(0.25)f(2.25,2.514)

=(0.25)[2.25+2.514/2.25]=0.5293
ky = hf(xq + h,ys + k)
=(0.25)[2.5+2.514+0.5293/2.5]=0.55433

¥, =Yy (2.5)=2.514+1/2(0.5293+0.55433)=3.0558

-y =3.0558 when x = 2.5

4. Obtain the values of y at x=0.1,0.2 using R-K method of

(i)second order (ii)third order (iii)fourth order for the differential equation y'+y =0,
y(0)=1

CCiven P _ —
Sol: Given Y y(0)=1
f(x,y) =-y, x0=0, yo=1
Here f (x,y) =-y, x0=0, yo=1 take h = 0.1

. x1=Xo+th=0.1, x2=x1+h=0.2
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Second order:

stepl: To find y(x1) i.e y(0.1) or yi

by second-order R-K method,we have

y1=yo+ % (ki+k2)

where ki=hf(xo,y0)=(0.1) £f(0,1) = (0.1)(-1)=- 0.1

ko= hf (xo+h, yo+ki)=(0.1) £ (0.1, 1-0.1) = (0.1)(-0.9) = -0.09
y1=y(0.1)=1+= (-0.1-0.09)=1-0.095=0.905

-y =0.905 when x=0.1

Step2:

To find y; i.e y(x2) i.e y(0.2)

Here x1=0.1, y1 = 0.905 and h=0.1

By second-order R-K method, we have

y2=y(X2)=yi+ % (ki+ko)

Where k, =h f(x,y)=(0.1)f(0.1,0.905)=(0.1)(-0.905)=-0.0905
ky=h f (% +hy +k)=(0.1) £ (0.2,0.905—0.0905)

=(0.1) £ (0.2,0.8145) = (0.1)(—0.8145)
=-0.08145

y2= y(0.2)=0.905+ 13 (-0.0905-0.08145)
= 0.905- 0.085975 = 0819025
(ii) Third order

Step1: To find y; i.e y(x1)=y(0.1)
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By Third order Runge - Kutta method
Yi= Yo+ ¢ (ki + 4ky + ks)
where ki = h f(xo, yo) = (0.1) £ (0,1) = (0.1) (-1) =-0.1

ky =h f(xy+h/2,y,+k /2)=(0.1) £(0.1/2,1-0.1/2) = (0.1) £ (0.05,0.95)
(0.1)(~0.95) = ~0.095

and k3 = h f((xo+h,yo+2kz-k1)
=(0.1)[f (0.1,1 + 2(—0.095) + 0.1)] = -0.905
Hence y| = 1+1€ (-0.1+4(-0.095)-0.09) = 1+1/6 (-0.57) = 0.905
y1=0.905 i.e y(0.1)= 0.905
Step2: To find y2,i.e y(x2)=y(0.2)
Here x1=0.1,y1=0.905 and h = 0.1

Again by 3" order R-K method

y2= yi+ = (Ki+4ka+ks)

Where ki=h f(x1, y1) = (0.1)f (0.1,0.905)= -0.0905

ko=h f (x1+h/2,y1+k1/2)=(0.1)f(0.1+0.05,0.905 - 0.04525)= (0.1) £ (0.15, 0.85975)
= (0.1) (-0.85975)=-0.085975

k3 = h f((x1+h,y1+2kz-k1)=(0.1)£(0.2,0.905+2(0.085975)+0.0905= -0.082355

y2=0.905+ % (-0.0905+4(-0.085975)-0.082355)=0.818874

-y =0.905 when x = 0.1 and y =0.818874 when x =0.2

iii) Fourth order:

step1: xo=0,yo=1,h=0.1 To find y; i.e y(x1)=y(0.1)
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By 4™ order R-K method, we have

V1= yo+ % (k1+2ko+2ka+ks)

Where ki=h {(x0,y0)=(0.1)f(0,1)=-0.1

ko= h f (xo+0/2, yor2) = (0.1 (0.05,095)] = (0.1)(—0.95) = —0.095

k3= h f((xo+h/2,yo+k2/2)=(0.1)f (0.1/2,1-0.095/2)=(0.1)(-0.9525)= -0.09525

k4= h f(xo+h,yo+k3) = (0.1) [f(0.05,1 — 0.09525)] =(0.1)f(0.05,0.90475) = -0.090475

Hence yi1=1+ 12 (-0.1+2(-0.095)+2(0.09525)-0.090475)
=1+ 12 (-0.570975)=1-0.0951625 = 0.9048375

Step2: To find y,,ie., y(xz) = y(O.Z), ¥, =0.9048375,i.e., y(O.l) =0.9048375

Here x1=0.1, y1=0.9048375 and h = 0.1

Again by 4" order R-K method, we have

y2 = y1+1/6(ki+2ko+2ks+ks4)

Where ki=h f(x1,y1)=(0.1)[f(0.1,0.9048375)] =-0.09048375

ko= hf (x1+h/2,y1+ki/2)=(0.1)[f(0.1 + 0.1/2,0.9048375 — 0.09048375 /2)] =-0.08595956

ks=hf(x1+h/2, y1+k2/2)=(0.1)[f(0.15,0.8618577)] = -0.08618577

ks =h f(x1+h,yi+k3)=(0.1)[f(0.2,0.8186517)]= -0.08186517

Hence y> = 0.9048375+ % (-0.09048375-2(0.08595956)-2(0.08618577)- 0.08186517
=(0.9048375-0.0861065 = 0.818731

y =0.9048375 when x =0.1 and y =0.818731 where x = 0.2

5. Apply the 4™ order R-K method to find an approximate value of y when x=0.2 in
steps of 0.1, given that y' = x?+y%, y (1) = 1.5

Sol. Given y'= x*+y?,and y(1) = 1.5
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Here f(x,y)= x*+y* yo=1.5 and xo=1,h=0.1
So that x;=1.1 and x>=1.2
Step1: To find yi ie, y(x1)
by 4" order R-K method we have
yI = yo+ 1; (k1+2ko+2k3+ky)
k1 = hf(x0,y0)=(0.1)f(1,1.5)=(0.1) [1?+(1.5)*]=0.325
k= hf (xoth/2,yo+ki/2)=(0.1)[£(1 + 0.05,1.5 + 222%)| =0.3866
ks = hf((xo+h/2, yo+ka/2)=(0.1)f(1.05,1.5+0. 3866/2)=(0. 1)[(1.05)2+(1.6933)2]=0.39698
ks = hf(xo+h, yo+k3)=(0.1)f(1.05,1.89698)=0.48085
Hence

= 1.5+é[0.325+2(0.3866)+2(0.39698)+0.48085]
=1.8955

Step2: To find y2, ie., y(x,)=y(1.2)

Here x;=0.1,y1=1.8955 and h=0.1

by 4™ order R-K method we have

y2= yi+ = (ki+2kot2ks+ka)

k1= hf(x1,y1)=(0.1)f(1.10,1.8955)=(0.1) [(1.10)2+(1.8955)*]=0.48029

0.4796

ko= hf (X1+h/2,y1+k1/2)=(0.1)f(1.1+%,1.8937+T) =(0.58834

0.58834

ks = hf((x1+h/2,y1+k2/2)=(0. 1)f(1.15,1.8937+T) =(0.1)[(1.15)*+(2.189675)*]=0.611715

ks = hf(x1+h,y1+k3)=(0.1)f(1.2,1.8937+0.610728)=0.77261
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Hence y>=1.8955+1/6(0.48029+2(0.58834)+2(0.611715)+0.7726) =2.5043
y =2.5043 where y—() 2
6. Use R-K method, to approximate y when x=0.2 given that y’ = x+y, y(0)=1
Sol: Here f(x,y) =x+vy,yo=1,%x0=0
Since h is not given for better approximation of y
Take h=0.1
Sx1=0.1, x0=0.2
Step1 To find y; i.e y(x1) = y(0.1)
By R-K method,we have
y1= Yot ¢ (ki+2Kko+ 2ksrka)
Where ki= hf(xo,y0) = (0.1)f(0,1) = (0.1) (1) = 0.1
ko= hf (Xo+h/2,yo+ki/2) = (0.1)[f(0.05,1.05)] = 0.11
k3= hf((xo+h/2,yo+k2/2) = (0.1)[f(0.05,1 + 0.11/2)] = (0.1)[(0.05) +(1.055) 1= 0.1105

ks= h f (xo+h,yot+ks) = (0.1)[£(0.1,1.1105)] = (0.1)[0.1+1.1105] = 0.12105
Hence - y; =¥(0.1) = 1+2(0.1 +0.22 + 0.2210 + 0.12105)

y=1.11034

Step2: To find y> i.e y(x2) = y(0.2)
Here x1=0.1, y1=1.11034 and h=0.1
Again By R-K method,we have
y2=y1+1/6(k1+2ko+2ks+k4)

ki=h f(x1,y1) = (0.1)[f(0.1,1.11034)] = (0.1) [1.21034] = 0.121034
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ko= h f (x1+h/2, yi+ki/2) = (0.1)[f(0.1 + 0.1/2,1.11034 + 0.121034/2)] = 0.1320857

ks=h f((xi1+h/2,y1+k2/2) = (0.1)[f(0.15,1.11034 + 0.1320857/2)] = 0.1326382

ka=h f(x1+h,y1+k3) = (0.1)[f(0.2,1.11034 + 0.1326382)] =(0.1)(0.2+1.2429783)=0.1442978

Hence y>=1.11034+ % (0.121034+0.2641714+0.2652764+0.1442978)

=1.11034+0.1324631 =1.242803

y =1.242803 when x=0.2

7. Compute y(0.1) and y(0.2) by R-K method of 4" order for the D.E. y' = xy+y?, y(0)=1

Sol. Given y' = xy+y? and y(0)=1

Here f(x,y)= xy+y* yo=1 and x0=0, h=0.1

So that x1=0.1 and x»=0.2

Step1: To find y; = y(x1) = y(0.1)

by 4™ order R-K method we have

yi=yo+ = (Ki+2ka+2Ks+Ka)
k1=hf(x0,y0)=(0.1)f(0,1)=(0.1) [0+1]=0.1

ko= hf (Xo+h/2,yo+k1/2)=(0.1)[f(0.05,1.05)] =0.1155
k3=hf((xo+h/2,yo+k2/2)=(0.1)f(0.05, 1.05775)=0.11217

ks=hf(xo+h,yo+k3)=(0.1)f(0.1, 1.11217)=0.1248

Hence yi=y(0.1) = yo+ = [Ki+2ka+2Ks+ka]

= 1+1€ [0.14+0.0231+0.22434+0.1248]

=1.1133

Step2: To find y> = y(x2) = y(0.2)
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Here x1=0.1,y1=1.1133 and h=0.1

by 4" order R-K method we have

y2= yi+ 1; (k14+2ko+2k3+ks4)

ki=hf(x1,y1)=(0.1)f(0.1, 1.1133)=0.1351

ko= hf (x1+h/2,y1+k1/2)=(0.1)f(0.15, 1.18085) =0.1571
k3=hf((x1+h/2,y1+k2/2)=(0.1)f(0.15, 1.19185) =0.1599
ka=hf(x1+h,y1+k3)=(0.1)f(0.2, 1.2732) =1.1876

Hence y,= y(0.2) = yi + 12 [k1+2ko+2ks+ka]

=1.1133+1/6(0.1351+0.3142+0.3198+0.1876)
=1.2728
8. Find y(0.1) and y(0.2) by R-K method of 4'" order for the D.E. y’' = x* —y and y(0)=1
Sol. Given y' = x*> —y and y(0)=1
Here f(x,y)= x* -y, yo=1 and xo=0, h=0.1
So that x1=0.1 and x2=0.2
Step1: To find y; = y(x1) = y(0.1)
by 4™ order R-K method we have
yi=yo+ = (Ki+2ka+2Ks+Ks)
k1=hf(x0,y0)=(0.1)f(0,1)=(0.1) [0-1]=-0.1
ko= hf (xo+h/2,yo+k1/2)=(0.1)[£(0.05, 0.95)] =-0.09475
k3=hf((xo+h/2,yo+k2/2)=(0.1)f(0.05, 0.952625)=-0.095

ks=hf(x0+h,yo+k3)=(0.1)f(0.1, 0.905)=-0.0895
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Hence yi=y(0.1) = yo+ T [Ki+2ka+2ks+k]

= 1+1E [-0.1-0.1895-0.19-0.0895] = 0.9052
Step2: To find y>2 = y(x2) = y(0.2)
Here x1=0.1,y1=0.9052 and h=0.1
by 4" order R-K method we have
y2= yi+ = (ki+2ko+2ks+ka)
ki=hf(x1,y1)=(0.1)f(0.1, 0.9052)=-0.08952
ko= hf (x1+h/2,y1+k1/2)=(0.1)f(0.15, 0.86044) =-0.08379
k3=hf((x1+h/2,y1+k2/2)=(0.1)f(0.15, 0.8633) =-0.0841

k4=hf(x:+h,y1+k3)=(0.1)f(0.2, 0.8211) =-0.07811

Hence y2= y(0.2) = yi + — [ki+2ka+2k+ks]

= 0.9052+1E (-0.08952-0.16758-0.1682-0.07811) = 0.8213
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CURVE FITTING
Method of Least Squares:

Suppose that a data is given in two variables x & y the problem of finding an

analytical expression of the form y = f (x) which fits the given data is called curve fitting.
Let (x,¥):(% 35 )ceeeene (x,.y,) be the observed set of values in an experiment and

y=f (x) be the given relation x& y,Let E,E,,.....E_ are the error of approximations then

we have

E =y _f(x])

E,=y,—f (xz)

E,=y,—f (x3)

E =y,—f(x,) Where f(x),f(%).coces f(x,) are called the expected values of
y corresponding to X = X, X = X,........ X=x

Yi» Y.y, are called the observed values of y corresponding to

X=X,X=Xyeerue x=x, the differences E,E,....E, between expected values of y and

observed values of y are called the errors, of all curves approximating a given set of points,

the curve for which E=E’+E,*+...E’ is a minimum is called the best fitting curve (or)

the least square curve, This is called the method of least squares (or) principles of least

squares

I. FITTING OF A STRAIGHT LINE:-

Let the straight line be y=a+bx —> (1)

Let the straight line (1) passes through the data points

(xl, Y ),(xz, yz) ...... (xn, yn)i.e.,(xi, ) ),i =12.n

So we have y; = a + bx; — (2)

The error between the observed values and expected values of y = y; is defined as
Ei=y;—(a+bx),i=12......n - (3)

The sum of squares of these errors is

E=Y" E =Y",ly; — (a + bx;)]*> Now for E to be minimum

OE _ OF _

Zo0Z -0
oa ob
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These equations will give normal equations

n n
Zyi =na+b2xi
i=1

i=1

n n

n
inyi = ain+bei2
i=1

i=1 i=1

The normal equations can also be written as

Z y=na+ bz X
z Xy = az X+ bz x’
Solving these equation for a, b substituting in (1) we get required line of best fit to the given
data.
II. NON LINEAR CURVE FITTING
1. PARABOLA:-

(1)

Let the equation of the parabola is y = a + bx + cx?
The parabola (1) passes through the data points

(1, v1), 0 V2) v e v (i, y )y leen, (X, 7151 =1,2 . o.m

We have y; = a + bx; + cx? — (2)

The error E; between the observed an expected value of y =y, is defined as
E;=y;—(a+bx;+cx?),i=123.....n > (3)

The sum of the squares of these errors is

n n
E=) B =) (n—a-bx—cx}) -4
i=1 i=1

for E to be minimum, we have

OF _ OB _ 0
oa ob oc

The normal equations can also be written as
Yy = na + bEx + cXx?
Ixy = aZx + bXx? + ¢Ix3
Ix%y = aZx? + bXx3 + cxx*
Solving these equations for a, b, ¢ and satisfying (1) we get required parabola of best fit
2. POWER CURVE:-

The power curve is given by y =ax” — (1)

Taking logarithms on both sides log,,y = logipa + b logox
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(or) Y = A+ bX = (2) whereY =log,py,A = log,pa and X = log,px
Equation (2) is a linear equation in X & Y

The normal equations are given by

LY = nA + bZX
XY = AZX + bXx?
From these equations, the values A and b can be calculated then a = antilog (A) substitute a &

b in (1) to get the required curve of best fit.
3. EXPONENTIAL CURVE:- (1)y=ae™ (2)y=ab"*
1. y=ae™ —)(1)
Taking logarithms on both sides log,,y = log,, + bxlogipe
(or)Y =A+ BX - (2) Where Y =log,,y,A = log,pa,B = blog,pe & X = x
Equation (2) is a linear equation in X and Y
So the normal equation are given by

XY =nA + B3XX

IXY = AXX + BXX?

Solving the equation for A & B, we can find

B

a=antilogA&b=
log,, e

Substituting the values of a and b so obtained in (1) we get
The curve of best fit to the given data.
2. y=ab' —> (1)
Taking log on both sides log,9y = logi9a + xlog,ob
(or)Y =A+BX - (2)

Where Y = log,9y, A = log,pa, B = blog,ob & x = X
The normal equation (2) are given by

XY =nd + BXX

XY = AZX + BXX?

Solving these equations for A and B we can find a = antilog A,b = antilog B

Substituting a and b in (1)
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Problems:

1. By the method of least squares, find the straight line that best fits the following data

x |1 2 3 4 5
y |14 |27 |40 |55 |68

Solution: The values of Xx, Xy, x? and Xxy are calculated as follows

Xi Yi Xi XiVi
1 14 1 14
2 27 4 54
3 40 9 120
4 55 16 220
5 68 25 340

Tx; = 15;Xy; = 204;Xx? = 55 and Xx;Xy; = 748
The normal equations are

Ty =na+bEx — (1) Ixy = aZx + bZx? — (2)
Solving we get a=0,b=13.6

Substituting these values a & b we get

y=0+13.6x= y=13.6x

2. Fit a straight line y=a+bx from data

X 0 1 2 3 4
y 1 1.8 33 |45 |63

Solution: Let the required straight line be y=a+bx...(1)

X y x2 Xy
0 1 0 0
1 1.8 1 1.8
2 3.3 4 6.6
3 45 9 135 Normal equations are
4 6.3 16 25.2 D y=na+b) x
ny = a2x+b2x2
> x=10 Y y=16.9 Y x2=30 | Yxy =471 Substitute in above we get
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5a+10b=16.9

10a+30b=47.1

Solving we get a=0.72; b=1.33.

=~ The straightlineisy = 0.72 + 1.33x

3. Fit a straight line y = a + bx from data
x |0 5 10 (15 |20

y |7 -11 |16 |20 |26
Solution: Let the required straight line be y = a + bx...(1)
X y x? Xy
0 7 0 0
5 -11 25 -55
10 16 100 160
15 20 225 300
20 26 400 520
Yx=50 | Yy==58 |X¥x%=750| Y xy =925

Normal equations are

Z y=na+ bz X

ny = aZx+be2

Substitute in above we get

5a+50b=58

50a+750b=925

Solving we get a=-2; b=1.36.

=~ The straightlineisy = —2 + 1.36x

4. Fit a straight line y=a+bx from data

X 0 5 10 15 | 20 | 25
y 12 | 15 | 17 | 22 | 24 | 30

Solution: Let the required straight line be y=a+bx...(1)
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X y X Xy
0 12 0 0
5 15 25 75
10 17 100 170
15 22 225 330
20 24 400 480
25 30 625 750
Yx =75 |Yy=120 Y x2=1375 | ¥ xy =1805

Normal equations are

Z y=na+ be

ny = a2x+b2x2

Substitute in above we get

6a+75b=58

75a+1375b=1805

Solving we get a=11.2862; b=0.6971.

= The straight lineis y = 11.2862 + 0.6971x

5. Fit a straight line and a parabola to the following data and find out which one is most

appropriate. Give your reason for the conclusion

x |1 |2 |3 [4 [5
y |4 |3 |6 |7 |11

Solution: Let the required straight line be y=a+bx...(1)

X y x? x3 x* Xy X2y

1 4 1 1 1 4 4

2 3 4 8 16 6 12

3 6 9 27 81 18 54

4 7 16 64 256 28 112

5 11 25 125 625 55 275
Yx=15 | ¥ y=31 | ¥ x2=55 | X x3=225 | X x*=979 | Y xy =111 | ¥ x%y=457
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Normal equations for fitting a straight line are

Z y=na+ bz X

Z Xy = az X+ bz x’

Substitute in above we get

Sa+15b=31

15a+55b=111

Solving we get a=0.8 ; b=1.8.

~ The straightlineisy = 0.8 + 1.8x

Let the required parabola be y=a+bx+cx>...(2)

Normal equations for fitting a parabola are

Ty = na + bEX + cIx?
Xy = aZx + bIx? + cZx3
x%y = aZx? + brx3 + czx*

Substituting values, we get
Sa+15b+55¢ =31

15a+55b+225¢c =111
55a+225b+979¢c =457
Solving we get a=4.7998;b=-1.6284;c=0.5714

~The parabola fit is 4.7998x%-1.6284x+0.5714

Conclusion: Clearly parabola fit is best fit because error is near to ZERO than linear fit.

y Error of linear fit Error parabola fit
E=y-f(x) E=y-g(x)

4 1.4 0.2572

3 -1.4 -0.8286

6 -0.2 0.9428

7 -1 -0.4286

11 1.2 0.0572
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6. Fit a second degree parabola to the following data

X 0 1 2 3 4
y 1 5 10 22 38

Solution: Equation of parabola y =a+bx+cx’ —(1)

Normal equations Yy = na + bEX + cIx?
Ixy = aZx + bXx? + ¢Ix3
Tx2y = aZx? + bIx3 + cZx?* — (2)

X y Xy x2 x’y x x*

0 1 0 0 0 0 0

1 5 5 1 5 1 1

2 10 20 4 40 8 16

3 22 66 9 198 27 81

4 38 152 16 608 64 256
Sx=10 | Yy=76 | Sxy=243 | Yx2 =30 | Yx%y =851 | ¥x°®=100 | Ix* = 354

Normal equations

76 =5a+10b+30c
243 =10a+30b+100c
851=30a+100b +354c

Solving a=1.42,b=0.26,c =2.221
Substitute in (1) = y=1.42+0.26x+2.221x"

7. Fit a second degree parabola to the following data:

X 0 1 2 3 4
f(x) 1 1.8 1.3 2.5 6.3
Solution:

Let the equation of the parabola be Y=a +b x + ¢ x% - (1)

The normal equations are given by Xy = na + bZx + cZx?
Xy = aXx + bIx? + cZx3--—--(2)
Ix%y = aXx? + bIx3 + cZx*
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2

X y X x3 x* Xy x2y
0 1.0 0 0 0 0 0
1 1.8 1 1 1 1.8 1.8
2 1.3 4 8 16 2.6 5.2
3 2.5 9 27 81 7.5 22.5
4 6.3 16 64 256 25.2 100.8
Yx=10 | Yy=129 | > x?2=30 [Yx3=100 | Y x* =354 |Yxy=37.1|>x%y =130.3
Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
12.9 = 5a +10b +30c
37.1 = 10a+30b+100c
130.3 = 30a+100b+354c¢
Solving the above equations we get a =14.2, b=-1.07, ¢ = 0.55
Substituting the above values in (1) y = 14.2-1.07x + 0.55x2
Which is the required equation of the parabola.
8. Fit a parabola y = a + bx + cx? to the data given below
X: 1 2 3 4 5
y: 10 12 8 10 14
Solution: Let the equation of the parabola be Y=a + b x + ¢ x% - (1)
The normal equations are given by £y = na + bIx + cZx?
Xy = aZx + bZx? + cZx3-----(2)
¥x%y = aZx?® + bEx3 + cIx*
X y x? x3 x* Xy x2y
1 10 1 1 1 10 10
2 12 4 8 16 24 48
3 8 9 27 81 24 72
4 10 16 64 256 40 160
5 14 25 125 625 70 350
Yx=15 Yy=54 | Yx?=55 | Yx3=225|Yx*=979 | Yxy=168 |Yx%y =640

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
54 = 5a +15b +55¢
168 = 15a+55b+225¢
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640 = 55a+225b+979¢c
Solving the above equations we get a =14, b=-3.6857, c¢=0.7142
substituting the above values in (1) y = 14-3.6857x + 0.7142x?
which is the required equation of the parabola.

9. Fit a parabola of the form y = ax? + bx + ¢

NUMERICAL METHODS

X: 1 2 3 4 5 6 7
y: 2.3 52 9.7 16.5 29.4 35.5 54.4
Solution: Let the equation of the parabolabe y = ax? + bx + ¢ ----- (1)
The normal equations are given by
Ty = na + bExX + cEx?
Xy = aZx + bZx? + cIx3----(2)
Tx?y = a¥x? + brx> + cIx*
Table for calculations:
X y x? x3 x* Xy x2y
1 23 1 1 1 2.3 2.3
2 5.2 4 8 16 10.4 20.8
3 9.7 9 27 81 29.1 87.3
4 16.5 16 64 256 66 264
5 294 25 125 625 147 735
6 35.5 36 216 1296 213 1278
7 54.4 49 343 2401 380.8 2665.6
28 153 140 784 4676 848.6 5053

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get

153 =7a +28b +140c

848.6 = 28a+140b+784c
5053 = 140a+784b+4676¢

Solving the above equations we get a =2.3705, b =-1.0924, ¢ = 1.1928

substituting the above values in (1) y=1.1928 x?-1.0924 x+2.3705

which is the required equation of the parabola.
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10. Fit a curve y=ax" to the following data

X 1 2 3 4 5 6
y 2.98 4.26 5.21 6.10 6.80 7.50

Sol:- Let the equation of the curve be y =ax” — (1)

Taking log on both sides logy = loga + blogx
(o) Y =A+bX — (2) WhereY =logy, A =loga, X =logx
The Normal Equations are XY = nA + bXX

XY = AZX + bZX? — (3)

x | X=logx y Y =logy XY X?
1 0 2.98 | 0.4742 0 0
2 0.3010 4.26 | 0.6294 0.1894 0.0906
3 0.4771 5.21 | 0.7168 0.3420 0.2276
4 0.6021 6.10 | 0.7853 0.4728 0.3625
5 0.6990 6.80 | 0.8325 0.5819 0.4886
>X = 2.8574 XY = 4.3133 2XY = 2.2671 X2 = 1.7749

4.3313=6A+208574b and 2.2671=2.8574A+1.7749b
Solving A=0.4739, b=0.5143
A=anti log (A) =2.978
"y = 2.978x05143
11. Fit a curve y =ab*
X 2 3 4 5 6
y 144 172.8 |207.4 |248.8 |298.5

Solution: Let the curve to be fitted is y = abX
Taking log onbothsides logy = loga + xlogh — (1)
Y=A+xB — (2)
Y =logy,A=1loga,B =logh
XY = nA + BXx
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MATHEMATICS - 11 NUMERICAL METHODS

XY = AZx + bEx? — (3)

y x2 Y =logy Xy
2 144.0 4 2.1584 43168
3 172.8 9 2.2375 6.7125
4 207.4 16 23168 9.2672 Substituting
5 248.8 25 2.3959 11.9795 | these values
6 208.5 36 2.4749 18492 | the normal

equations are
11.5835 =5A + 20B
47.1254 = 20A+90B
Soving A and B, taking antilogarithms
a=100, b=1.2
Substituting in (1), the equation of the curve is y =100(1.2)*
=36.744 Square units
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MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

UNIT -1I1
BETA AND GAMMA FUNCTIONS

Gamma Function: [In Mathematics, the Gamma Function (Represented by the capital Greek
Letter I') is an extension of the factorial function, with its argument shifted down by 1, to real

and complex number]

Def: The definite integral [ Oooe"x x™ 1dx is called the Gamma function and is denoted by

I['(n)and read as “Gamma n”.The integral converges only for n>0
Thus, T'(n)= [ e~ x" *dx where n>0

Gamma function is also called Eulerian integral of the second kind.
Note: The integral [ OOO e x™ 1dx does not converge if n<0

Properties of Gamma Function:

1. To show thatI'(1)= 1

Sol. By the def of Gamma function; we have

I(n) =f e X x" dx
0

o0 0

e * x%dx = j

e—x
—-X —

~ (1) =f e * xdx =f
0 0

0

= e — el = =[0—1] =1

2. To show thatI'(n) = (n—1)I'(n—1) where n>1.

Sol. By the def of Gamma function; we have
[(n)= [ e x" 'dx

= [xn_l (e_—_l)]o — fow(n — 1Dx"2 (%) dx (Integrate by parts)

_ e o _ ® o —x ,n-2
= o o +0+(n—1) [ e*x" ?dx
o _ _ lt xn-1
—_ _ X An—2 . —
=(n—1) [, e x" ?dx ("n—>oo — —0f0rn>1)

=(n—1)TI(n-1)
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MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

£ T(n) = (n—1)T(n-1)
Note: 1. F(n+1) = nF(n)

2. If n is a +ve fraction then we can write.

C(n)=m=-1D(n—-2).cune. (n—r)['(n—r)Where (n—71) >0
3. If n is a non-negative integer, then I'(n+1)=n!

Proof: From property II, We have.

[(n+1)=nl'(n)=n(n-1I'(n—1) (by property II again)
=n(n—Dn-2)I'(n-2) (by property. II again)
=nn—-1)(n-2)(n—3)T'(n-3)

=n(n—1Dn-2)(n-3)....3.21 (1)

=nn—-1)(n-2)(n-3)...3.2.1 (1) =1
=n!
~T(n+l) =nlmn=012......)

This shows that the Gamma function can be regarded as a generalization of the
elementary factorial function.

Problems :

1. Solve I(%)
Sol. F(%):@—ljf@—lj:%r(%)=%(%—1)r(%—1)
=7/5.5/5.1(34) =7/5.5/5.(5/, - 1)r(%-1j

= 7/2-5/2-3/2-F(%) =7/3.5/2-3/2-C/o - 1)F(%_1j

= 7/2.5/2.3/2.1/2.r(%)
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MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

2. Solve F(l%)

Sol: r(l%) :?%%%r(%)

Note: When n is a —ve fraction

We have F(n+1) = nF(n)

F(n) _ I"(r::l)
3. Computel“(_%)
F(n+1)

Sol. We have F(n) =

Putn = (_—1)
2

Sol. We have I'(n)= F(’:H)‘lz
L(34) _
r(94)- k)
2

5 < 5.3
2
2’ F(—l +1) E R -8
T T V2 e o e R
2

Beta Function:

Def: The definite integral [ 01 x™71(1 — x)" 1dx is called the Beta function and is denoted by

B (m,n) and read as “Beta m, n”. The above integral converges for m > 0,n > 0

Thus, f(m,n) = fol x™ 11 —x)"1dx,wherem > 0,n>0

Beta function is also called Eulerian integral of the first kind.
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MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

Properties of Beta Function:
(i).  Symmetry of Beta function; i.e., S(m,n) = f(n,m)
Proof: By the def, we have

B(m,n) = [1xm (1 — x)"dx

put (1 — x) = y sothat dx = —dy

When x=1=y=0

x=0=y=1

m—1

s Bmmy=[(1=y) ¥ (=dy)

m—1

1
=[y(1-y) dy
0
1 b b
= [ (-2 dx [ rwde=] f(vdx
0 a a
= f(n,m)

<. B(m,n) = H(n,m)

1
Aliter : We know that S(m,n) = '[ X" 1= x)" " dx

0

From properties of definite integrals, we have

jf(x)dx :j. f(a—x)dx
o Bmm) = [A=x)"" 1= (1= x)" dx
0

1
= J- (1—x)""x""dx
0

= J-x"_l (1-x)""dx= B(n,m)
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MATHEMATICS -1 BETA AND GAMMA FUNCTIONS

<. B(m,n) = p(n,m)

/2

(ii). Prove that S(m,n)=2 I sin”"" @cos™ d6
0

Proof: By the def, we have

1

B(m,n)= '[ x"(1-x)""dx

0
Put x =sin’ @ so that dx=2sinfcosOdo
= dx=sin20d6
When x=1:>6?=% and Xx=0=6=0

/2

«. Bm.m)= [ (sin’ )" (cos’ 6)"" 2sin O cos 66
0
A
=2 ‘[sinzm_2 0cos* > @sinOcosOdo
0
7
=2 j sin®" ' @cos® ™ 0 dO
0

7
= Blm,n)= 2‘..sin2m_1 fcos™ " 6 dO
0

72
Note: [ sin®"' 6cos™" 46 = % B(m,n)

0
(iii) Prove that B(m,n) = B(m+1,n)+ Blm,n+1)

Proof: By the def, we have

Bm+1L,n)+ B(m,n+1)= xm(l—x)"fldx+jxm71(l—x)"dx

© t—y

"1-x)" +x"(1-x) }1x

Il
O — —
=

= JL "= x) " x+ (1= x)|ax
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MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

1

I "1-x)"dx= B(m,n)

0

Hence B(m,n)=B(m+1,n)+ B(m,n+1)

(iv). If m and n are positive integers, then £(m,n) = M
(m+n-1)!
Proof: By the def, we have
1
B(m,n) = j X" 1=x) 7o (1)
0
n 1 1 n
= {x’”l (1-x) } —J- (1-x) (m—1)x""dx (Integration by parts)
n(=1) | ¢ n(=1)
m—1 | m2 R m—1
== [xa-x dx:T,B(m—l,n+1) .................... (2)

0
Now we have to find B(m—1,n+1)

To obtain this put m=m-1 and n=n+1 in equation. (1), we have

_Zﬁ(m—Z,n+2)
n+1

Blm—-1,n+1)=

From Equation. (2)

ﬂ(m,n):m_l.m_zﬁ(m—Z,n+2) ..................... 3)

n  n+l

Changing m to m-2 and n to n+2, from (1) we have

_3,3(m—3,n+3)

2. n+2)=
,b’(m " ) n+2

From Equation (3), we have

m—1 m-2 m-3

= Bm=3,n+3) ., )
n n+l n+2

Blim,n)=

Proceeding like this, we get

,B(m,n):(m—l)(m—Z)(m—?)) ...... [m ( )],B[m (m—l),n+(m—1)]

),B(l,n+m—1) ..................... (5)
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MATHEMATICS -1 BETA AND GAMMA FUNCTIONS

n+m-2

But ﬁ(l,n+m—1):£x°(l—x) dxzj(l—x) dx

1_ n+m—1 _1 1
= = (0-1)=
(n+m—1)(—1) o n+m—1 n+m—1
From equation (5), we have

(m—1)m—-2)m—-3)......1 _ (m-1)
n(n+1)(n+ 2)....(n+m—2)(n+m—1) n(n+1)(n+ 2) ....... (n+m—2)(n+ m—l)

Blm.n)=

Multiplying the numerator and denominator by (n-1)!, we have

(m—1)(n—1) ~(m—1p(n—1)

n+m—1)(n+m—2)....(n+2)(n+1)n(n—1). (n+m—1)

(m—1)(n—1)

(n+m—1)

Blm.n)= (

= f(m,n)=
(m—1)1(n —1)!

(n - 1)' , we have

Note 1: Putting m=1in B(m,n)=

2: By putting n=1, we get B(ml)=

S| =

Other forms of Beta Function:

1. Show that
oo n_l oo —

_oo xm—l :oo x—1 y
Blm.n) = !—(M)m dx !—(M)W dx(or)!—my)m dy(or)B(p.q) =[———

Proof: By the def, we have

TPSTTi

Bom,my =[x (143" dx oo (1)

0

sothat dx = — dy
1+y (1+ y)

when x=0=>y—>coand x=1=y=0

Put x=

2

From equation (1), we have

i el e e
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MATHEMATICS -1 BETA AND GAMMA FUNCTIONS

|

1 yn—l dy
A+ )" A+ )" (+y)?

n—1 n—1

[ _
__([(1+y)m I+n+1+2 dy j(l+ )m+n dy

m+n dx
o 1+ x)

Again since Beta function is symmetrical in m and n, we also have

o m—1
X
B(m,n)= ——dX e (3)
;[ (1+x)
o n—1 3 m—1
X
Hence f(m,n)= —dx = —
o (1+x) -([ (1+x)
1 xm—l + xn—l
2. To show fS(m,n)=
Proof: We have
m—1
X
m,n) = = X 1
IB ( J. m+n J. m+n f (1 +x)m+n ( )
Now consider | Wd
1 1
Put x =— so that dx=——dy,
y y
When x=1 = y=1 and x >00=y=0
(1]m—1
]O _lm+n dX = 0 1 ( izj dy
1 1+X) 1 (1+ )m+n y
y
1
1 m—l 1 m+n
ZI m+n —dX:J. :l 1 m+n LZdy
o (+y) oY (1+ y)
ym+n

1 ym+n—m+1—2 yn—l 1 xn—l
=[2—dy=[——ay=[———d
.L (1+ y)m+n y J-O (1+ y)m+n y J‘O (1+x)m+n X

Hence Equation (1) becomes

1 m—1 1 n—1

X X
B(m,n) = ‘([ Q™ dx+‘([ e dx
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MATHEMATICS -1 BETA AND GAMMA FUNCTIONS

L xm—l

3. To show f(m,n) =a"b" | —————dx

o m—1 o m—1
Proof: We have, amb”jx—mmdx = a”’b”j al —dx

0 (aX+ b) 0 zmn| QA

b —x+1
b
put & = v.Then dx :é.a’yand X =b_y
b a a

When x=0=y=0and x 500 = y—>oo

bl m—1
T\la b

I m+n mlzn ‘[ m+n _dy
, (ax+b) b o d+y)" " a
3 m—1 m—1
- ambniminj' bmfl y m+n édy
va (+y)"" a
m o m—1
= ambfm b— y—+dy
am 0 (1 + y)m n
m+n m+n dx = ﬁ(m’ }’l)
(1+ y) '([ (I+x)
m—1 1_ n—1
4. Toshowjx ( )? dx = B, n)
x+a)™™" a'(l+a)”
Proof: By the def, we have
1
B(m,n) = I X" =x) A (1)
0
Put x= (1 : a)y
y+a
dr=(1+a) (y+a)l— y(21+0) = a(l+a2 J
(y+a) (y+a)

When x=0. =>y=0and x=1 =y=I

Now equation (1) becomes

,b’(m,n):j'l (1+a) "y {1_ (1+a)yjn_1 (a(1+a) dy

o (y+a)" y+a y+a)

J- 1+a)mly"“l y+a—y—ay " a(1+a)d
0 y+a)m1 1 y+a (y+a)2 Y

m—1

1 + -
a J. am—1+n—1+2 ((l —ay ) ldy

J’l a 1 + Cl m_ _1 (1 _ y)n—l dy

+n

0 y+am
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m-1(1 _ Yyl m-1(q1 _ \n-1
=a”(1+a)m£—y () dy=a"(1+a)" R Sk (1-x) X

(y + a)m+n

Jq x’("_1 (1-x) e Blm,n)

x+a)™" a"(1+a)"
5. Toshow [(x—b)""(a=x)""dx=(a—b)""" Bm,n),m>0,n>0.
b
Proof: We have

Bm,n) =[x (1-x)""

0

Put x= y_bsothatdxz dy
a—b a-—

When x=0=y=b and x=1=y=a

) _fy-b el y—b " dy
"ﬁ““’“)—f(nj Ha-bﬂ a=b
I(y b)"" (a—b—y+b)"" dy
2 (a-b)""" (a=b)""  a-b

_ f(y Sl W (S Rl
(a=b)

m—1+n—1+1 (Cl _b)m+n—l

T (X_ b)m_ (a - x)’l_ dx — (a _b)m+n—l ,B(m, n)

) (a_b)m+n—l
PROBLEMS
2 1 (m+1 n+l1
S.T |%sin” @cos" HO=—ff| ——,——
[ 2" 27 2 )

Sol: jf sin” @cos” 66 = jo 25in"" @cos"” H(sin BcosB)dO

m—1
7 -t

—r sin 9 cos Q)T(Sinﬁcosﬁ)dﬁ

Putsin’ 8 = xsothatsin&cosedé?:d—zx

1 m-1 n-1 1
sin” @ cos” HdH—EJ.x 2 (1—=x) 2 dx

0

11 m“ (Hl)l 1 m+1 n+1}
—=— 1— —p A T
5 x ( Xx) 2,3

0

o'—.-om
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V4

Aliter: We have J:? sin®"" @cos™ GO = % Blm,n). oo (1)

Put p:2m—1,q:2n—1s0thatm=pT+1andn=

z . 1 +1 g+1
Then (1) becomes Esm” @ cos’ 6kit9=§ ﬁ(p_q_j

qg+1

2 2
or.Psin’”49cos’14§ldé?=l m_—l—l’n_—i-l
0 2 2 2
2. Solve 4dx
'[\/1 x?
Sol: Putx"=y sothat dx=—=—y?>dy
2x 2

When x=0=y=0,and x=1=y=1
1
S dx—f
0

21 > -1 2 _l l
——Iy(l y)? dy jy (=) dy 2/{1,2]

1

2

Zdy

3. Solve i

dx
0 \]9—)62
-1

Sol: Putx” =9y so that dx:%.y2 dy

-1 -1

3 3 1 —” !
J. dx =I9 x° d =J.(9—9y)2.§y2dy
0 9—x* 0 0 2
=—fy2 2dy
Lp o = 1 (11
=— 1-y)? dy=—pf|—,—
zfy (I-y)* dy 2,3(2 2]

4. ST [2(1-x")d =—ﬂ(’"+1 1]

Ly

Sol: Putx” =y sothat dx = 1 y' dy
n

1 1-n

.'.j-xm(l—x")pdxz.[ym/"(l—y)ply"dy
0 n

5. ST [(1+x)" (1-x)"" dx=2""" B(m,n)

DEPARTMENT OF HUMANITIES & SCIENCES [ ©MRCET (EAMCET CODE: MLRD) BSE:
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n—1

Sol:  We have B(m,n)= I; x"(1-x) dx

Put x:1+y

sothat dx = %dy

= Blm,n)= J- (123_)1"" (1— 1_;}]) _ %dy

U L) (-

m+n—1 T Amtn-1
’ 2 2 ’

I(l +x)" (1= x)"dx=2""" B(m,n)

1
xdx 1 (21
6. P.T =—p| ==
! 1-x° Sﬁ(S 2)

1 1

< —1
Sol: Putx’=y=x=y° Sothatdx:%ys dy:%.y

-
5

dy
When x=0=y=0,and x=1=y=1
-4 -3 1
xdx <

1 1 yé 1 L3 -1
= —yldy=—|y>(=y)*dy
!\/l—x5 !Jl—y 5 5!

1 24 Ty (2 1)
= - 1-V)2 dyv== —,=
Sly (=y)* dy 5,3 575

1 2d
7. Evaluate J-O H in terms of Beta function
1-x

1 4
N 1 -
Sol: Put x’=y=x=y° sothatdx=§y5dy

When x=0=y=0,and x=1=y=1

j' xX’dx j~ yg 1 ?d 1j~ _?2 _71
= —y>dy=—|y> (I-y)*dy
0\/1_-7C5 O(I—y)%s 50
1 2 o1 (301
- 1-v)2 dyv=— ==
Sly (I1-y)* dy 5’8 55

8. ST [ (x—a)(b—x) dx=(b-a)"" Bim+1n+1)

Sol: Put x=a+ (b—a)y(or){x =%} so that dx=(b—a)dy

When x=a=y=0,and x=b=y=1

b 1
I(x —a)" (b—x)"dx =I [(b —a) y]m [b —a—(b- a)y]n (b—a)dy
0

a

= j (b—a)" y" (b—a)"(1-y)" (b—a)dy
0
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1
— (b— a)m+n+1J- ym(l_ y)n dy

1
m+n+1 J‘ (m+1)— 1(1 (n+1)—1 dy
0

=(b-a)" Blm+1,n+1)
m—1

9. S. Tdexza—"ﬂ(m,n)

m—1

Sol: We have f(m,n)= J- a a
0

)m+n

Put x= Y sothat dx =

&
a a

dy LN ym—l.am+n

L_:
- Bm,n) = I ) (14 Yyren @ " ary)
a

m+n

!(y+a)’"+"

o
m,n)=|—————dx
! (x+a)

oo m—1

Hence J-x—dx =a " B(m,n)
) (x+a)m+n

Relation between # and I' function
I'(m)T(n)

C(m+n) ,m>0,n>0
Proof: By the def of I —function

Prove that B(m,n) =

I'(m)= Ie‘x x"dx
0
Putx=¢> = dx=2tdt
When x=0=t=0and x=coc=t=00
T(m)=[e" @)y 2t = [ e £ 2al
0 0

oo

(m)=2[e" " dt
0

S}

F(m) = ZI e X" dx
0
Similarly,

= 2J e yz”_ldy
0

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD)

116




MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

oo oo

T(m)T(n) =4[ ey dy

0 0
=4J'J‘e (@ +y%)  2m 1y2n ldxdy
00

Transforming to polar coordinates
x=rcos@,y=rsinfand dxdy = rdrd@

r is varies from 0 to o and @ is varies from 0 to %

-2 2m-1 2m—1 2n-1 _+ 2n-1
e r’" cos™™ @r" T sin™"" Grdrd @

=
2
o
=
Il
N

Oty [N

-2 2 -1 2m—1 . 2n-1
e " P cos? ! @sin® ! @drd @

Il
N
SR 1
Sty =8

z

oo 5 2
=2 j e pAmml g o j cos>™ @sin? 1 0do

0 0

Problems :
1. S.T FGJ =Jr

L(m)C(n)
[(m+n) , m>0, n>0

G oy
— s {r(—ﬂ ....... W[~ T(1)=1]
' —+—

22)

) b 1, L -

But 8| —,—=[=|x?> (A—x)? dx=|x>(1—-x)2dx

u ﬁ[z 2) ! (1-x) { (1-x)
Put x =sin’ @ so that dx=2sin & cos 8d0

When x=0=>60=0,and x=1=0="

Sol:  We know that B(m,n)=

. 1 11
Taking m=n=—,we have f| —,— |=
e 2 'B(Z 2)

z

H 2 z
- f ll :I '1 ! .231n6’cos6’dt9=2J‘d6’=2[l9]02
22 ) Siné cos & 0

Az

From Equation (1) {F(%ﬂ =T= F(%) =z
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© 2
- g
2. To show that Ie dx = >
0

Sol:

Note:

3. P.T. F(n)F(n—l) =

Proof: We know that f(m,n) =

DEPARTMENT OF HUMANITIES & SCIENCES

Jr

We have F(n) = je‘xz X" dx
0

1 2 -t
Taking n=—, we have I 1 :J.e’x x2dx
2 2) 3

Put x =1> sothatdx = 2tdt
When x=0=r=0and x=co=t=o0

. l_oo—tzz_?l _m—t2
"F[Ej_Ie (t?) 2tdt—2£e dt

0

(or)ZI e dx= FGJ ( F@ _ \/;j

p )
:>J-exdx:
0

p 2
1 I e dx=

—oo

t\)‘?‘ m‘§‘

oo

2. I e dx=~I1

—0o0

3. I'(n) is defined when n>0
4. T'(n) is defined when ‘n’ is a negative fraction.

5.But I'(n) is not defined when n=0 and ‘n’ is a negative integer
T
sin nz

mLﬂﬂ_ndx
o +x)
[(m)I(n)
I(m+n)
T x" Joe I'(m).I(n)
s (1+x)™" I'(m+n)

Also we have f(m,n)=

Taking m+n=1 so that m=1-n, we get

Tx"‘l _ I(1-n)T(m)
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MATHEMATICS -II

BETA AND GAMMA FUNCTIONS

Lo 2m

T 2m+1)7x
We have J- al s—dx =—cos ecw Where m>0, n>0 and n>m
o 1+x 2n 2n
Put x*" =t and 2m+1 =5, wehave
2n
2 An l-%n
I =—cosecsT
0 (2n)(1+t)t 2n
Al’l l-él’l 7z'
(or)—j—dt =—cosec ST
2n 1+1 2n
2m+l_1
=Jcosecsw
o0 s -1
T
(or)
I 1+ t sinsw
T
(or)
I 1+ x  sinst
b4
e 2)
sin nx

From equation (1) and (2) we have I'(n)(1—n)=— 4
sinnz

4. S.T.T'(n =j(1og/) dx,n>0
0

Sol:  We have T'(n)= '[ e x"dx (1)
0

1
Putting x =log—=-log y
Yy

(or)y=e " sothatdy =—e “dx
dx= —1 dy

y
Equation (1) becomes

_01 o ld—ll 1n—ld
e e o
! n-1
=.([(10g%€) dx
5. Evaluate i. jx4(1—x)2dx ii. j-x(8—x3);dx
0 0

1 1

Sol. (i). [x*(1-x)%dx=[x"" (1-x)" dx=5(5,3)

0 0
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MATHEMATICS -1 BETA AND GAMMA FUNCTIONS

L(5)0(3) T(5)T(3) 412! 412 1

r'(5+3) [(8) 7! 7x6x5x4! 105

-2

1
(ii). Letx’ =8y => x=2y? :>dx:§.y 3dy

When x=0= y=0andx=2= y=1

2 [ Ly 2
.'.Ix(S—x3)3dxz.[2y3(8—8y)5.§y3dy
0 0
-1

;
6. Evaluate |sin’ @cos? 840

S t—o [N

Sol. We have

St—v N

sin”" @cos™ " BdO = %,B (m,n)........ )

Put 2m—-1=5=m=3 and 2n—1:%:>n=

NI

=~ Equation (1) becomes

7 r(3).r(9
sin’ 6 cos? 9d9=1ﬁ(3,2j=1.M
2 2 r(3+

P T+

.r(3)r(94) :l.zzr(%)
r(2ly) 2 ()
(%

O 0 |y

| =

2

) e

r(%) " 1989

~o

7. Evaluate (i). '[34” dx
0
Sol. Since 3 =¢"¢

. 34)8 —4x%1og3

=e
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MATHEMATICS -1I BETA AND GAMMA FUNCTIONS

—4x* —4x%log3
JS xdxzje % dx
0

0

Moo dy
Put 2xy/1og3 =y sothatdx=
82=y 2,/log3

2 < 2 d <
|3 de= e
! ) !e 2\/10g3 2\/10g !
2 log3' 2 4 10g3 \161og3

1
8. When n is a +ve integer. P.T. 2”F(n+§J = 1.3.5....(2n—1)\/E

A A
{2t i)
I

2n—1 2n-3 2n-5

of 2 —sj
2 ) 2 2
_2n-12n-3 2n-5 Elr(l]
Sy g 55113
_ (2n—1)(2n—?;1(2n—5) ..... 31 2

.'.Z"F(n+%j:(2n—1)(2n—3)(2n—5) ..... N

9. P.T. 22"'1F(n).T(n+%j =T (2n)N7

1

Sol. By def, we have B(m,n) ='[xm_1 (1-x)"" dx

0
(0n) [ ¢ (1= de= i (mm) = UL 7]
0

F(n+m)

Put x=sin> 8 sothatdx=2sinOcosfdO

T

I(n)I(m)
I'(n+m)

2
From equation (1) J‘sinz"*2 cos”*(2sin @cos §)dO=
0
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MATHEMATICS -II

DEPARTMENT OF HUMANITIES & SCIENCES

I'(n).I(m)

3
or) | sin® ' @cos® ! 0dO =—— 2
( )l 2I'(n+m) @

Putting m = Ain equation(2), we get

sinz”‘ledezr(n)r(;] JZ () oo 3)

2T n+l 2 Fn+1
2 2

(= L]

Now putting m=n in equation (2), we get

2
T
sin”" @cos® " 0d6 = ( (n))

O o | Ny

(F(n))2 1 % 2n-1 7

. 1 . 2ne
(or) 2T (2n) = o E[(ZschosH) 0do = S jst '20d6

0

7 1

3
1 I Sinzn_l¢d¢(put 29:¢) — 22n ZJSiHZn—1¢d¢
0 0

1
= H2n-l1 5

(C() 1.z L)

= = 2n=1 ° .
2I(2n) 2 2 r( +1j

= 22"_1F(n)r(n+%j =[z.I'(2n)
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UNIT-1V
DOUBLE AND TRIPLE INTEGRALS

Double Integral:
L When y1, y> are functions of x and x; and x> are constants. f(x, y)is first integrated

with respect to y keeping ‘x’ fixed between limits y1, y> and then the resulting expression is
integrated with respect to ‘x’ within the limits x1, x> i.e.,
xX=xy y=¢,(x)

[[fey)xdy=| [ fOxy)dydx
R X=X y=¢1 (x)
IL. When x1, x» are functions of y and y1, y» are constants, f (x,y) is first integrated with

respect to ‘x’ keeping ‘y’ fixed, within the limits x1, x> and then resulting expression is
integrated with respect to y between the limits y1, y2i.e.,

y=y  x=h(y)
[[fCoyyxdy=[ [ f(xy)edy
R =y x=h()

I11. When x1, x2, y1, y2 are all constants. Then
Y2 Xy X Y2
[[fCoyxdy= [ [f(xy)cdy ={ [f(xy)ydx
R Y X ol N
It can be used in any order

PROBLEMS:

23
1. Evaluate I j xy’dx dy
11

23 2 2 3 2yz
Sol. J'“xyzdx}dy =![y2.?ldy=!7dy[9—1]

1

8 2 2
= Ejyzdy = 4.I y2dy
1 1

3 /T 4 47 28
=4, y/} =—|8—-1l|l=—=—
[ 3 3[ ] 3 3

2. Evaluate ﬁydy dx
00
2 x 2 X
Sol. j j ydydx = I {j ya’y}dx

x=0 y=0 x=0| y=0
x 2 3 2
= [y—} dx = J—(xZ—O)dx:l xzdx—l{x—} =1(8—0)=§=i
x=0 2 0 x=0 2x=0 2 0 6 6 3

3. Evaluate i j x(x2 +y° )dxdy
00
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Sol. JS. ]‘ x(x2+y2)dydx= j{x3y+xy?3}x dx
x=0 y=0

x=0 y=0

x= x=0
5° 5
"6 24
4 Eval j‘\? dydx
. t D e——
valuate . 1+x2+y2
1 \ﬁ:;E- 1 1+x°
dydx . 1
dy |d
! 0 '([ 1+x°+y 0{ y‘L) (1+x2)+y2 T
1 i 1+x 1
- _[ 2 dy |dx
=0 y=0 (\/1+x2) +y
1 1 y 1+x°
= Tan™" d =_
Ir{ Nl TR
= _[ \/1+_x Tan’ll—Tan’IO]dx or %(sinh"‘x)gzg(sinh“ 1
T 1
:Z J' \/1_|._x [log(x+\/x +1)l=0
=%10g(1+\/5)
5. Evaluate _Hei(xz”%dx‘ly 4
00 r
Sol: Ije Sl )dXdy Ie v |:J-exzdx:| dy O{00) | xtey? r A
00 0 0
[EERNE PN
=|e’ —dy e dx=—
A
iy s
2 9 272 4
00 00 %; ©
Alter: _”e (e )dxdy = j J " rdrd@ (o y =)
00 6=0 r=0

(Changing to polar coordinates taking x = rcos@,y =rsinf)
OMRCET (EAMCET CODE: MLRD) mPX
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

6. Evaluate ”xy(x+ y)dxdy over the region R bounded by y = x>and y = x

Sol: y= x’isa parabola through (0, 0) symmetric about y-axis y = x is a straight line
through (0, 0) with slopel.

Let us find their points of intersection solving y = x°, y = X we get

x? =x =>x=0,1 Hencey =0,1

.. The points of intersection of the curves are (0, 0), (1, 1)
Consider _ny(x+ v)dxdy
R

For the evaluation of the integral, we first integrate with respect to y from y =
x2 to y = x and then with respect to x from x=0 to x=1

-E:O|ij-:=x2 xy(x+y)dy }dx = Ijzo“yx:xz (xzy +xy” ) dy }dx

B ELSE A 58 K o)
= 6 2 3 65 14 24

0

11 1 _28-12-7 28-19 9 3

6 14 24 168 168 168 56
7. Evaluate ”xydxdy where R is the region bounded by x-axis and x = 2a and the curve
R

x’= 4ay.

Sol: The line x = 2a and the parabola x*>= 4ay intersect at B(2a, a)

~The given integral = J‘J.xy dx dy Q y=xt
R

Yex| P
o0, 0)

parabola yexd
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Let us fix y’, for a fixed ‘y’, x varies from 2,/ay to 2a. Then y varies from
Otoa

Hence the given integral can also be written as

[ dsdy=[T [ [ xax vy

) 2a
a X
=] {?} vdy
x:Z\E

= J.a [Za2 —2ay] ydy

_|2a°y’ 2ay’ ’
2 3,

7
8. Evaluate Iol I rsin 8d o dr
0

Sol. L [ sin Gde}dr = j cost9 % 2, dr
[ J;l:o -r (cos % —Cos O) dr

1 | 2 1 | .
:J‘ro_r(o—l)dl’="‘0rdr=[?j :5_025

0

9. Evaluate ” (x2 +y’ )dx dy in the positive quadrant for which x+y<1

s sl = [ ] (0 )y

R

B{0,1)

3 l-x P oasy=1
= X y+— dx .
I ( Y j o0 q "

A(LO)
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

2 2

8. Evaluate H (x2 + yz)dx dy over the area bounded by the ellipse x_2 + 2o
a

e
x2 2
Sol. Given ellipse is —+y—2 1
: ¥
y: P 2 2 ’ 2
ze.,ﬁzl——ZZ?(a -X )(or)y :—2(61 —x)

R

X
b atag) 000 | Aao)
SLy=f— a’—x’
Hence the region of integration R can be expressed as

-b b
—anSa,—\/az —x* < yS—\/a2 —x?
a

--.”(x2+y2)dxdy=f=_ I{_J/ij(x +y )dxdy

_ /\/ﬁ 2 . “( 2 y3 j%ﬁ
2_[__ j x +y )dxdy 2J_a X y+ 4 0
:Zj_aa{xz.%\/az—xz+%(a2—x2)%}dx

=4j:{%x2 /az_xz +3b—;3(az—x2)%:|dx

Changing Cartesian to polar co-ordinates put x=asinf = dx=acos8d@

x . _
Z=ginf@=0=sin"'=

If x—>0,Thend -0 and if x> a,Thend — =

T, 3
= 4J.A b/ .a’sin” B.acos O+ b—3.a3 cos’ H}acos 0d6
o | /a

3a

T, 3
=4I/ a’bsin® Ocos” 0+ — ab’ cos* 0 |d0=4| a’b. ll.szab Elz
0 3 4 42 2

sin” @cos” 8d6 = n—l. n-3 2

o'—’m‘hj
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

:%(a3b+ab3)
:”Ta”(a2+b2)

Double integrals in polar co-ordinates:

asind  rdrd @

e
7, casing  rdrd @ 7, | pasind 7 | pasno 2
Sol.[ J. /az_r .[0 {J.o / }d = { \/ﬁ

:;j;%z(m)e j/ [ @’ sin? 0—a? —o}m

1. Evaluate I/ I

dr}dé?

T,

~ (-a) [ *(cos0-1)d0 = (~a)(sin0 - 6)
~a)|[sin 7/, -7/, |+(0-0)|
SRV

2. Evaluate [[ 7r3drd@ over the area included between the circles r = 2 sin 0 and r =
4sin0

Sol:  The region of integration R is shown shaded .Here
¥

r varies from P(r = 2sin ) to Q(r = 4 sin 0) and to cover o

the whole region varies 8 from 0 to f' redsing

r=2sinfd

T ,4sin@ g=n a =0
ff r3drd@ =f f r3drd
0 Jr=2sinf

b4 4sin 6
y fo {fr=25in9T3dr} de

4 4sin 6

fon <7‘T)Z sin 8 do

= Jy (256sin*0 — 16sin*0) do

X

=60, sin*0 do

[ f fx)dx = Zf fQdx,if f(2a—x) = f(x)
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

3Xx1 451

_60x 2 [ sin*0 df = 120522 T 22T

Change of order of Integration:

4a e2+ax
1. Change the order of Integration and evaluate _[ » Iy—x7 dy dx
=09y="/4q

Sol. In the given integral for a fixed x, y varies from :— to 2\/5 and then x varies from
a

0 to 4a.

2
Let us draw the curves y = :— and y=2ax
a

The region of integration is the shaded region in diagram.

da
The given integral is = J. " L_ 7 dy dx
=09y="/4a

Changing the order of integration, we must fix y first, for a fixed y, x varies from 2

4ay
and then y varies from 0 to 4a.Hence the integral is equal to

X=4ay

,“ J. y/ dXdy J. I: )’/ jld Aldada)
Cl[;[i,ﬂ'i Y;:dax-
4a 2.0a 4a 2
SIS R MENCE A T

4a

2. Change the order of integration and evaluate = IO IJZ(XZ + yz)dx dy

o . x , .
Sol. In the given integral for a fixed x, y varies from —to 2 and then x varies from 0 to a
a a
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Hence we shall draw the curves y = X and y= \/2
a a

i.e.ay = x and ay’= x -
) A(0,1) 4y =x
We get ay =ay "

Q
=ay-ay’ =0=ay(1-y)=0=>y=0,y=1

|
0(0.0) aYi=x X
If y=0, x=0 if y=1, x=a
The shaded region is the region of integration. The given integral is
“ar :\/Z 2 2
+
e
Changing the order of integration, we must fix y first. For a fixed y, x varies from ay>
to ay and then y varies from O to 1.
Hence the given integral, after change of the order of integration becomes
Loty o, _ J’ ! J‘ @y ( 2, 2 )
= X +y°)dx |d
Iy:O J‘x:ay2 (x + y )dx dy y=0 x=ay2 y y
3 ay
1 x h
= —+ d
PR
x=ay
3 3.6
Llay 3 Yy 4
= +ay’ — — d
),_0( 3 ay 3 ay J y
ayt  ay _a3y7 ay !
12 4 21 5
y=0
_4,4. 4 a_a a
12 4 21 5 28 20
12—x
3. Change the order of integration in I I xydxdy and hence evaluate the double integral.
0 xz
Sol.  In the given integral for a fixed x, y varies from x? to 2 — x and then x varies from 0
to 1. Hence we shall draw the curves y = x> and y = 2 — x.
The line y = 2 — x passes through (0, 2), (2, 0)
Solvingy = x%y =2 —x B Xy i
gy y AD.2) 02) 8
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Thenwe get, X’ =2-x =>x" +x-2=0=>x"+2x-x-2=0
= x(x+2)-1(x+2)=0=(x-1)(x+2)=0=>x=1,-2

If x=1Ly=1

If x=-2,y=4
Hence the points of intersection of the curves are (-2, 4) (1, 1)
The Shaded region in the diagram is the region of intersection.

Changing the order of integration, we must fix y, for the region within OACO for a

fixed y, x varies from 0 to \/;

Then y varies from O to 1

For the region within CABC, for a fixed y,x varies from 0 to 2 — y, then y varies
from 1to?2

Hence I;I;_xxydydx: J‘J. xydxdy + J‘J. xy dxdy

OACO CABC

y=0

[ v [ v s

279y=
30\ 3 47?

_1(y_j +l{4i_4i y_}

203 ), 212 34
111
L e o4/ (s 1y e V(16—
2.3+2[2.4 2.1-44(8-1)+ V(16 1)]
1 1{ 28 15} 1 1{72—112+45}
=6 | ———

6 2 3 4] 6 2 12
_l+l{i}_4+5_i_§

6 2/12] 24 24 8
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

e,
4. Change of the order of integration .[o jo y “dxdy

Sol: Now limits are y = 0 to land x=0z0/1-y’

put y =sin@

J1-y* =cos@ :

dy =cos8do s
*=0

x.-'.'.\‘.r__ ]

— ! 2 1 2d R
=| Vy1-y'dy .
A(-1,0) Q00 Al1,0)

- J.;% sin” @ cos” 8d0 = J:A sin® QdH—IO% sin* 6d 0

=%(%)_%%(%):%6
Change of variables:

The variables x,y in H f (x, y)dxdy are changed to u, v with the help of the relations
R

x=f,(u,v),y = f,(u,v) then the double integral is transferred into

o(x,y)
8(u,v)

Where Rlis the region in the u v plane, corresponding to the region R in the xy —plane.

dudv

.Uf[fl (u.v). fs (u,v)]

Changing from Cartesian to polar co-ordinates:

x=rcos@,y=rsind

o o

8[(x,y)jz or 00| _|cos@ —rsing

(r,6) Oy Oy| [sin@ rcosf
or 00

= r(cos2 6 +sin’ 0) =r

[ £ (xy)dxdy = [[ £ (rcos 6, rsin 0)rdr do

R

Note: In polar form dx dy is replaced by rdr d@
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

PROBLEMS:

o )
1. Evaluate the integral by changing to polar co-ordinates .[o Io e dx dy

Sol. The limits of x and y are both from 0 to .

.. The region is in the first quadrant where r varies from O to « and @ varies from

Oto%

Substituting x=rcosd,y=rsin€ and dxdy=rdrd6

Hence j: j: e_(xz+y2)dx dy = .[:f) J ZO e rdrdo

Putr’ =t

= 2rdr =dt
_dt

= rdr= A

Where r=0=t=0and r=0o=t=0w

SN ey =[ ijo%e_zdtde
%=1y _\*
:J’()Aj(e )0 do
:;j?(O—l)dQ:%(e)? =%%=%

a a®- y2
2. Evaluate the integral by changing to polar co-ordinates .’.o Io (XZ +y ? )dx dy

_[2_ 2
The limits for x are x=0to V¢ 7

Sol.
= X2 + y2 = a2

. The given region is the first quadrant of the circle.
By changing to polar co-ordinates

x=rcos@,y=rsin@,dxdy=rdrd0

Here ‘1’ varies from 0 to a and '@' varies from O to %

_[: J‘OW(XZ +y° )dxdy = Jjﬁ Lio rrdrd @
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

2 2
da ey X - y ) T 5
3. Show that | | dxdy =8a*| Z -2
o PP+ y? 7 3
2

Sol. The region of integration is given by x = y %a’ x=yandy =0,y = 4a.

i.e., The region is bounded by the parabola y>= 4ax and the straight line x = y.

Let x=rcos@,y=rsin@.Thendxdy =rdrd0

The limits for r are r = 0 at O and for P on the parabola Y Priada)
y=x
4
r*sin® @ =4a(rcos@)=r= #059
sin” @
For the line y=x, slope m=1 i.e., Tanf =1,0 = % )

D'[:D-U:' Yi=dax
The limits for §: % N %

Also x> —y* =7’ (0052 0 —sin’ H)and X +y =7

T ety s s oo
) sacosg)
- J'(f%(cos2 6 —sin® 49) (r—zzl HdH

cos® @
sin* @

= 8612_[:/4(0052 6 —sin® 6‘) do
4

:8a2_‘-;é(cos4 6 —cot? 9)d9 =8a’ {3712_8 +£—1} =8a’ (E_éj
4

4 2 3
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Triple integrals

If x1, x, are constants. y1, y» are functions of x and zi, z» are functions of x and y, then f(x, y, z)
is first integrated with respect to ‘z’ between the limits z; and z> keeping x and y fixed. The
resulting expression is integrated with respect to ‘y’ between the limits y; and y» keeping x

constant. The resulting expression is integrated with respect to ‘x’ from x; to x»

i.e.”jf(x, y,z)dxdydz = jb J‘y=gzi);) JZ:fZ(X’y)f(X, y,Z)dZ dy dx

x=a Jy=g =f(x.y)

PROBLEMS:

1-x*—y?
’ xyzdxdydz

0

1 N1 «}
1. Evaluate _[0 jo j

Sol. J:_O j\? L_lo_xz_yz xyzdxdydz

y

«flfxzf G
dyj . > xyzdz

z=l

fLaf

x=0 y=0

1 — 2 =2y
- j dx - dy
x=0 y=0 2

=0

:l 1 dx mxy(l—xz—yz)dy

2 Jx=0 y=0

:%J.:_de y\/_?x[(l—xz)y—yﬂdy

W1l-x

1 2 4
NG :_o’{(l_xz)y?_yj_ dx
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MATHEMATICS -1I DOUBLE AND TRIPLE INTEGRALS
1 ( 1 1 1 ] 1
—_—— + —_
82 2 6) 48
Z x+z
2. Evaluate _[ I J. X+y+z)dxdydz

x+z

J X+y+y dxdydz

=[] KW ’ y% * Zyjm ddz

X=Z

1z
Sol: _[ I
0

-1

:Ijlj;x(x+z)—x(x—z)+ x;Z} —[X;Z} +z(x+2)—z(x—2)dxdz

1 z 1
= L J.O [ZZ(x +2)+ 54xz}dxdz

1 2 27)°
= 2J._] {Z.%+ x+ z%} dz

0

[ . 7 2 1
_2'..‘—1 ?+Z +E z=4. : =0
=i

3. Evaluate[ [, [(xy + yz + zx)dxdydz, where V is the region of space bounded by
planesx =0,x =1,y=0,y=2andz =0,z = 3.

Sol: [ [, J(xy+yz+2zx)dxdydz = fzsz o fy2=0 fxlz Xy +yz + zx)dxdydz

= szo fzzo(x—zy +xyz + ﬁz)(l)dydz
y 2 2
3 2
=0t B+ yz+5)dydz
_ 3 yZ yz zy 2
S (G524 T), a2

= fzio(l + 2z +z)dz

= fzio(l + 3z)dz

3

3z2 27 33
() -
2 /g 2 2
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Applications of Multiple integrals:
Finding the area of a region using double integration: Yeg(x)

The area of the region R bounded by given curves is given by
& Elx) ¥ =Flx)

” dxdy ” chcdx _[ _[ dydx 2
R or & = Hm ¥=fix)

[[rdras
In polar form the area of the region R is #

X2+_}’2:f12

” cfxady
Sol: Area of the plane region = £
For the region R
X-various from —a to a

1. Find the area of the circle

>X

\‘{ 2.2 ”‘J{ 22
Y-various from - Y& T& (oW T4

L Area af the circle = ” dxdy
2

a oJoi-a?
_[ dhvelx
=4 =l pdl

_T a® — xidx
=40

LY +£sin_l(£] |:|+£.E
=4 g =4 g

2 o] 2 2

— T
2. Find the area of the circle r = a

H rdrdé
Sol: Area of the circle = #

[ Jraws (2] a
drd 8 | —
=r-IZIﬂ-EIr ’ = 2 0 ’C

2
i3

— 2
-2 -m

3. Find the area of the cardiod r = a(1 + cos@)

/2

x @ l+osd)

[[raras [rarae _//
Sol: Area=2 % =20 ¢ =

W —
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

2

13 1 T 3m
e —. — —
= 4 222 2
Finding the volume of a region using Triple integration:

11 ES

Volume of the solid = *
[[[ cxeivez

= ¥

T, .3, .3 .2
1. Find the volume of the Sphere * 1t 12 =4

1, .2, .3 _ .32
Sol: The sphere * T% T2 =2 is cut into 8 equal parts by three co-ordinates

Planes .Hence the volume of the sphere is equal to 8 times the volume of the solid bounded

2 2, .3 _ .2
byx=0,y=0,z=0andx tyi Az =an

[2_ 27 Y
Z- varies from O to F

=z 2
Y- varies from 0 to V& — &

X-varies from 0 to a

PR L PR

[ | [azdvix
- Required volume v=8*% »0 =0

a a7

I I et — 2t =y dvdx

=R¥=0 10
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

Change of variable in Triple integrals:

Letx = @1(w,v,w),y = ®2(u,v,w),z = ®3(u, v, w) be the relation between old variables
(x,y,2z) with the new variables (u, v, w) of the new coordinates system .

[[| #x.3.2dxdviz = [[[ 7(a. . &) Jedudvaw
Then ¥ ¥
1. Change of variables from Cartesian to spherical co-ordinate system:
The relation between Cartesian co-ordinates i

X, Y, z and spherical co-ordinates, r, 8, ¢ are
given by “7tP(%,y,2)0r(p,0,)

x=rsn fcosd
y=rsm fsin & 27
z=rcosd o 77 -y
e ,
a x: :Z ,// /”/
Ax».2) . /)"- __________________ A TR 20
When J= 8. 8.8 _ r*siné e b H:tm-,[_Jx’:yf] —
Then z){ ¢=m“[§) O=g=2m)
[|[ #x.».2)dxdydz = [[[ F(rsin 8cos grsin Gsin 6,7 cos 8)r% sin Bd TG
¥ ¥
Cartesion to cylindrical co-ordinate system: p
x,y,z-1,¢0,z~0r)p, b,z
“tP(x,y,2)0r(p,0,d)
x =pcosd,y =sind,z=2z
:
a[x,y,zj ,'OL\ -y -
= a(p, a:-,, Z:I . P ¢— \ =,, .
o AN #=tan ‘(%] (O=p=2m

[|[# .. 2ydxdydz = || 7 (oeosp, osin ¢, 2)d 0

1. Using spherical polar coordinates then the volume of the sphere
Sol: By changing into polar coordinates

x=rsin Scosf

y=rsin Jsin @

z=rcosd dxcvdz = r* sin Sdrd M
r—=0ioa
8—=0tom
$—0t0 27

Required volume = .I-.I]. dxdydz
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

T ] _Trj sit Erd &g

— gl 8=l p )

3
% (~cos B3 (B2

4mad
3

2 2 ]
+ v + 2 Az
2. Evaluate -I-I- (& 5"+ 2 )drdy

x2+y2+22:

taken over the volume enclosed by the sphere

1 , by transforming into spherical polar coordinates

Sol:

1 0z 2
J]. (x* + 3 +zjj.:z’xciycizz ﬁ'[ﬂ.a[n!urjrj sin &drd

2 2
+ ¥ Ndxdvdz
3. Using cylindrical co-ordinates -II-II-II (x° +p")dxdy taken over the volume bounded by

0 2 _ .2
the xy -plane and the parabolid Z=°~% )"

Sol:

3 2 9t

[ [ [rrardee 2;??_[(9 P yridr

¥l @] =0 = rll

M{E_iT
_ 4 [ R

o 722 23], 2aim
_ L4z 5

R .:;Ez.:fy.::t‘x

1
4 Evaluate " »0 = 1= -y by changing to spherical polar coordinates.

Py =1

Sol: Given region of integration is the volume of the sphere in the first
octant
r—0sal
6002
2
G002
For which 2

I : 3
_i-l_l- -l-y cizdy.:fx : i- i- Smgm!’&i’-;é
=0 =i

yell peil gl - .
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS

2 Ii—(1-r%
_ (—rcos)i (#)3 !ﬁfﬁ" )

1

ol I F 1.
15 s tr—s mafl—r +Zsin
2[ {zﬂ 2

Ax_1x x
_2l2 22]|_g

5. Using cylindrical co-ordinates, find the volume of the cylindrical with base radius
a and height h.

0

Sol: X=rcosf, y=rsing, z=z

r—=Dioa
8 —=0iadir

J=1 z —=0ioh
2

a Ix k 2
drd 8dz 2
Required volume= .I-.I]. drdydz = rII:I a'[u xII:Ir ’ £ E'Eﬁ'k _ a’k

d 2 2
+ y* + 2 Ndxdydz
6.Using cylindrical coordinates evaluate -I.-I. (254 7 + 27 )dxdy

O=z=x+y° =1
Sol:

taken over the region

r—0ial
8 —= 0ol

z —=0ial

2 p P
r+ =r
' , J=r

i :] i(r" +zwdrd &z

Given integration= "= ¢-0z=0

4
T L P L
2736

wal

11
32

F
_ 4
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UNIT -V
VECTOR CALCULUS

INTRODUCTION

Scalar: A quantity which is completely specify by its magnitude only.

Ex: Time, Temperature.

Vector: A quantity which is completely specify by its magnitude and direction.
Ex: Force ,Velocity.

Position Vector: Let A and B are two vectors then the position vector of AB is
AB=0B-0A.

If @ =ayi+ ayj+ askthen|al=ya,%+ ay?+ a3

If @ is any vector then its unit vector is given by I%I

Dot Product

a.b=|al|b| cosd where 8 is angle between two vectors

Weknowi.i = j.j = k.k =1and i.j = j.k = k.i=0

if @a=a,i+ayj+azk,b=byi+b,j+bkthen ab= abi+abrt+asbs
Cross Product

axb=|al|b| 7 sinb

i j k
=la; a, asz| sinceixi =jxj =kxk=20
by by b3

ixj=k; jxk=i; kxi=j; jxi=-k ixk=j; kxj =i
Scalar and Vector Point Functions

Consider a region in three dimensional space. To each point P(x,y,z), suppose we associate a
unique real number (called scalar) say ¢. This ¢(x,y,z) is called a scalar point function. Scalar
point function defined on the region. Similarly if to each point P(x,y,z) we associate a unique

vector f (x,,2), f is called vector point functions.

Examples:

For example take a heated solid. At each point P(x,y,z)of the solid, there will be temperature
T(x,y,z). This T is a scalar point function.

Suppose a particle (or a very small insect) is tracing a path in space. When it occupies a
position P(x,y,z) in space, it will be having some speed, say, v. This speed v is a scalar point
function.
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MATHEMATICS -11 VECTOR CALCULUS

Consider a particle moving in space. At each point P on its path, the particle will be having a
velocity v which is vector point function. Similarly, the acceleration of the particle is also a
vector point function.

Tangent vector to a curve in space

Consider an interval [a,b].

Letx = x(t),y = y(t),z = z(t)be continuous and derivable for a<t <b.
Then the set of all points (x(t),y(t),z(t)) is called a curve in a space.

Let A = (x(a),y(a),z(a)) and B = (x(b),y(b),z(b)). These A,B are called the end points
of the curve. If A =B, the curve in said to be a closed curve.

Let P and Q be two neighbouring points on the curve.

Let OF =#(t),0Q = 7(t +4t) =7+ 7. ThendF = 0@ — OF = PQ

o — — P o
Then ;l;is along the vector PQ. As Q—P, PQ and hence 7IQ tends to be along the tangent

to the curve at P.

or dr dr
Hence alt E_ d_’; will be a tangent vector to the curve at P. (This d_’; may not be a unit

vector)

Suppose arc length AP = s. If we take the parameter as the arc length parameter, we can

dar . .
observe that I is unit tangent vector at P to the curve.
s

Vector Differential Operator

Def. The vector differential operator V(read as del) is defined as

V—1g+12+ké
ox " Oy 0z

This operator possesses properties analogous to those of ordinary vectors as well as
differentiation operator.

We will define now some quantities known as “gradient”, “divergence” and “curl”
involving this operator V. We must note that this operator has no meaning by itself unless it
operates on some function suitably

Gradient of a Scalar Point Function

Let ¢(x,y,z) be a scalar point function of position defined in some region of space. Then the

vector function 7 %4- j_% +k o9 is known as the gradient of ¢ or V¢
ox Oy 0z

09 -0p -0
=1 9 +J % +k %9
0z Ox oy 0z
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MATHEMATICS -11 VECTOR CALCULUS

Directional Derivative

Let ¢(x,y, z) be a scalar function defined throughout some region of space. Let this function

have a value ¢ at a point P whose position vector referred to the origin O is OP = r. Let

¢d+Ao be the value of the function at neighbouring point Q. If @F = # + Ar. Let Ar be the
A

length of A7. — gives a measure of the rate at which ¢ change when we move from P to Q.

AT

The limiting value of i—f as Ar — 0 is called the derivative of ¢ in the direction of @ or
simply directional derivative of ¢ at P and is denoted by d¢/dr.

The physical interpretation of V¢

The gradient of a scalar function ¢(x,y,z) at a point P(x,y, z) is a vector along the normal to
the level surface ¢(x,y,z) = cat P and is in increasing direction. Its magnitude is equal to
the greatest rate of increase of ¢ .

Greatest value of directional derivative of @ at a point P = |grad ¢| at that point.
NOTE:
1Let r= xit y }'+ zI;. Then dr= dxi+ dy }'+ dzl; if ¢ is any scalar point function, then
do = %dx+%dy + %dz 9%, },62+E62 .(i‘dx+}dy+l;dz): Vo.dr

Ox oy 0z Ox Oy 0z
2. grad® at any point is a vector normal to the surface @(x,¥,z)=c through that point w
P(x,y,7) where c is a constant.

3. The directional derivative of a scalar point function ¢ at a point P (x, y, z) in the direction
of a unit vector eis equalto e. grad ¢=¢. V.

4.If 0 is angle between two surfaces @,, @, then

_ VP, VO,
Cos 6 = 55, 1iv,]
5.Unit Normal vector of a surface @ is %
PROBLEMS

1. Show that V[f(r)] = @r where 7= xi + yj + zk .
Sol:- Since 7= xi + yj + zk , we have r’= x>+y>+z?
Differentiating w.r.t. ‘x’ partially, we get

2rg=2x :>g: E.Similarly @:X , gzg
ox ox r oy r 0z r

n a = a 7 a _ Tl @: Tl E
V[f(r)]=(la+J—+ka—ZJf(r)—Zlf (V)ax Qif (r)r

0y
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MATHEMATICS -11 VECTOR CALCULUS

1 —
Note : From the above result, V(logr) = —r, V(") = nr'=27r.

r
2.Find the directional derivative of f = xy + yz + zx in the direction of vector
i +2j+2k atthe point (1,2,0).

Sol:- Given f = xy + yz + zx.

Grad f = iai+jai+zai=(y+z)i+(z+x)j’+(x+y)l?
ox Oy 0z

If & is the unit vector in the direction of the vector i + 2 + 2k , then

gL +2/+2k =%(i+2}+2/€)

V1P 427 427
Directional derivative of f along the given direction = £.Vf

= %(i #2542k )[(y + 2+ (e ) + e vk Jar 1.2:0)

3. Find the directional derivative of the function xy>+yz>+zx” along the tangent to the
curve x =t,y = t>z = t*at the point (1,1,1).

Sol: - Here f = xy*+yz*+zx?
Vf= fai+ ]_'aiJrI?@i: (y2 +2xz);'+(z2 +2xy)}+(x2 +2yz)z
ox 0oy 0z

At (1,1,1), Vf=3i+3j+3k
Let r be the position vector of any point on the curve x =t,y = t%z = t°. then

r=xityjtzk=ti+t> j+£k

oF . N
a—};:i+2tj+3t2k=(i+2j+3k)at(1,1,1)

or
We know that ar is the vector along the tangent to the curve.

i+2}+3§ _f+2}'+3l€

Unit vector along the tangent =¢ ¢ =

PSRN
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MATHEMATICS -II VECTOR CALCULUS
— 1 _ _ _ B _ _
Directional derivative along the tangent = Vf.e = (i+2j+3k)3(+j+k)
14
3 18
—(1+2+3)=—
V14 V14

4. Find the directional derivative of the function f = x2—y?+2z” at the point P =(1,2,3) in
the direction of the line PQ where Q = (5,0,4).

Sol:- The position vectors of P and Q with respect to the origin are OP = i +2+3k and

0Q=5i+4k ; PO=00 —OP = 4i—-2j+k

_ . . L — _ 4i-2j+k
Let e be the unit vector in the direction of PQ.Then ¢ =—————
V21
-af ] af 7 af T ] R
radf=i—+ j—+k—=2xi —2yj+4zk
grad f o e T Yj

The directional derivative of f at P (1,2,3) in the direction of @ =e.Vf

(40 —2j+k).(2xi —2yj +4zk) Bx+4y+42) 1,3 = (28)

1 1 1
- 21 J21 J21
5. Find the greatest value of the directional derivative of the function f = x’yz’ at (2,1,-1).

Sol: we have

grad f = 7 jalHEai = 2xyZ i+ x°2° j +3x° y2tk =—4i — 4] +12k at (2,1,-1).
ox Oy 0z

Greatest value of the directional derivative of f = |Vf | =16+16+144 = 4411

6.Find the directional derivative of xyz>+xz at (1, 1,1) in a direction of the normal to
the surface 3xy2 + y = z at (0,1,1).

Sol:- Let f(x, y, z) =3xy’+y — z=0

Let us find the unit normal e to this surface at (0,1,1). Then
%=3y , Z]; =6xy+1, ZZ -1.

Vf = 3y?i+(6xy+1)j-k

(Vo = 3i+jk = n

n_3i+j-k _3i+j-k

|ﬁ|_\/9+1+1 oV
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MATHEMATICS -11 VECTOR CALCULUS

Let g(x,v,z) = xyz’ +xz, then

a—g:yz2 +z, a—g:xz2,—g:2xy+x
ox Oy 0z

Vg = (yz*+2)i + xz2j + (2xyz + x)k
And [Vg] 1,1,y = 2i+j+3k

Directional derivative of the given function in the direction of e at (1,1,1) =Vg.e

:(2i+j+3k).(3l+]—kj:6+1—3 4

Ji1 g1 i

7.Evaluate the angle between the normal to the surface xy = z? at the points (4,1,2) and
3,3,-3).

Sol:- Given surface is f(x,y,z) = xy — z°
Let n, and 7, be the normal to this surface at (4,1,2) and (3,3,-3) respectively.

Differentiating partially, we get

g_d_ A,
ox Oy 0z

grad f= yi +xj—2zk
n,=(grad f) at (4,1,2) =i +4j—4k

5 non, (i+4j-4k) (B3i+3)+6k)
COS U = — =

nfns]  VI+16+16 " 9+9-+36

(3+12-24) =9

V3354 V3354

8. Find a unit normal vector to the surface x>+y?+2z> = 26 at the point (2, 2,3).

Sol:- Let the given surface be f(x,y,z) = x*+y*+2z* — 26=0. Then

g 2x aizZy 2 4z.

ox Oy 0z
grad f = z{‘;izzm + 2yj + 4zk
X

Normal vector at (2,2,3) = [Vf ]@23) =4 i +4 }+12 k

Vi A+ j+3k) i+j+3k

Unit normal vector =

VFT a4t il
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MATHEMATICS -11 VECTOR CALCULUS

9. Find the values of a and b so that the surfaces ax’>—byz = (a + 2)x and 4x*y +
z’= 4 may intersect orthogonally at the point (1, -1,2).

(or) Find the constants a and b so that surface ax>—byz = (a + 2)x will orthogonal to
4x%*y + z°= 4 at the point (1,-1,2).

Sol:- Let the given surfaces be f(x,y,2) = ax’*~byz = (a+ 2)x ------------ (1)
And g(x,y,2) =4x’y+2°= 4 v (2)
Given the two surfaces meet at the point (1,-1,2).
Substituting the point in (1), we get
a+2b—(a+2) =0=b=1

Now Zi =2ax—(a+2), % =—bzand @ =—by.

X 0z
-of . . .
Vf = Zla—z[(Zax— (a+2)]i = bz + bk = (a—2)i—2bj+ bk
X

= (a — 2)i — 2j + k = n,, normal vector to surface 1.

Also % _ 8xy, % _ 4x2,6—g =3z,
ox Oy 0z

-9
vg= i a_g = 8xyi + 4x% + 32%k
X

(Vg)a.12 = —8i +4j + 12k = n,, normal vector to surface 2.
Given the surfaces f(x,y,2), g(x,¥,z) are orthogonal at the point (1,-1,2).
VlVs]=0= ((a—2)i — 2j + k). (=8i + 4j + 12k) = 0
=—-8a+16—-8+12=a =5/2
Hencea = 5/2and b = 1.

Divergence of a vector

- . S . . o - .
Let f be any continuously differentiable vector point function. Then 1. 5 + j—+k. 5 is
X oy <

called the divergence of f and is written as div f .

ie., div f:i.ﬁi+j.ai+l€.ai: 172+]_'£+E£ f
ox oy 0z ox Oy 0z

Hence we can write div [ as
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MATHEMATICS -11 VECTOR CALCULUS

div f=V. f
This is a scalar point function.

o, O
ox 0Oy 0z

NOTE: If the vector f= fi+f,j+f,k,thendiv f =
Solenoidal Vector
A vector point function f is said to be solenoidal if div f =0.

Physical interpretation of divergence:

Depending upon f in a physical problem, we can interpret div f ( V. f).

Suppose F (x,y,z,t) is the velocity of a fluid at a point(x,y,z) and time ‘t’. Though time
has no role in computing divergence, it is considered here because velocity vector depends on

time.

Imagine a small rectangular box within the fluid as shown in the figure. We ‘would like to
measure the rate per unit volume at which the fluid flows out at any given time. The
divergence of F measures the outward flow or expansions of the fluid from their point at

any time. This gives a physical interpretation of the divergence.

PROBLEMS
1. Find div f when grad(x’+y*+z°—3xyz)

Sol:- Let ¢ = x*+y*+2z°~3xyz

o¢ > o¢ > op )
Then — =3x" —3yz, —— =3y~ =3zx,—~=3z"-3
en o X ¥z o y x P z Xy
Ta -.6 _a - = 7
grad ¢=l—¢+1—¢+k—¢=3[(x2—yz)l+(y2—ZX)J+(z2—xy)k]
ox Oy 0z

L S N Y SN B YO e R
div f=ortey o a0 Tl g B0 -0l 3G )

= 3(2x)+3(2y)+3(22) = 6(x+y+2)

2.1 f= (x+3y)i +(y—22)j+(x+ pz)k is Solenoidal, find P.

Sol:-Let f= (x+3y)i +(y—22)j+(x+p)k= fii+f, j+ fk

We have %Zl,af—ZZL%:P
ox Oy 0z
- 0
div =20, % i 1hp =240
ox 0Oy 0z
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MATHEMATICS -11 VECTOR CALCULUS

since f is solenoidal, we have div f =0 =2+ p=0=p=-2
3.Find div f= r"7. Find n if it is solenoidal?

Sol: Given f= r"F. where 7 =uxi+yj+zk and r=|f|

We have 12 = x*+y*+22

Differentiating partially with respect to x , we get

27-@:2)(;3&:1’

ox ox r
Similarly <" =2 ana &" = %
r oz r

f:r“(xf+yj+z/€)
div f: %(r”x)+%(r”y)+a%(r”z)

n—1

or Y Wy Or R Wy Oor
=nr'" —x+r"+nr" —y+r"+nr" —z+r
ox Oy (74

2 2 2 2

=nr"" {x_ + 2 +Z—} +3r" =" (r—)+3rn = nr'+3r'= (n+ 3)r"
ror r r

Let f= r"r besolenoidal. Thendiv f = 0

n+3))r"=0=>n= -3

4. Evaluate V.( )where r=xi+yj+zkandr :|F| .

\u|ﬁ|

Sol:- We have r = xi + yj+zkandr=+x>+y*+z°

3= rixi+riyj +1izk = fii+ fof + f3k

Hence V. ij:%Jraf_ZJr%
8x ay az

3
r

We have fi=1r’x = % =r>.1+ x(—3)r‘4.g
ox ox
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% r =3xr

X

-4 -3 2. -5

xr —=r"=3xr
y

V. (LS) = z % =3r —?ar’SZx2 =3r3-3r3r2 =0
X

r
Curl of a Vector
Let f be any continuously differentiable vector point function. Then the vector function

of - o - of . . .
A +j xi+k xiis called curl of f and is denoted by curl f or (Vx f).

defined by ix—
ox oy 07

N NN N
Cul f = lx8x+JX8y+kx8z Z(lxaxj

Theorem 1: If f is differentiable vector point function given by = f fii + f, j+fs k then

SYSERCANLE AN

oy 0z 0z Ox ox Oy
ik
Note : curl f = g 9 9 =Vx f
ox 0Oy 0z
hHo HLo fs

Note (2) : If f is a constant vector then curl f= 0.

Physical Interpretation of curl

If w is the angular velocity of a rigid body rotating about a fixed axis and v is the

velocity of any point P(x,y, z) on the body, then w = % curl v. Thus the angular velocity
of rotation at any point is equal to half the curl of velocity vector. This justifies the use of the
word “curl of a vector”.

Any motion in which curl of the velocity vector is a null vector i.e curl v = 0 is said to be
Irrotational.

Def: A vector f issaid to be Irrotational if curl f = 0.

If fis Irrotational, there will always exist a scalar function @(x, y, z) such that 7
= grad ¢. This ¢ is called scalar potential of f .

It is easy to prove that, if f = grad ¢ then curl f=0.

Hence Vx f = 0 < there exists a scalar function ¢ such that f = V¢.

This idea is useful when we study the “work done by a force later.
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PROBLEMS
1. Find curl f where f=grad(x*+y*+z°*-3xyz)

Sol:- Let ¢ = x*+y*+2°—3xyz Then

grad ¢ = Z{? =3(x" = y2)i +3(y* =20 j +3(2* —xpk
X

1

curl grad ¢ = Vx grad ¢ =3 aﬁ
X

,\3)|Q) ~.1
D> =

2 2 2
xX“=yz y -z z°"—xy

Ni(—x+x)—jl—y+y)+k(-z+z)]=0

curl f = 0.
Note: We can prove in general that curl (grad ¢) = 0. (i.e) grad ¢is always irrotational.

2.Show that the vector (x> — yz)i +(y*> —zx) j+(z° —xy)k is irrotational and find its
scalar potential.

Sol: let f= (x*—y2)i +(y* —zx) j+ (2> —xk

i

Q

j
- |0 0 - —
Then curl f=|— — — = i(— =0
f o o o ZZ( X+ X)
y’ —ax

2 2
X" —yz 77 =Xy

.. f s Irrotational. Then there exists ¢ such that f=V¢.

F0p 508 PO o oo a o n
:>zax+]6y+kaz-(x YOI +(y" —2x) j+ (2" —xy)k

Comparing components, we get

Lt - yem g [ = b = 0024 (D)
X 3

3

=y’ —ZX=>¢=y?—xyZ+f2(Z,x) ...... )

3

=Z2_xy:>¢=%—xyz+f3(x,y) ...... 3)

99
Oy
o¢
0z
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3 3 3
From (1), (2),(3), ¢= %—m

1
§(x3 + 7y’ +2°) = xyz+constant

¢ =
Which is the required scalar potential.

3. Find constants a, b and c if the vector
f= 2x+3y+az)i +(bx+2y+3z) j+(2x+cy+32)k is Irrotational.

Sol:- Given f= (2x+3y+az)i +(bx+2y+32) j+(2x+cy+32)k

i j k
Curl f= % % 6% =
2x+3y+az bx+2y+3z 2x+cy+3z

(c=3)i-Q2-a)j+b-3)k
If the vector is Irrotational then curl f= 0

S 2-a=0=2a=2b-3=0=b=3,c-3=0=>c=3

4.If f(r) is differentiable, show that curl { 7 f(r)} = 0 where

r =xf+yj+zl€.

Solir= F=qx>+y° +7°

2'= x2 4 y2 4 72

:ng:Zx ng, similalrly@=z,and@=E
ox ox r oy r oz r

curl{ 7 f(r)} = curl{f(")( xi +yj+zk )} = curl (x.f(r)i+y.f(r)j+zf()k)

r

i j k
0 0 0 4o 0

= e . _Z’[E[Zf(r)]_a_z[yf(r)]}
xf(r) W (r) zf (r)

Zf{zfl(r%—yf‘(r)g—j :Z;{Zfl(i’)%—yfl(r)ﬂ: 0.
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5. Find constants a,b,c so that the vector A =
(x+2y+az)i +(bx—3y—1z) j+(4x+cy+2z)k is Irrotational. Also find ¢ such that A =

V.

Sol: Given vectoris A = (x+2y+az)i + (bx—3y—2z) j+(dx+cy+22)k

Vector A is Irrotational = curl A = 0
i j k
ox Oy 0z

x+2y+az bx-3y—-z 4dx+cy+2z

= (c+D)i+(a—4)j+b-2)k=0

= (+Di+@—4)j+b-2k = 0i +0j+0k
Comparing both sides,
c+1=0,a—4=0,b—2=0

c= —-1a=4b=2

Now A = (x+2y+4z2)i +(2x—3y—2z) j+(4x—y+22)k , on substituting the values of
a,b,c

we have A = V.

=SA=(x+2y+42)i+Qx—=3y—2) j+(dx—y+22)k = i%ﬁ%%a(’j

ox oy 0z

Comparing both sides, we have

2
g—¢ =x+2y+4z = ¢= x?"'zxy + 4zx+f1(y, 2)
X

%=2x — 3y —z=6¢=2xy —3y*/2 —yz + f,(x, 2)

0
a_¢=4x_y+22 :>(I)= 4xZ—yZ+ZZ+ f3(y;x)
<

Hence ¢ = x*/2 —3y*/2 + z°+2xy + 4zx —yz + ¢
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Laplacian Operator

N O(:08 -0 0p)_ O (00 0 )
V'Vd’—zl'@x[’ 8x+18y+k82J Zax2 [6x2+8y2+8z2}p V3¢

o> o> 0 . .
Thus the operator V2 = e + o + 77 is called Laplacian operator.
X 74

Note : (i). Vo= V.(Vd) = div(grad ¢)

(ii). If V2 $=0 then ¢ is said to satisfy Laplacian equation. This ¢ is called a harmonic
function.

PROBLEMS

1. Prove that div. (grad ™) = m(m + 1)r™=2 (or) (™) = m(m1)r™-2 (or)
V(™ = n(n+ 1)r"-2

Sol: Let 7 =xi +yj+zk andr = |;7| then r? = x*+y>+2%

Differentiating w.r.t. "x’ partially, wet get 2r or =2x = or =2
0x ox r
Similarly <= 2 and &L= 2
oy r oz r

. d ( d m) — Zi[mrm_zx]=mz (m_2)rm—3 @x_i_er}
..aw gT‘a T ax ax

T R S
= m[(m — 2)r"—4(r?) + 3r"-2]

= m[(m —2) r"=2 + 3r"-2]

= ml(m— 24 3)™-2] = m(m+ Dr"-2.

Hence V(r™) = m(m + 1)r™=2

d’f 2df

2. Show that V2 =
ow that VAfnl= = 5+ 4

=f"'"nN+= f (r) where r = |7|.

_ . g N=S"; lr@= . ]rf
Sol: grad [f(1)] = Vf(r) = Zl@x[f( N=>i f( )= Difl( s
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~div[grad f(r)] = VIfM] = V.Vf(r)= Za—i[f‘(r)ﬂ

PN}
P L= a0

2
r

r[f”mg:w £ (r)j s (r)x(f}
=> ;

r

rf”(r)xxwf‘(r)—fl(r)x(xj
=2 : ; :

r

erll(r) x+rf (r)—x’ fl(r)

r

fii(rj _____qu )_ifi(er\_:

=ff”0ﬁ+§ﬁ0%7§f0%2

r

2
= M)+
3. If ¢ satisfies Laplacian equation, show that V¢ is both solenoidal and irrotational.
Sol: Given V¢ = 0 =div(grad ¢) = 0 = grad ¢ is solenoidal
We know that curl (grad ¢§) = 0=grad ¢is always irrotational

4. Prove that curl grad ¢ = 0.

Proof: Let ¢ be any scalar point function. Then

grad ¢ =1—" o ]a¢+k 0f
ox

oy 0z
i j k
curl(gradg) = % % ai;
o 0¢ 09
ox Oy 0z

(T6_Fe) (Fe_78) (P 24 g
ayﬁz 0z0y Ox0z 0z0x OxOy 8y8x

Note : Since Curl(gradg) = 0 , we have grad ¢ is always irrotational.

DEPARTMENT OF HUMANITIES & SCIENCES [OMRCET (EAMCET CODE: MLRD) BK[§




MATHEMATICS -11 VECTOR CALCULUS

5. Prove that div curl? =0

Proof : Let f = fi + f, ]+ fik

; j k

R S 9 o

..curlf—fo—ax P oz

f 1 5

:(%_%}T_(%_%jj{%—%}?
oy 0z ox 0z ox 0Oy

div curl]?:V(fo)zg & _oh _i(%_%j_,_é 9 9
' ox\oy oz ) eylox oz) ozl ox oy

_&f_&f Of O O f Ff
Ox0y Ox0z Oyox 0Oy0z 0OzOx 0z0y

Note : Since div(curl?) =0, we have curl? is always solenoidal.

VECTOR INTEGRATION

Line Integral

Any integral which is to be evaluated over a Curve C is called Line integral of i’ .
Note : Work done byI_7 along a curve c is J.I:“ d r
PROBLEMS

1. If I; = (x2-27) ;-6yz j+8xz2 1;, evaluate [ F. difrom the point (0,0,0) to the point
(1,1,1) along the Straight line from (0,0,0) to (1,0,0), (1,0,0) to (1,1,0) and (1,1,0) to
(1,1,1).

Sol : Given ﬁ = (x2—27); -6yz 3 +8X221;

Now r=xi+yj+zk = dr =dxi+dyj+dzk

F.dr = (x*=27)dx - (6yz)dy + 8xz’dz
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(1) Along the straight line from O = (0,0,0) to A = (1,0,0)
Herey = 0 =z and dy = dz = 0. Also x changes from O to 1.

-1 3 1 —
j F.dr:j (C-2Tydx = | ——27x| = L0780
o : 3 o 3 3

(i1) Along the straight line from A = (1,0,0) to B =(1,1,0)

Herex =1,z=0 = dx = 0,dz = 0.y changes from O to 1.

_ 1
2| Fudr= [ (=6y2)dy =0
AB y=0
(iii))  Along the straight line from B = (1,1,0) to C = (1,1,1)
x =1 =y dx =dy = 0and z changes from O to 1.

J F dr= j‘szzdz = Z'LSXZZdZ = [8—;3} l :2

0
BC z=0

(i) + (i) + (i) = [ F .dr = %

2. If i«’ _ (5xy—6x2); +(2y—4x)j, evaluate [ﬁdf along the curve C in xy-

plane y = x’from (1,1) to (2,8).

Sol: Given F _ (5xy — 6x9) i+ 2y — 4x)j, _______ (D

Along the curve y = x°,dy = 3x%dx
F = (5x4—6x2); + (2x3—4x) j, [Putting y = x° in (1)]

dr = dxi +dyj = dxi + 3x%dx |

F.dr = [(5x*—6x?%); +(2x3—4x)3].[ dxi+3x2dxﬂ
= (5x*- 6x%) dx + (2x* - 4x)3x°dx

= (6x°+5x*—12x° —6x?)dx

- 2

Hence J F.df=j(6x5+5x4—12x3—6x2)dx

y=t 1

6 5 4 3
_ e s X 10t e X =(x6+x5—3x4—2x3)2
6 5 4 1

4
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= 16(4+2-3-1) — (141-3-2) =32+3 =35

3. Find the work done by the force F = z;' +x}+ yI;, when it moves a particle along the

arc of the curve 1 = costi + sint j —t kfromt = Otot = 21

Sol : Given force f = g + x} +y§andthearcis} = costi + sint} —tk

i.e.,x = cost,y = sint,z = —t
dr = (—sinti +cost} - %)dt

f?.df: (-t ;+cost }+sint %). (-sin t i+ cost }- %)dt = (tsin t + cos? t — sin t)dt

o _ I

Hence work done = j F.dr = J (tsint+ cos’>t—sint) dt
0 0

2
[t( cos t) J. (—sint)dt+ I 1—|_C—;S2tdt —J- sint dt

0 0

. 2r
= — 27 —(cost);" + l(t +20 2tj +(cost )
WA

=—27r—(1—1)+%(27z)+(1—1):—272'+71':—7r

Surface Integral
Any integral which is to be evaluated over a surface S is called surface integral

and it is denoted by J‘i’ nds

Let F =F; i+F; j+F; k, where FI ,F2 ,F3 are continuous and differentiable functions of
X ¥,Z.

Then  [FndS =[] Fdydz+ Fydxdz + Fdxdy
S s

Note: 1.Let R be the projection of S on xy plane.then dxdy

2. Let R be the projection of S on yz plane.then '[ F.ndS = I _[ ‘__‘ dydz
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— dxdz

3. Let R be the projection of S on zx plane.then ‘
n.j

PROBLEMS
1.Evaluate J‘E‘.ndS where F =zi +xj — 3y’zk and S is the surface x*> + y* = 16
included in the first octant between z =0 and z = 5.
Sol. The surface S is x* + y* = 16 included in the first octant between z = 0 and z = 5.
Let p=x"+y"=16

Then Vd) _ 1

(I) 2x1+2y]
az

<I><I>
ox oy

unit normal

Let R be the projection of S on yz-planeThen

SjF.nds = jl;jF.n EoE R +
Given F=zi+ xj — 3y*zk

F.ﬁ:i(xz+xy)

and n.i=—

In yz-plane, x = 0, y =4
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In first octant, y varies from O to 4 and z varies from O to 5.

J'I_:.ndS

= .[4 IS (y +2z)dz dy = 90.
y=0

z=0
2:1f F = zi + xj — 3y’zk, evaluate J. F.ndS where S is the surface of the cube
S

bounded by x = 0,x = a,y = 0,y=a,z = 0,z = a

Sol. Given that S is the surface ofthe x = 0,x = a,y = 0,y = a,z = 0,z = q,
and

F = zi + xj — 3y2zk

we need to evaluate J.l?“.ﬁds )
S

(DFor OABC

Equation is z =0 and dS = dxdy

[EndS= =[" ~[ yndxv=0
s, y="0

(II)For PORS

Equation is z = a and dS = dxdy

n =k
andS = ( Iay(a)dy) dX:—4
S, x=0 y=0
(I)For OCOR

Equation isx = 0, and I_l = —i, dsS = dydz
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_[ E.ndS = Ia Ia4xzdydz =0
5,

y=0 z=0
(IV)For ABPS

Equation is x = a@, and n =—i,dS= dydz

S[ FndS = [ ( Zjo dazdz)ly =2a*

y=0

(V)For OASR Equation isy =0, and n =—], dS = dxdz

Il_:.ndS = r ja y’dzdx =0
Ss

y=0 z=0

(VDFor PBCQ Equationisy =a, and n = —j, dsS = dxdz

SJ; F.ndS = — on Zjo y'dzdx =0

Adding (i) to (vi)
_ 4 3 4
we get J-F.ndS =O+a3 +0+ 22" +0 —a4 = %

Se

Volume Integrals

Let V be the volume bounded by a surface 7_" = J_‘ (u,v). Let F' ( r) be a vector point function
define over V. Divide V into m sub-regions of volumes 6V,,dV,,...0V,...0V,

Let P; ( ri) be a point in 0V, .Then form the sum I, = Z 1{7(;;)5‘4. Let m — o0 in such a way
i=1

that OV, shrinks to a point,. The limit of ,, if it exists, is called the volume integral of F ( 1)

in the region V is denoted by II:“ (1:) dvor jl} dv.

\4 \4

Cartesian Form : Let I:“ (r) =F ;+ F, ;+ F, l; where Fj, F>, F3 are functions of x,y,z. We

know that dv = dx dy dz. The volume integral given by I Fdv= J I J (F i+ F, i+ F, l;) dx dydz

- }”jFldxdydz+}jij2dxdydz+kjij3dxdydz
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PROBLEMS

1LIfF =2xzi— xj+ y*k evaluate [ F dv over V where V is the region bounded by
the surfaces x = 0,x =2,y =0,y = 6,z = x%,z = 4.

Given F =2xzi—xj+ y?k .
The volume integral is given by

[Fdv=[5 [ [ .(2xzi—x]j+y*k)dxdydz

. r2 6 . (2 6 2 6
N J,_ o(2xz )dxdydz — j [ N [, (¢ )dxdydz + k |, Jyo [, .(y®)dxdydz

(2 06 2 (6 2 6
=i, fy=0x(16 —x*) dxdy —j [, fy=0x(4 — x?)dxdy +k [, fy=0 y2(x? — 4) dxdy

. 2 6 . r2 r6 2 6
=i, fy=0(16x —x*)dxdy —j [, fy=0(4x =x) dxdy + k [ fy=0y2(x2 —4)dxdy
=i [76(16x — x%) dx — j [ 6(4x —x®) dx +k [ 72(x% — 4) dx
=i [7(96x — 6x%) dx — j [,/ (24x — 6x3) dx + k [ (72x — 218) dx

= 128i — 24j — 384k

Vector Integral Theorems

Introduction

In this chapter we discuss three important vector integral theorems: (i) Gauss
divergence theorem, (ii) Green’s theorem in plane and (iii) Stokes theorem. These theorems
deal with conversion of

(i)
j F.nds into a volume integral where S 1s a closed surface.
s
(i)
.f F.dr into a double integral over a region in a plane when C is a closed
ccurve in the plane and.
(iii)

I (Vx ;1) .1 ds into a line integral around the boundary of an open two sided
N

surface.
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Gauss Divergence Theorem

(Transformation between surface integral and volume integral)

Let S be a closed surface enclosing a volume V. If F'is a continuously differentiable vector
point function, then

[divFav=[F.n as
\4 s
When nis the outward drawn normal vector at any point of S.

PROBLEMS

1. Verify Gauss Divergence theorem for F = (x* —yz)T — 2x” yJ + zk taken over the
surface of the cube bounded by the planes x =y =z = a and coordinate planes.

Sol: By Gauss Divergence theorem we have

J.F;ldS = jdiv?dv
S |4

Now div f:Z{, 9 :%+@(_2+%
ox ox 0y Oz

= 3x’—2x*+1
Here the cube bounded by the planes x = y = z = a and coordinate planes.
Hence
x »0toa
y *0toa

z P0toa

o oo

- e P z
RHS = J J J (3x7 — 2x° + 1)dx ci_vd:=JJJ(x:—l)d1' dﬁ'd—‘=J J [%—1') dy dz
000 oooo oo - ¢
j']l' a_3+a dZ—.T a—3+a (y)odz= a—3+a ajfdz— a—3+a (az)—£+a3 (D

] 3 'y J 3 Y)o 3 J 3 3 T4

Verification: We will calculate the value of Il?i_zdS over the six faces of the cube.
S

(1)

For §; = PQAS; unit outward drawn normal 1 = 1
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x=a,ds=dydz; 0<y<a0<z<a y

Fn=x—-yz=a’—yzsincex=a

”FﬁdS = _T ji (@’ yz)dydz a

M z=0 y=0

Il Il
[ — | —
e, —
:I D
IS I
! |
| B
ru| - hj| et
=]
e S [N}
£ ]
4] '._I.‘I
]
-1

(ii)
For S2 = OCRB; unit outward drawn normal 1 = —ix = 0; ds =dy dz; 0 <y <

ay<z<a
A=—(x*—vyz)=vzsincex=10

5J J F.ndS = J

(iii)
For S3 = RBOP;z=a;ds = dxdy, n =k
0<x<aq0<y<a

F.n=z=wun sincez=ua

.'.IIFndS= I J.adxdy=a3 ..... (4)
S, y=0x=0
(iv)
For S4= OASC;z=0;7 = —k,ds = dxdy;
0<x<aq0<y<a
M=—z=0 sincez =10

J F.idS=0..(5)

A

v)

For Ss=PSCR;y=a;1n =],ds = dzdx;
0<x<aql0<z<a

F.in=-2xy=—-2ax’ sincev=a
[ird =

J J F.AdS = J J:ﬁj—zaxf}dza‘x

£ x=0z=z=0
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(—2ax2z)j:0dx
x=0

2a? [RXE )E = 6)
= —i0°| — = wan |
3 , 3 .2

(vi)
For Ss = OBQA; y=0;1 = —],ds = dzdx;
0<x<aq0<y<a
n=2xy=0sincey =10

2a°
+a3+ﬂ—T+ﬂ

o ' _ .
- E+QE=J J J V.F dvusing (1)

Hence Gauss Divergence theorem is verified
2. Use divergence theorem to evaluate [ [ F.ds where F = 4xi — 2y%j + z*k and S is

the surface bounded by the region x’+y’=4, z=0 and z=3.
Sol: We have

F— — a a 2 a )
divF =V.F = — (4x) +— (2y)+ —(2>) =4 =4y +2
3 ax(x) 8y( y) aZ() y+2z

Bv divergence thearm,

ds = J J J 7 Fdv

—

o 4 —xt 3
= J J (4 =4y + 2z)dx dy dz

—a—xTasio

‘-\___hd
‘-\___hd
]

3 b

=
]
|

ra

1l

| ==+ axa

|
- J J [12(1— v) + 9] dx dy
J

J (21 —12v)dx dv
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2 —x 4-x
~— —

J J 21 dy —12 J vy | dx
-2 | 3=z s

2 N
= J[le j a’ylZ(O)}x

[Since the integrans in first integral is even and in 2" integral it is on add function]

=42 J (v)3* ™ dx

) 2
=42 [V4-x’dv=42x2[4-x'dx
2 0

X — 4 _1X]°
=34 [— 34 —x- +—sin —]
2 5 5
T
=54 [:::—2..5—:::]= S4n

3. Verify divergence theorem for 2x%y ; -y? j +4xz’ k taken over the region of first octant
of the cylinder y?+z?=9 and x=2.

(or) Evaluate _HfﬁdS ,where F =2x%y i -yZ; +4xz? k and S is the closed surface of the

region in the first octant bounded by the cylinder y’+z° = 9 and the planes x= 0, x =
2,y=0,z=0

Sol: Let F =2x%yi-y? j +dx2k V. F= (2x )+8y( y )+—(4xz )=4xy—2y+8xz

A

E D
c ]

Q
\ 4
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MATHEMATICS -11 VECTOR CALCULUS

2 345"

J. J J V.Fdv = J J J (4xy — 2y + 8x2)dz dy dx

x=0y=0 =z=0
- 3 -~ -.._ET_T:-

= J J l[ﬂlx_v— 2v)z + 8x :2—_] _ dy dx

)
-

= J J [(41‘}* —2v)4/9 — vi+ 4x(9— _v:)] dy dx
0,0,

= J [(1—2x)(—2¥)v9—v?+4x(9—y7)] dvdx

2 318
_ NG R vEy’
= J (l—E-l]T + 4x (91.—? dx
a l 5 5 o
VIC)) il

{ Since [ f/x[fx)]" dx }

n+1

-

= J{g (1—2x)[0—27] + 4x[27 — 9]} dx = J [—18(1 —2x) = 72x]dx

o o

> 2
|:—18(x—x2) +72%} =—-18(2-4)+36(4)=36+144 =180...(1)
0

Now we sall calculate J F.nt ds for all the five faces.
s

Where S; is the face OAB, S, is the face CED, Ss is the face OBDE, S4 is the face OACE and
S5 is the curved surface ABDC.

(1)
On S, :x=0,n=—i Fn=0 HencejF-ndS

51

Gi)y OnS2iX¥=2n=i -~ Fn=8y

922

- : 9-z
j fﬁdS::[ { 8ydydz =i8(§l dz
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3-. - 3 3
=4J(9—::)d:= [9:—_?) =4(27-9)=72
\ .

(i) On S,:y=0.n=—j...Fn=0 Hence | F.ndS

(iv)OnS;z=0#aa=—-k. F.A=0  Hence J F.ids =

V(y*+7%)  2yj+2zk _yj+zk yj+zk

(V)On S.:y +z22=9,n= = - _
5 VO 4yt ear A9 3

z 1 B

=L4xzand nk===—49-y
3 3

Fan

Hence _J;_ F.fds = _JFJFR F.a T:—; Where R is the projection of 5; on xy — plane.
23
" 4xzd—y? T . A
= J J ————dx dy= J J [4%(9— v7)—° ["} —v7) f] dy.dx
VI —¥* J o
R =0 y=0

3
Tofind [y (/9 y*)dy

0
sub
y =3sind
dy =3cos @
3 b
j YV (J9—y?)dy = j sin’0do
0 0
sub
sin’ @ = 3sin @ —sin 30
We get
3 >
J‘y3(«/9—y2)dy= [sin’0d0=-18
0 0
Hence
[ Fnds
S3

-

- - F 2 i
= J 72x dx — 18 J dx = ?2(7) —18(x); = 144 — 36 = 108
0 o W o

Thus [ F.ids=0+72+0+0+108=180...... 2)
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MATHEMATICS -11 VECTOR CALCULUS

Hence the Divergence theorem is verified from the equality of (1) and (2).

4. Verify Gauss divergence theorem for F = x*T+ y*J + 2%k taken over the cube
bounded by x = 0,x = a,y=0,y = a,z = 0,z = a

Sol: We have F = x%T+ vij+

vﬁz—( )+ — (y)+ (z) 3x% +3y% +37°

0
oy
J, J J V.Fdv = J J J~(3x:_3},3 +32%)dx dy dz

v +z8dx dy dz

£l =]

:.,c
L=

R | | —
Py
-
ra
|

ol

e
|}~"
|

L
—
[
1
'
=
e
3]
=y
-
i

3]
O —  l — ] —
an ! an ll )
[ ¥ 5]

To evaluate the surface integral divide the closed surface S of the cube into 6 parts.
1e.,

S1: The face DEFA  ; S4: The face OBDC
S> : The face AGCO ;S5 : The face GCDE

S3 : The face AGEF  ;Se: The face AFBO

J J F.ads = J J F.ads+ J J F.ads+ -+ J J F.ads
= =, 5 5,
On 5, we haven=Lx=a
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“.Fr_zds = j. ]l. (a3i+y3j+z3l;).idydz

K z=0 y=0
J J F.nds = J J [:ELEI—_‘JEI—'31} Tdydz
5, =0 y=0
= J J a*dy dz = a® J (v)§ dz

=0 y=0 o

= a*(D)f=a

OnS,we haven=—-1x=0
J.J.F;lds— I j ( j+z3l;).(—_i)dydz=0
2=0 y=0

{?ﬂSEJu ehaven=J,v=a

.”F.ﬁds: -a[ jl. (x3f+a3}+z3lz).;dxdz =a’ ]1. jf dxdz =a3jadz=a4(z)g

53 z=0 x=0 z=0 x=0
:aS
OnS,wehaven=—yv=10
- -
J J F.nds = J J [:'EI— '3‘} (—J)dx dz =
=0

5, z=0x

On 5., we have it

[[rras- |

5 yEba=0
o o

I =d

"___“an ol

y=0x=0
On Sgwe have il = —

1_

= J J1ad1dv—aJ x)idy =a*(y)d = a®

o

[IR'EI —vif—ga? E} ke dx dy

0

J, J F.Ads = :_f J.(xaf—_urEj),[:_E}dx dy = 0

4

.. The Gauss divergence theorem is verified.
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MATHEMATICS -1I VECTOR CALCULUS
5. Compute [{ax® + by* + cz*)dS over the surface of the sphere x?+y?+z2 = I
Sol: By divergence theorem IF;ldS =[ V.F dv

S

Given F.n =ax*+ by +cz . letgp=x"+y- +z-—1
- Normal vector 7 to the surface ¢ is

X7 _ _.a _.a _a 2 2 2 _ < - —
V¢—(za+]5+k5](x +y +z —1)—2(xl+y]+zk)

~ 2xi+yj+zk ST T o
~. Unit normal vector =n = ity e )=Xl+y]+Zk Since x> + y*+ 7z =1
2\/)c2+y2+z2

. Fn :f.(x;' + y}+ zl;) =(ax’ +by* +cz’)=(a xi+by}+czl;).(x1_'+ y}+ zlz)

Le., F= axi+by}+cz/; V.F=a+b+c

Hence by Gauss Divergence theorem,

- ) ) . i
J (ax=+ by +cz")dS = J (a+ b+ c)lde= [a—b—cjb’=?‘r[a—b—cj

47
[Sfﬂce = 3 is the volume of the sphere of unit radius

6. Use divergence theorem to evaluate IIFd S where 7 =x’i+y’j+z°k and S is the surface

N

of the sphere x?+y*+z? = r?

Sol: We have V.F =£(x3)+£(y3)+£(l3) =3(x+y°+2°)
Ox Oy 0z

~ By divergence theorem,

v.Edv = [ [ [7.Fav=[[[367+y+2")dxdydz

o~ A
@ I P

=3 J J J ’r:[?: sin @ dr df d ¢)
r=06=0¢=0
Applying spherical coordinates,

JJF.&[S=3 J J?‘L'sinﬁ' Jdcﬁ: dr df

5 r=08=0 &

:3j ]{ r*sin 9(27r—0)drdl9=67rj rt ﬁsin Gdﬁ}dr

r=0 6=0 r=0 0
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a a

= 6m J r*(—cosf)] dr = —6HJ r*(cosm — cos0) dr

r=0

] ® B 12ma®
-5

, 7>
=127 | rvr"dr = 121w l;

|:.

]

7. Verify divergence theorem for F = x*i + y?j + z* k over the surface S of the solid cut
off by the plane x+y+z=a in the first octant.

Sol. By Gauss theorem, IF;ICZS = J.divl_Vdv

a¢=1%=1%=1

o Oy 0z

09 - -~
sgradg=) i—=i+j+k
gradg =y it )
grad¢ THj+k
|grad ¢| V3

Unit normal =

Let R be the projection of S on xy-plane

Then the equation of the given plane will be x+y=a = y=a-x

Also when y=0, x=a

- [Fonas = [ [ £y
8 R ‘nk‘

= ch.: ; T[2x? ¥ 2¥% — 2ax + 2%y — 2ay + a’]dx dy
a—=x

2y2 .
dx

(rd
= J [21"}' + T T+ Xy — 2axy—av- +a‘y

|:.

= J [2x%(a —x) =+ %[n’, —x)P +xla—x)—2ax(la—x)—ala—x)*+a?(a —x)dx

4

IF.EdS = I(—%f +3ax’ — 2a2x+§a3jdx = %, on simplification...(1)
K 0
Given F =x%i+y*j+2°k

. __ﬁ 2 Q 2 2 2y _
..dlvF—ax(X)‘i'ay(y )+aZ(Z) 2(x+y+2)

a—x a—x-—

Now ﬂj divF.dv=2 I I I Y (x+ y+ z2)dxdydz

x=0y=0 z=0
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=2 J J l:[:{ + )+ _? dx dy
#=0y=0 o
T a—x—y
=2 J J (a—x—v) [1‘ + v+ ——|dx dy
2
x=0y=0

Il
| —

J (a—x—vi[la+ x+ v]de dy

aa—x

= JJ [a? — (x +v)%] dydxc = JJ (a® —x®— y? —2xv)dx dy

VE

[a®y —xy — ? —xy?] §7F dx
- - s
(a—x)(2a" —x~—ax)dx = 7 (2)
Hence from (1) and (2), the Gauss Divergence theorem is verified.

8. Use Gauss Divergence theorem to evaluate [ [ (yz°T+zx’]+22°k).ds, whereS is
the closed surface bounded by the xy-plane and the upper half of the sphere x’+y’>+z°=a’®

above this plane.

Sol: Divergence theorem states that

J' J F.ds = J J J V.F dv
E; v
Here V.F ——(yz )+6y(Zx )+ (2Z ) =4z
~ j Fds= j j [ 4zdxdydz
Introducing sp‘ilerical polar coordinates x =rsinfcosg,y =rsinfsing,

z=rcos@then dxdydz = r’drdOd¢

' ”Fds=4ji ]E 2_|i[(rcost9)(r2 sin Odrd 0d ¢)

=0 6=0 $=0

||
|'| —

J?‘ sinf cosf J dep | dr dF

r®sin@cosf (2m — 0)dr d@

]

r=08=0
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; r : cos 28,
=45 JT‘E Jsin?-ﬁ' df | dr = 4n JT‘E [— > ) dr
. 2

=0 i]
= (—2m) chc r(1—1)dr=20

=0

9. Use Divergence theorem to evaluate _[ j(x; + y}' + z%).r_zds. Where S is the surface
bounded by the cone x’+y’=z’ in the plane z = 4.

Sol: Given [ [{xT+ vj +z%k).fi.ds Where S is the surface bounded by the cone x*+y?=7

inthe plane z = 4. Let F = xi1+ vj+z°k
Bv Gauss Divergence theorem, we have

J1 f[fxf—_xf—_-:;z}.ﬁ.dg - J J Jf.?d«;

- 0 0 0 5 _
V.F_a(x)+5(y)+a—z(z Y=1+14+2z=2(1+7)

On the cone, x° +y* =z’and z=4 = x> +y° =16

The limitsarez=0tod, v =0 to /16 —x% ,x=0to 4.

J”L J j Jz(l—-‘)d:td_vd:

___

- Jj [ [_Udldu
2I |

16—x

6—
| 14+ 81dxdy = 2><12J-[y]ﬁdx
0

/16 — 16 sin” 6 4 cosfdf

‘7““———5.4;_1

=24J-\16—1 dx = 24
o

[putx =4sin 0 = dx=4cos 0d6. Also x=0=60=0 and x:4:>«9:%]

j”vm 96><4I4\/ —sin’® @ cos 0d 96x4icoszed0
0

JJJF.FG{L’-=96X4

41 1—sin 28 cosfdf =96 X4 | cos*8 df

B )
n‘“__—'.|:||;_1
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1 1 sin 28 ?
= 384 [—5’—— = 94T
2 2 2

|:.

Green’s Theorem in a Plane(Transformation b/w Line Integral and Surface
Integral )

If S is Closed region in xy plane bounded by a simple closed curve C and if M and N are
continuous functions of x and y having continuous derivatives in R, then

dex + Ndy = H (8_N — aaﬂ xdy. Where C is traversed in the anti clock-wise direction

v ox 'y
Y‘? y =d e
~ __A®
AL
vy=¢ | E
S x=b¢x
O
PROBLEMS

Verify Green’s theorem in plane for ¢(3x"— 8y~ )dx + (4v — 6xv)dy where C is the
region bounded by y=1x and y=x7 .

Sol: Let M=3x"-8y- and N=4y-6xy. Then

b

M

BN
= — T — = —f/V
- lay, o )

."D|

y=3k Ly y=x
t AL 1)
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We have by Green’s theorem,

dex + Ndy = ”(G—N _om xdy.
C R

ox Oy
Now {20~ oy - [163-eyyic
R
. N
_IO_Uydxdy 10j j ydydx = 10[( j dx
x=0 y= x2 2
o g, 1
=5 _JF:(;,_- — ;:._-é].-_q[;‘a_‘ =5 [11?— I?JE =5 [%_ %J =§
()
Verification:

We can write the line integral along ¢
=[line integral along y=x*(from O to A) + [line integral along ¥~=x(from A to O)]
=l;+1;(say)

Now Ii=j:':|:_{[3x: —8(x%) ) dx + [4x° — 6x(x?)] 2xdx]} [ yv=x'= Z—x = 2—1‘]

=_jf|:_1 (3x® +8x% — 2047 )dx = —1

And = T{(% —8x)dx+(4x/;—6x%)#dx} = i(3x2 —1lx+2)dr==
1 X 1

OO SRl PP Ve

From(1) and (2), we have []jde+Nd ”[a—N—aaﬂ xdy.
ox 0y

Hence the verification of the Green’s theorem.

2.Evaluate ¢(3x~— 8v*)dx + (4y — 6xy)dy lover triangle enclosed by the lines y =
T 2X )
Ox=—y= — using Green’s theorem.

Sol : Let M=y-sin x and N = cos x Then

M N ,
——=] and = sinx
Ay fx

. By Green’s theorem dex+ Ndy = ”(——— xdy.
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= j (y—sinx)dx+cos xdy = _U (—1—sin x)dxdy
c R

= ;:,:: fT; (1 + sinx) dxdy

= - J;‘Tzl:: (Sin = lj [_‘;’] E-_r i Cll:j_'

== Jr"r":: alsinx + 1)dx

T =0
Vs
—2

2
=— x(—cosx+x)]O — ! 1(—cos x + x)dx

:—[x(— cosx + x) +sinx —IT] N
N8

T

)

-

-

2 x® , -2 [=* T 2
:—[—xcosx———smx] ——[——l]=—(———\]
T 2 o ] \

T T TS

3.A Vector field is given by F = (sin y)i' + x(14cos y)}

Evaluate the line integral over the circular path x*+v~ = a°, z=0
(i) Directly (ii) By using Green’s theorem

Sol: (i) Using the line integral

gﬁc F.dr = 95.; Fydx + F,dy = 55': sin vdx + x(1 + cosv)dy

=Djsin ydx + xcos ydy + xdy = md(xsin y) + xdy

Given Circle is x?+v® = a”. Take x=a cosf and y=a sin @ so that dx=-a sin & df and

dy=acosfdf and # =0 — 2x
~ W F.dF = J’E_:'T d[a cosfsin(a sinf)] + _J’E_:"T a( cosf)a cosf db
=[a cosf sin(a sin §)]3* + 4a” fEF: cos” 8 d@

1
=0+4az.—.z =na’
22
(i))Using Green’s theorem
Let M=sin v and N=x(1 + cosy). Then

M N
3,0y and —=(1+ cosy)
-

By Green’s theorem,
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ON oM
@de+Ndy:Lj(a_8_y xdy

msin vdx + x(1+cos y)dy = H (—cos y+1+cos y)dxdy == H dxdy
R

c

= IIdA = A=7a* (. area of circle =7a®)
R

We observe that the values obtained in (i) and (ii) are same to that Green’s theorem is
verified.

HShow that area bounded by a simple closed curve C is given by }tf) xdv — vdx and

hence find the area of

2 2
(i)The ellipse x=acos 0, y =bsinf (i) =+ Z_Z -1
a
(ii )The Circle x=acos@,v = asin @ (i.e)x* +v* =a°
Solution: We have by Green’s theorem [ﬁde + Ndy = II ON _oM xdy
a ="\ 0x Oy

M N
Here M=-y and N=x so that E—J =-land-=1

Djxdy — ydx = ZI dxdy = 2A where A is the area of the surface.
R

%f xdy —yvdx = 4
(i)For the ellipse x=acas& and y=bsin& and # = 0 — 2=
~ Area, -’51=%95 xdy — vdx = %f;F [(a cos@)(bcosf) — (b sin (—a sinf))]d @

=ab Jrc_:"r[:coszﬂ + 5in @) df =

%ab(ﬂ)g’r = Eﬂ—b (2r — 0) = wab

(ii)Put a=b to get area of the circle A=wa’

5. Verify Green’s theorem for jc [(xv+ v*)dx + x>dy], where C is bounded by y=x and
y:ﬁ.’ :

Sol: By Green’s theorem, we have [ﬁde + Ndy = ”‘[— —— dxdy
c xLOx Oy

Here M=xy +v~ and N=x"

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) UL




MATHEMATICS -11 VECTOR CALCULUS

1

C2

Now ngdx+Ndy [ Mdx+ Ndy + | Mdx+ Ndy......(1) L)

Cl L‘z
Along C; (i.e.y = x7), the line integral is

J.de+Ndy j[x(x )+ x* Jdx+ X2d )j(x +xt +2x0)dx = j(3x +xh)dx

B G

(32+2) 212 L )

Along C, (i.e.v = x) from (1,1} to (0,2), the line integral is

'[de + Ndy = I (xx+x3)dx+x’dx [+ dv = dx]

5 O
=[ 3x?dx=3 ff xidx =3 ( x?\] =(x¥)=0-1=1 ...(3)
C= % 49

From (1), (2) and (3), we have

j.; Mdx + Ndy = % < bh— %
...(4)
Now

”(a_N_aﬂ xdy =”(2x—x—2y)dxdy
=[G = 2% = (% — 2] = [ (e — 27
[*’j I'.J i_if_zi---‘(S)

From(4)and(5),We have [ﬁde+Ndy II(G—N—%dedy
R

y

Hence the Green’s Theorem is verified.
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Verify Green’s theorem for [ [(3x* — 8y*)dx + (4y — 6xy)dy] where c is the region
bounded by x=0, y=0 and x+y=1.

Solution : By Green’s theorem, we have

ON oM
— ——— ldxdy
»\ Ox

- A (1.0)

ON
o =-16y and — =-06y
Oy ox

Now jde+Ndy= Ide+Ndy+ j Mdx+ Ndy + j Mdx + Ndy..(1)
c OA AB BC

Along OA, y=0 -~ dv =20

= 1
_ c= (Yagzg. = (£} —
JoaMdx + Ndy = [ 3x°dx = [3 J,:_ =1

Along AB, x+y=1 « dv = —dx and x=1-y and y varies from O to 1.
1
| Mdx+Ndy = [13(y=1)" ~8y")(~dy)+[4y +6y(y ~ ldy
AB 0

= j; (—5y% — 6y + 3)(—dv) + (6v2 — 2v)dy

(Y1t 4y - Ndy = (115 +45 3 r]i
=l W 4 Yo 2 Y1,
=25 -_3=E

3 3

Along BO, x=0 - dx = 0 and limits of y are from 1 to 0

AF™

E.
f,, Mdx+ Ndy = [’ 4ydy = (4Z) =(2y)i=-2

3

from (1), we have J’E Mdx+ Ndy =1+ g —2=
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ON oM 07
Now ——— dxdy = (—6y+16y)dxdy
&5 =L
1 1-z 133y
=10 J;:E_ [fzc _m[_v] dx = 10 jc- (T]c dx
s [0 oae =5[]’
Ay r)ax = -3 1,
=$[(1-1° - (1-0)*]<
From (2) and (3), we have j Mdx+ Ndy = [ £ [%—Z—% xdy

Hence the Green’s Theorem is verified.
Apply Green’s theorem to evaluate 5155(21'3 —v3dx + (x*+ v dy, where c is

the boundary of the area enclosed by the x-axis and upper half of the circle
X-T ¥y =da”

Sol : Let M=2x? — v? and N=x* + v* Then

YA

\
» X

o) a

Figure
ML o N
P 2vand . 2x
By Green'sThearem, Ide+Ndy = II a_N_aﬂ xdy
g’ =\ 0x Oy

[ﬁ[(2x2 - y2 Ydx +(x* + y2 )dy]= _H(2x +2y)dxdy

=2 I j (x+y)dy

=2f; _jFEF r(cosf +sin@).rd fdr

[Changing to polar coordinates (r,&], r varies from 0 to a and € varies from O to ]

m[(2x2 —y)dx+ (x* + yH)dy] = 2J‘ r2drj (cos @ +sin 8)dé
c 0

0
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=2. ? [l T l) = T
E. Verify Green’s theorem in the plane for [ (x* — xy*)dx + (v? — 2xy)dy

Where C is square with vertices (0,0), (2,0), (2,2), (0,).

Solution: The Cartesian form of Green’s theorem in the plane is

ON oM
.C[de+Ndy :j}[[a_ﬁ_y xdy

Here M=x* — xv? and N=v* — 2xv

oM 2 aN
v —=-3xy-and —= —2v
dy - Ax -
Y4 =22
(oc.:z> ‘1 B(2.2)
e 8
x=0 ¥ x=2
o
(0.0 —0 —
2.0y

Evaluation of fC(M dx + Ndy)

To Evaluate [ (x? — xy®) dx + (v* — 2x¥)dy, we shall take C in four different segments
viz (i) along OA(y=0) (ii) along AB(x=2) (iii) along BC(y=2) (iv) along CO(x=0).
(i)Along OA(y=0)

-

[(x? —xy¥)de = (¥ — 2xy)dy = f: xidx = (I—]_ =!
¢ o 3/ 3
(ii)Along AB(x=2)
_J:_,[x: —xvde = (v = 2xv)dy = f; (vi—4y)dy [vx=2,dx =0]
¥ 2 ?_ B _aloaf_2)= _1&
(T-27) =(G-8)=8(-5)=
(iii)Along BC(y=2)

_J:_,[x: —xvHdx + (v — 2xv)dv = LD(:L': —8x)dx [vy=2,dy=0]

:(13—4)8) =—(§—16j:@ ...... 3)
3 ., 3 3

(iv)Along CO(x=0)
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5 a 0 - wE o 5

fc[x' —xvdx + (v? —2xv)dy = f: yvodx [vx=0,dx=0]= (?] =—3

(4 )
Adding(1),(2),(3) and (4), we get

8 16 40 8 24

X - —2xyldy=———+——-——==—=8 ...(5
I( Xy Jdx+(y* —2xy) 3 373 3 3 ()
Evaluation of I J(a—N—aﬂ xdy

Oy

Here x ranges from O to 2 and y ranges from O to 2.

Ij(a—N—aﬂ xdy :jj‘(—2y+3xy2)dxdy
00

-

_j ( Exu—iu ]_d_u'
Ja

2
= [(—4y+6y")dy=(-2y"+2y"),

o'—.m

=-8+16=8 ...(6)
From (5) and (6), we have
Ide+Ndy .”-(G_N_Gﬂ xdy
y

Hence the Green’s theorem is verified.

Stoke’s Theorem (Transformation between Line Integral and Surface Integral)

Let S be a open surface bounded by a closed, non intersecting curve C. If F is any
differentiable vector point function then

¢

I
1 15 unit outward drawn normal at any point of the surface.

F.d 7=[_curl F.fi ds where c is traversed in the positive direction and

PROBLEMS
1. Apply Stokes theorem, to evaluate Dj(ydx + zdy + xdz) where c is the curve of

intersection of the sphere x~ + v* + =% = a” and x+z=a.

Solution : The intersection of the sphere x* + v + == = a” and the plane x+z=a is a
circle in the plane x+z=a with AB as diameter.
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Equation of the plane is x+z=a= =+ = =1

S.OA=0B=ai.e., A=(a,0,0) and B=(0,0,a)

- Length of the diameter AB =+/a” +a* +0=a\/2

Radius of the circle, r=—=

Let F.dF = ydx + zdy + xdz = F.d¥ = F.( 1dx + jdy = kdz) = ydx + zdy + xdz

=F=vyi+tzj+xk

o ecurl F=

[ | ST
T Ry
Il
|
_
|
|
]|
|
=
e

.1‘: kmlm =]

Let # be the unit normal to this surface. it =

kS|

T T4
Y3

1=

ra|

Then s=x+z-a, V.S = itk -

%3

Hence ¢ F.d7 = [curl F.7ids (by Stokes Theorem)

=[(T+7+8).(Flas=—[ (F+5) &

=
s L%’

V2 [ ds = —35 = —3(2) = =2

2.Prove by Stokes theorem, Curl grad ¢ = 0

Sol: Let S be the surface enclosed by a simple closed curve C.

~ By Stokes theorem

L(mr:ri grandg).n ds = fg(?x?:ﬁ:].ﬁ ds = 95:_, Vo.dr = gﬁl_, Vo.dr

©OMRCET (EAMCET CODE: MLRD) Mk
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-]

c

@+}@+1€3— .(Z‘dx+}dy+lzdz)
ox oy 0z

:@(%dx—{—%d)} +%dzj = jd(/ﬁ = [¢]p where P is any point

on C.
.. [eurl grad¢.nds =0= curl grad¢ =0

3. Verify Stokes theorem for 7 = —137 + x*7, Where S is the circular disc

- -

xI4+y 0.

,_
I

1, =
Sol: Given that F = —y37 + x 7. The boundary of C of S is a circle in xy plane.

x4+ y? = 1,z = 0. We use the parametric co-ordinates x=cos
B,v=sind,z=00=8 = 2m;

-

dx=-sin¢ dt and dy =cosf df

56': F dr = J’C F1 dx + F: d}r _FE dz = J; __1;3 dx L+ j_-Ed}r
=fc.:xf—5£n3|5'[—5£n|5') 4 cos?Bcosfdl = Jr.;.:"r('fﬂfI5| + sin*g)de
=f;7 (1 — 25in?0 cos?@)dB=[" dg — 2 [*7(25inf cos6)? df

_ram pP s ) \ . 1 rIm .
=/, dﬂ—;fc_ sin2d8 = (2w — 0) ;_-Jrc- (1 — cos48)de

) 2 & 3T
=2n——=—==

=27 + [—15' —lSiﬂ‘}E]_
2 1& a 4 4 2
3 I
_ ] &
NowWV = F = ™ E'_
3,3

—y

» [(Wx F).fds =3 [ (x> + y*)k. Ads

We have (k.n)ds = dxdy and R is the region on xy-plane
ffg("-? X F)ids' =3 JL(:L': +yv*)dx dy

Put x=r cos@, v = v sin@ .~ dxdv = rdr d@

ris varying fromOto 1 and 0= @ = 2.

3

(VX F)ads =37 [ rrdrdo==

-

L.H.S=R.H.S. Hence the theorem is verified.
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4.Verify Stokes theorem for F = (2x — v)T— ¥z°J — v-zk over the upper half surface of
the sphere x> + v? + z* = 1 bounded by the projection of the xy-plane.

Sol: The boundary C of S is a circle in xy plane i.e x* + y==1, z=0
The parametric equations are x=cosf, v = sinf, 8 =0 — 27

dx = —sinf df,dv = cosf df

.[F.d;_» = jf]der Fydy+ Fdz = I(Zx— y)dx—yz’dy — y’zdz

c

:J;(E-x — v)dx(since z = 0 and dz = 0)

2z 2z 2z
=—j (2cos@ —sinH)sin OdO = J- sin’ HdH—J- sin 20d 6
0 0 0

Zr  1-cos28

=lg=o 2

df — [ sin26 df = [16/= 15in26 +1. cos26|
e 4 : 0

:% (2m—0)+0 —%. (cosdm — cas0) = &

k
a2
oz

.3’|n:hq|

T
. = é - - T i
Again Vx F=| - =1(—2yz+2yz) —j(0=0)+k(0+1)=k

- -

2x—y —yz- —y°z
 J(7 X F)ads=[ k.ads= [ [ dxdy

Where R is the projection of S on xy plane and k. fids = dxdy

ot pTE L o s — =, 1 1 ]
Nowfjﬁdid}—ﬂ}fx:&j;_zc_ d_‘;dl—‘l-szc_"vl X di—ﬂl:\rl x° + 2sin 11:-

=4 [%sin_i l] =2'ﬂz=n'

~ The Stokes theorem is verified.

5.Evaluate by Stokes theorem gﬁc[:r +v)dx + (2x — z)dv + (v + z)dz where C is the
boundary of the triangle with vertices (0,0,0), (1,0,0) and (1,1,0).

Solution: Let F.dF = F.( idx +jdy + kdz) = (x + y)dx + (2x —z)dy + (y + z)dz
Then F = (x+ v)T+(2x—z)j+ (v +2)k

By Stokes theorem, §_F.d7 = [ [ curl F.7ids

Where S is the surface of the triangle OAB which lies in the xy plane. Since the z Co-
ordinates of 0, 4 and B

Are zero. Thereforeil = k. Equation of OA is y=0 and

that of OB, y=x in the xy plane.
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T 7 k
curl F=| & 2 S | =0i+k
dx gy 8z
x+yv 2x—=z v+=

. curl F.ads=curl F.K dx dy = dx dv
QSCF. dr = | J; dxdy = | J; dd = A =areaof the A OABE

=0A x AB = lxlxl:l
! 2 2

Y
B8(1,1,0)

I

(®) i
P A(1.,0.0)

6: Verify Stoke’s theorem for F = (x? +— v=)7 — 2xvj taken round the rectangle
bounded by the lines x==a, v =0, v = b.

Sol: Let ABCD be the rectangle whose vertices are (a,0), (a,b), (-a,b) and (-a,0).
Equations of AB, BC, CD and DA are x=a, y=b, x=-a and y=0.

We have to prove that § F.d7 = [ curl F.7ds

QSCF. dr = gsc{[x: + v — 2xvi) fidx + jdyv)

=35c (x= =¥ ) dx — 2xydy

= - -+ + (1
AE Be co IDA (M
YA
Cl-a,b) y=b Bla,b)
X=-a = xX=a
n
D(-a,0) 0 y=0 A0

(1) Along AB, x=a, dx=0
24k

from (1), [, = o —2aydy = _g.a[;] — _ab
o 2 o
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(i1)Along BC, y=b, dy=0

x=-a 3 —a - ﬂ
from (1), [= [ (" +b%)dx= Xoipix| =25 —2gh?
BC  x=a 3 x=a :
(i) Along CD, x=-a, dx=0
0 270
from (1), I = I 2aydy = Za {y_} =—ab’
CD y:b /Z y:b
(iv)Along DA, y=0, dy=0
x=a 3714 3
from(l), J. = I dex: x_ :21
DA  x=—a 3 x=—a 3
(1)+(ii)+(iii)+(iv) gives
. §F.dF = —ab?-———2ab? — ab’+= = ~4ab® 2)

T 7 k

& ¢ i) =

] F= — — —| = 4]

. curl F o a7 P 4vK
(x<+v*) —2xy 0

Since the rectangle lies in the xy plane,
7 =k and ds =dx dy
= — _ T T . — = b A ) .
js curl F.ndS = js —4vk. kdx dyv = J;:_E J;.-:c- 4y dx dy

a

b b
='JF‘.{J=I:- jxc=—c —‘1-_1' dx d}r =4 .[ y[x] dy =—4 j 2aydy

y=0 —a y=0
=—4a[_v:]_,f’.:.:_ = —4ab” .. (3).Hence from (2) and (3),
Stoke’s theorem verified.

7.Verify Stoke’s theorem for F = (v —z + 2)T+ (vz + 4)] — xzk where S is the surface
of the cube x =0, y=0, z=0, x=2, y=2,z=2 above the xy plane.

Solution: Given F = (v —z + 2)T+ (vz + 4)j — xzk where S is the surface of the cube.

x=0, y=0, z=0, x=2, y=2, z=2 above the xy plane.

By Stoke’s theorem, we have [ curl F.7ids = [ F.dF
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(1)
To find | F.d7
[Fdr=] [[_v— z+ 21+ (vz+4)5—- x:EJ . (dxT +dyj+ dzk)

= [[(y—z+ 2)dx + (vz + 4)dy — (xz)dz]

Sis the surface of the cube above the xy-plane

z=0 =dz=10

o [Fdr= [(y+ 2)dx+ [ 4dy

Along 04, v =0,z = 0,dy = 0,dz = 0/ x change from 0 ta 2.

[Fade=2[x12=4 2)
Along EC,v = 2,z = 0,dy = 0,dz = 0,x change from2 to 0.
ch 4dx = 4[x)8=-8 <~ 3)

Along AB,x = 2,z=0,dx =0,dz = 0,y change from Qto 2.

i8]

[F.dr= i4dy=[4y] =8 4)

(=]

Along €3, x = 0,z = 0,dx = 0,dz = 0,y change from 2 to 0.

S, 4dy=—8 (5)
Above the surface When z=2

Along 0’4", [*Fdr=0 ....(6)
Along A'B',x = 2,z = 2,dx = 0,dz = 0,y changes from 0 to 2

J-F.d;:J.(Zy+4)dy=2{y?} +4[y] =4+8=12 (7

0 0

Along B'C',y = 2,z = 2,dy = 0,dz = 0, x changes from 2 to 0

-

[FFar=0 .(8)

|:.
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Along €'D',x = 0,z = 2,dx = 0,dz = 0, y changes from 2 to 0.

j(2y+4):2{%} +4[y]) =-12 .9

2
(2)+B)+(A)+(5)+(6)+(7)+(8)+(9) gives
JFdF=4-8+8-8+0+12+0—-12=—4 .....(10)
By Stokes theorem, We have
[F.d7=[ curl F.fds=-4

Hence Stoke’s theorem is verified.
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